
Äʤ 

ʤ  

 

  

ɺʝʢʪʦʨʥʘʷ ʘʣʛʝʙʨʘ ʠ 

ʝʝ ʧʨʠʣʦʞʝʥʠʷ 
ʜʣʷ ʩʪʫʜʝʥʪʦʚ ʠ ʘʩʧʠʨʘʥʪʦʚ ʤʘʪʝʤʘʪʠʯʝʩʢʠʭ, 

ʬʠʟʠʯʝʩʢʠʭ ʠ ʪʝʭʥʠʯʝʩʢʠʭ ʩʧʝʮʠʘʣʴʥʦʩʪʝʡ 

2010 

ʄ.ɻ. ʃʶʙʘʨʩʢʠʡ 



 

 

 

ʕʪʦʪ ʫʯʝʙʥʠʢ ʚʦʟʥʠʢ ʥʘ ʦʩʥʦʚʝ ʣʝʢʮʠʡ ʧʦ ʚʳʩʰʝʡ ʤʘʪʝʤʘʪʠʢʝ, ʢʦʪʦʨʳʝ 

ʘʚʪʦʨ ʯʠʪʘʣ ʚ ʥʘʯʘʣʝ ʥʫʣʝʚʳʭ ʛʦʜʦʚ ʥʘ ʨʘʜʠʦ-ʬʠʟʠʯʝʩʢʦʤ ʬʘʢʫʣʴʪʝʪʝ 

ʍʘʨʴʢʦʚʩʢʦʛʦ ʥʘʮʠʦʥʘʣʴʥʦʛʦ ʫʥʠʚʝʨʩʠʪʝʪʘ ʠʤ. ɺ.ʅ. ʂʘʨʘʟʠʥʘ. ɸʚʪʦʨ 

ʭʦʪʝʣ ʥʘʧʠʩʘʪʴ ʫʯʝʙʥʠʢ çʢʘʢ ʣʫʯʰʝè, ʠ ʝʤʫ ʪʨʫʜʥʦ ʩʫʜʠʪʴ, ʫʜʘʣʦʩʴ ʣʠ 

ʵʪʦ. ɿʘʪʦ ʩ ʫʚʝʨʝʥʥʦʩʪʴ ʤʦʞʥʦ ʩʢʘʟʘʪʴʩʷ, ʯʪʦ ʧʦʣʫʯʠʣʦʩʴ ʥʝ çʢʘʢ ʚʩʝʛʜʘè, 

ʭʦʪʷ ʨʘʩʩʤʘʪʨʠʚʘʝʤʳʝ ʪʝʤʳ ʚʧʦʣʥʝ ʪʨʘʜʠʮʠʦʥʥʳʝ: ʚʝʢʪʦʨʥʳʝ ʠ 

ʝʚʢʣʠʜʦʚʳ ʧʨʦʩʪʨʘʥʩʪʚʘ, ʣʠʥʝʡʥʳʝ ʦʪʦʙʨʘʞʝʥʠʷ ʠ ʤʘʪʨʠʮʳ, 

ʦʧʨʝʜʝʣʠʪʝʣʠ, ʩʠʩʪʝʤʳ ʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ ʠ ʘʥʘʣʠʪʠʯʝʩʢʘʷ ʛʝʦʤʝʪʨʠʷ. 

ɽʩʪʴ, ʧʦ ʢʨʘʡʥʝʡ ʤʝʨʝ, ʜʚʘ ʚʘʞʥʳʭ ʦʪʣʠʯʠʷ ʵʪʦʛʦ ʫʯʝʙʥʠʢʘ ʦʪ 

ʙʦʣʴʰʠʥʩʪʚʘ ʧʦʜʦʙʥʳʭ ʢʫʨʩʦʚ. 

ɺʦ-ʧʝʨʚʳʭ, ʘʚʪʦʨ ʩʪʨʝʤʠʣʩʷ ʧʦʣʫʯʠʪʴ ʚʩʝ ʨʝʟʫʣʴʪʘʪʳ ʚ ʤʥʦʛʦʤʝʨʥʦʤ 

ʩʣʫʯʘʝ, ʭʦʪʷ ʚʩʝʛʜʘ ʧʦʜʨʦʙʥʦ ʦʙʩʫʞʜʘʶʪʩʷ ʜʚʫʭ-ʠ ʪʨʝʭʤʝʨʥʳʝ ʩʣʫʯʘʠ. 

ʆʩʦʙʝʥʥʦ ʵʪʦ ʦʪʥʦʩʠʪʩʷ ʢ ʘʥʘʣʠʪʠʯʝʩʢʦʡ ʛʝʦʤʝʪʨʠʠ. 

ɺʦ-ʚʪʦʨʳʭ, ʠʩʧʦʣʴʟʫʝʪʩʷ ʧʦʥʷʪʠʝ ʤʥʦʛʦʤʝʨʥʦʛʦ ʦʨʠʝʥʪʠʨʦʚʘʥʥʦʛʦ 

ʦʙʲʝʤʘ. ɺ ʪʨʘʜʠʮʠʦʥʥʳʭ ʢʫʨʩʘʭ ʚʝʢʪʦʨʥʦʡ ʘʣʛʝʙʨʳ ʦʧʨʝʜʝʣʠʪʝʣʴ ʦʙʳʯʥʦ 

ʚʚʦʜʠʪʩʷ ʢʘʢ ʥʝʢʠʡ ʩʣʦʞʥʳʡ ʠ ʥʝʧʦʥʷʪʥʦ ʦʪʢʫʜʘ ʚʟʷʚʰʠʡʩʷ ʘʣʛʦʨʠʪʤ 

ʚʳʯʠʩʣʝʥʠʷ ʯʠʩʣʘ ʧʦ ʢʚʘʜʨʘʪʥʦʡ ʤʘʪʨʠʮʝ. ʃʠʰʴ ʧʦʪʦʤ ʩʪʫʜʝʥʪ ʦʩʦʟʥʘʝʪ, 

ʯʪʦ ʵʪʦ ʧʦʥʷʪʠʝ ʦʯʝʥʴ ʧʦʣʝʟʥʦ, ʥʦ ʥʝ ʧʦʥʠʤʘʝʪ, ʧʦʯʝʤʫ ʵʪʦ ʪʘʢ ï 

ʛʝʦʤʝʪʨʠʯʝʩʢʠʡ ʩʤʳʩʣ ʦʧʨʝʜʝʣʠʪʝʣʷ, ʢʘʢ ʧʨʘʚʠʣʦ, ʦʩʪʘʝʪʩʷ ʝʤʫ 

ʥʝʠʟʚʝʩʪʥʳʤ. ɺ ʧʨʝʜʣʘʛʘʝʤʦʤ ʫʯʝʙʥʠʢʝ ʦʧʨʝʜʝʣʠʪʝʣʴ ʠ ʘʣʛʦʨʠʪʤ ʝʛʦ 

ʚʳʯʠʩʣʝʥʠʷ ʪʝʨʷʪʁ ʩʚʦʶ ʤʠʩʪʠʯʥʦʩʪʴ, ʪʘʢ ʢʘʢ ʚʳʚʦʜʪ̫ʩʷ (ʜʘʞʝ ʚ 

ʤʥʦʛʦʤʝʨʥʦʤ ʩʣʫʯʘʝ) ʠʟ ʧʨʦʩʪʳʭ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʩʦʦʙʨʘʞʝʥʠʡ. ʍʦʪʷ ʥʘ 

ʵʪʦ ʫʭʦʜʷʪ ʚʨʝʤʷ ʠ ʩʠʣʳ, ʟʘʪʦ ʧʦʪʦʤ ʥʝ ʥʫʞʥʦ ʜʦʢʘʟʳʚʘʪʴ ʩʚʦʡʩʪʚʘ 

ʦʧʨʝʜʝʣʠʪʝʣʷ ï ʦʥʠ ʦʯʝʚʠʜʥʳ ʠ ʣʝʛʢʦ ʟʘʧʦʤʠʥʘʶʪʩʷ. 

ʇʨʝʜʣʘʛʘʝʤʳʡ ʢʫʨʩ ʚʝʢʪʦʨʥʦʡ ʘʣʛʝʙʨʳ ʧʨʝʧʦʜʘʚʘʪʝʣʶ ʣʝʛʢʦ 

ʘʜʘʧʪʠʨʦʚʘʪʴ ʧʦʜ ʩʚʦʶ ʘʫʜʠʪʦʨʠ.ʁ ʄʦʞʥʦ ʦʪʙʨʦʩʠʪʴ ʥʝʢʦʪʦʨʳʝ ʪʝʤʳ, ʥʝ 

ʚʭʦʜʷʱʠʝ ʚ ʫʯʝʙʥʳʡ ʧʣʘʥ, ʠ ʦʪʢʘʟʘʪʴʩʷ ʦʪ ʨʷʜʘ ʜʦʢʘʟʘʪʝʣʴʩʪʚ, ʥʝ 

ʩʦʜʝʨʞʘʱʠʭ ʠʜʝʠ, ʥʝʦʙʭʦʜʠʤʳʝ ʜʣʷ ʜʘʣʴʥʝʡʰʝʛʦ ʠʟʣʦʞʝʥʠʷ (ʥʘʠʙʦʣʝʝ 

ʛʨʦʤʦʟʜʢʠʝ ʠʟ ʪʘʢʠʭ ʜʦʢʘʟʘʪʝʣʴʩʪʚ ʩʧʝʮʠʘʣʴʥʦ ʚʳʥʝʩʝʥr ʚ ʜʦʧʦʣʥʝʥʠʷ). 

ɻʣʘʚʥʦʝ ï ʩʦʭʨʘʥʠʪʴ ʥʘʛʣʷʜʥʳʡ ʛʝʦʤʝʪʨʠʯʝʩʢʠʡ ʧʦʜʭʦʜ, ʢʦʪʦʨʳʡ ʘʚʪʦʨ, 

ʢʘʢ ʠ ʤʥʦʛʠʝ ʜʨʫʛʠʝ, ʩʯʠʪʘʝʪ ʥʘʠʙʦʣʝʝ ʧʣʦʜʦʪʚʦʨʥʳʤ ʚ ʩʦʚʨʝʤʝʥʥʦʡ 

ʤʘʪʝʤʘʪʠʢʝ. 

ʃʶʙʘʨʩʢʠʡ ʄʠʭʘʠʣ ɻʨʠʛʦʨʴʝʚʠʯ 
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ʇʨʝʜʠʩʣʦʚʠʝ 

ɸʣʛʝʙʨʘ ï ʯʘʩʪʴ ʤʘʪʝʤʘʪʠʢʠ, ʠʟʫʯʘʶʱʘʷ ʘʣʛʝʙʨʘʠʯʝʩʢʠʝ ʦʧʝʨʘʮʠʠ. ɺ ʰʢʦʣʴʥʦʤ ʢʫʨʩʝ 

ʘʣʛʝʙʨʳ ʨʘʩʩʤʘʪʨʠʚʘʶʪʩʷ ʦʧʝʨʘʮʠʠ ʥʘʜ ʯʠʩʣʘʤʠ. ʈʝʟʫʣʴʪʘʪʘʤʠ, ʧʦʣʫʯʝʥʥʳʤʠ ʚ 

ʰʢʦʣʴʥʦʤ ʢʫʨʩʝ, ʷʚʣʷʪʁʩʷ, ʥʘʧʨʠʤʝʨ, ʬʦʨʤʫʣʘ ʜʣʷ ʙʠʥʦʤʘ ʅʴʶʪʦʥʘ ʠʣʠ ʘʣʛʦʨʠʪʤ 

ʨʝʰʝʥʠʷ ʢʚʘʜʨʘʪʥʦʛʦ ʫʨʘʚʥʝʥʠʷ. ʅʠʞʝ ʠʟʫʯʘʶʪʩʷ ʦʧʝʨʘʮʠʠ ʥʘʜ ʙʦʣʝʝ ʩʣʦʞʥʳʤʠ 

ʦʙʲʝʢʪʘʤʠ ï ʚʝʢʪʦʨʘʤʠ. 

ʆʩʥʦʚʥʦʝ ʥʘʟʥʘʯʝʥʠʝ ʚʝʢʪʦʨʥʦʡ ʘʣʛʝʙʨʳ ʚʧʦʣʥʝ ʛʝʦʤʝʪʨʠʯʝʩʢʦʝ ï ʥʘʫʯʠʪʴʩʷ 

ʦʨʠʝʥʪʠʨʦʚʘʪʴʩʷ ʚ ʤʥʦʛʦʤʝʨʥʳʭ ʧʨʦʩʪʨʘʥʩʪʚʘʭ. ɹʣʘʛʦʜʘʨʷ ʪʦʤʫ, ʯʪʦ ʤʳ ʞʠʚʝʤ ʚ 

ʪʨʝʭʤʝʨʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ, ʥʝ ʚʳʟʳʚʘʶʪ ʟʘʪʨʫʜʥʝʥʠʷ ʪʘʢʠʝ ʧʦʥʷʪʠʷ, ʢʘʢ ʜʣʠʥʘ, ʧʣʦʱʘʜʴ, 

ʦʙʲʝʤ, ʫʛʦʣ, ʚʧʨʘʚʦ, ʚʣʝʚʦ. ʃʝʛʢʦ ʦʪʚʝʪʠʪʴ ʥʘ ʚʦʧʨʦʩ, ʯʪʦ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʧʝʨʝʩʝʯʝʥʠʝ 

ʜʚʫʭ ʥʝʩʦʚʧʘʜʘʶʱʠʭ ʠ ʥʝʧʘʨʘʣʣʝʣʴʥʳʭ ʜʨʫʛ ʜʨʫʛʫ ʧʣʦʩʢʦʩʪʝʡ. ʀʣʠ, ʩʢʦʣʴʢʦ ʛʨʘʥʝʡ 

ʠʤʝʝʪ ʢʫʙ. ʀ ʯʪʦ ʧʨʝʜʩʪʘʚʣʷʶʪ ʩʦʙʦʡ ʝʛʦ ʛʨʘʥʠ. ɺ ʤʥʦʛʦʤʝʨʥʳʭ ʧʨʦʩʪʨʘʥʩʪʚʘʭ ʧʦʜʦʙʥʳʝ 

ʧʦʥʷʪʠʷ ʠ ʚʦʧʨʦʩʳ ʚʳʟʳʚʘʶʪ ʝʩʪʝʩʪʚʝʥʥʦʝ ʟʘʪʨʫʜʥʝʥʠʝ. ʆʪʚʝʪʳ ʥʘ ʥʠʭ ʤʦʛʫʪ ʙʳʪʴ 

ʥʝʦʞʠʜʘʥʥʳʤʠ. ʅʘʧʨʠʤʝʨ, ʚ ʯʝʪʳʨʝʭʤʝʨʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ, ʭʦʪʷ ʵʪʦ ʥʝʧʨʦʩʪʦ ʩʝʙʝ 

ʧʨʝʜʩʪʘʚʠʪʴ, ʜʚʝ ʧʣʦʩʢʦʩʪʠ ʤʦʛʫʪ ʠʤʝʪʴ ʦʜʥʫ ʠ ʪʦʣʴʢʦ ʦʜʥʫ ʦʙʱʫʶ ʪʦʯʢʫ. 

ʏʝʪʳʨʝʭʤʝʨʥʳʡ ʢʫʙ ʠʤʝʝʪ ʚʦʩʝʤʴ ʛʨʘʥʝʡ, ʧʨʠʯʝʤ ʢʘʞʜʘʷ ʠʟ ʥʠʭ ʷʚʣʷʝʪʩʷ ʦʙʳʯʥʳʤ 

ʪʨʝʭʤʝʨʥʳʤ ʢʫʙʦʤ. ʆʪʤʝʪʠʤ, ʯʪʦ ʯʝʪʳʨʝʭʤʝʨʥʦʝ ʧʨʦʩʪʨʘʥʩʪʚʦ, ʢʘʢ ʠ ʧʨʦʩʪʨʘʥʩʪʚʘ 

ʙʦʣʴʰʠʭ ʨʘʟʤʝʨʥʦʩʪʝʡ, ï ʵʪʦ ʥʝ ʠʟʤʳʰʣʝʥʠʝ, ʘ ʥʘʧʨʠʤʝʨ, ʦʜʥʦ ʠʟ ʦʩʥʦʚʥʳʭ ʧʦʥʷʪʠʡ 

ʦʙʱʝʡ ʪʝʦʨʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦʩʪʠ ɸ. ʕʡʥʰʪʝʡʥʘ. 

ʅʝ ʥʫʞʥʦ ʜʫʤʘʪʴ, ʯʪʦ ʚʝʢʪʦʨʥʘʷ ʘʣʛʝʙʨʘ ʧʨʠʛʦʜʠʪʩʷ ʪʦʣʴʢʦ ʧʨʠ ʠʟʫʯʝʥʠʠ ʪʝʦʨʠʠ 

ʦʪʥʦʩʠʪʝʣʴʥʦʩʪʠ. ɽʝ ʧʦʥʷʪʠʷ ʠ ʤʝʪʦʜʳ ʷʚʣʷʶʪʩʷ ʦʩʥʦʚʦʡ ʜʣʷ ʠʟʫʯʝʥʠʷ ʚʳʩʰʝʡ 

ʤʘʪʝʤʘʪʠʢʠ ʠ, ʢʦʥʝʯʥʦ, ʜʨʫʛʠʭ ʤʘʪʝʤʘʪʠʯʝʩʢʠʭ, ʬʠʟʠʯʝʩʢʠʭ ʠ ʪʝʭʥʠʯʝʩʢʠʭ ʜʠʩʮʠʧʣʠʥ. 

ʄʥʦʛʦʤʝʨʥʳʝ ʧʨʦʩʪʨʘʥʩʪʚʘ ʚʩʪʨʝʪʷʪʩʷ ʧʨʠ ʨʝʰʝʥʠʠ ʩʠʩʪʝʤ ʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ, 

ʠʟʫʯʝʥʠʠ ʬʫʥʢʮʠʡ ʤʥʦʛʠʭ ʧʝʨʝʤʝʥʥʳʭ, ʪʝʦʨʠʠ ʦʙʳʢʥʦʚʝʥʥʳʭ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ 

ʫʨʘʚʥʝʥʠʡ, ʪʝʦʨʝʪʠʯʝʩʢʦʡ ʤʝʭʘʥʠʢʠ, ʪʝʦʨʠʠ ʚʝʨʦʷʪʥʦʩʪʝʡ ʠ ʜʨʫʛʠʭ ʜʠʩʮʠʧʣʠʥ. ɹʦʣʝʝ ʪʦʛʦ 

ʫʞʝ ʚ ʢʫʨʩʝ ʚʳʩʰʝʡ ʤʘʪʝʤʘʪʠʢʠ ɺʳ ʚʩʪʨʝʪʠʪʝʩʴ ʩ ʧʨʦʩʪʨʘʥʩʪʚʘʤʠ ʙʝʩʢʦʥʝʯʥʦʡ 

ʨʘʟʤʝʨʥʦʩʪʠ. ʈʘʙʦʪʘʪʴ ʩ ʪʘʢʠʤʠ ʧʨʦʩʪʨʘʥʩʪʚʘʤʠ ʧʨʠʜʝʪʩʷ ʧʨʠ ʠʟʫʯʝʥʠʠ ʨʷʜʦʚ ʌʫʨʴʝ, 

ʤʘʪʝʤʘʪʠʯʝʩʢʦʡ ʬʠʟʠʢʠ, ʘ ʜʘʣʝʝ ʢʚʘʥʪʦʚʦʡ ʤʝʭʘʥʠʢʠ ʠ ʤʥʦʛʠʭ ʜʨʫʛʠʭ ʥʘʫʢ. 

ɺʝʢʪʦʨʥʘʷ ʘʣʛʝʙʨʘ ʧʨʝʜʦʩʪʘʚʣʷʝʪ ʘʣʛʝʙʨʘʠʯʝʩʢʠʡ ʘʧʧʘʨʘʪ ʜʣʷ ʨʝʰʝʥʠʷ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ 

ʟʘʜʘʯ ʚ ʧʨʦʩʪʨʘʥʩʪʚʘʭ ʣʶʙʦʡ ʨʘʟʤʝʨʥʦʩʪʠ. ʈʘʟʚʠʪʳʝ ʚ ʵʪʦʡ ʪʝʦʨʠʠ ʤʝʪʦʜʳ ʥʘʩʪʦʣʴʢʦ 

ʤʦʱʥʳ, ʯʪʦ ʟʥʘʯʠʪʝʣʴʥʦ ʫʧʨʦʱʘʶʪ ʨʝʰʝʥʠʝ ʟʘʜʘʯ ʜʘʞʝ ʚ ʦʙʳʯʥʦʤ ʪʨʝʭʤʝʨʥʦʤ 

ʧʨʦʩʪʨʘʥʩʪʚʝ. 

ʀʪʘʢ, ʥʘʯʥʝʤ é 
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Ä 1. ɺʝʢʪʦʨʥʳʝ ʧʨʦʩʪʨʘʥʩʪʚʘ 

1. ʆʧʨʝʜʝʣʝʥʠʝ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ 

ʇʦʥʷʪʠʝ ʚʝʢʪʦʨʥʦʛʦ ʠʣʠ, ʢʘʢ ʝʛʦ ʝʱʝ ʥʘʟʳʚʘʶʪ, ʣʠʥʝʡʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ ʷʚʣʷʝʪʩʷ 

ʙʘʟʦʚʳʤ ʚ ʤʘʪʝʤʘʪʠʢʝ ʠ ʢʘʢ ʩʣʝʜʩʪʚʠʝ ʚʦ ʚʩʝʤ ʩʦʚʨʝʤʝʥʥʦʤ ʝʩʪʝʩʪʚʦʟʥʘʥʠʠ. ʇʨʠʚʝʜʝʥʥʦʝ 

ʥʠʞʝ ʦʧʨʝʜʝʣʝʥʠʝ ʤʦʞʝʪ ʧʦʢʘʟʘʪʴʩʷ ʩʣʠʰʢʦʤ ʘʙʩʪʨʘʢʪʥʳʤ ʚ ʪʦʤ ʩʤʳʩʣʝ, ʯʪʦ ʦʥʦ ʥʠʯʝʛʦ 

ʥʝ ʛʦʚʦʨʠʪ ʦ ʧʨʠʨʦʜʝ ʵʣʝʤʝʥʪʦʚ ʵʪʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ. ʅʦ ʚ ʵʪʦʤ ʟʘʢʣʶʯʘʝʪʩʷ ʧʨʝʠʤʫʱʝʩʪʚʦ 

ʜʘʥʥʦʛʦ ʦʧʨʝʜʝʣʝʥʠʷ ï ʦʥʦ ʦʭʚʘʪʳʚʘʝʪ ʦʛʨʦʤʥʦʝ ʯʠʩʣʦ ʢʦʥʢʨʝʪʥʳʭ ʣʠʥʝʡʥʳʭ 

ʧʨʦʩʪʨʘʥʩʪʚ. ʊʘʢʦʡ ʧʦʜʭʦʜ ʥʝ ʷʚʣʷʝʪʩʷ ʥʦʚʳʤ ʜʣʷ ʚʘʩ ï ʜʘʞʝ ʰʢʦʣʴʥʳʝ çʚʝʢʪʦʨʳ-

ʩʪʨʝʣʢʠè ʤʦʛʫʪ ʚ ʟʘʚʠʩʠʤʦʩʪʠ ʦʪ ʟʘʜʘʯʠ ʠʟʦʙʨʘʞʘʪʴ ʩʠʣʫ, ʩʢʦʨʦʩʪʴ, ʫʩʢʦʨʝʥʠʝ, 

ʥʘʧʨʷʞʝʥʥʦʩʪʴ ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʧʦʣʷ ʠ ʪ. ʧ. ʅʘʠʙʦʣʝʝ ʚʘʞʥʳʝ ʧʨʠʤʝʨʳ ʢʦʥʢʨʝʪʥʳʭ 

ʚʝʢʪʦʨʥʳʭ ʧʨʦʩʪʨʘʥʩʪʚ ʙʫʜʫʪ ʨʘʩʩʤʦʪʨʝʥʳ ʥʠʞʝ. 

ʆʧʨʝʜʝʣʝʥʠʝ 1 . ɺʝʢʪʦʨʥʳʤ (ʠʣʠ ʣʠʥʝʡʥʳʤ) ʧʨʦʩʪʨʘʥʩʪʚʦʤ ʥʘʟʳʚʘʝʪʩʷ 

ʤʥʦʞʝʩʪʚʦ V  ʦʙʲʝʢʪʦʚ ʣʶʙʦʡ ʧʨʠʨʦʜʳ, ʜʣʷ ʵʣʝʤʝʥʪʦʚ ʢʦʪʦʨʦʛʦ ʦʧʨʝʜʝʣʝʥʳ ʦʧʝʨʘʮʠʠ 

ʩʣʦʞʝʥʠʷ ʠ ʫʤʥʦʞʝʥʠʷ ʥʘ ʯʠʩʣʦ. ʕʪʦ ʦʟʥʘʯʘʝʪ, ʯʪʦ ʣʶʙʳʤ ʜʚʫʤ ʵʣʝʤʝʥʪʘʤ x  ʠ y  

ʩʦʧʦʩʪʘʚʣʝʥ ʪʨʝʪʠʡ ʵʣʝʤʝʥʪ ʠʟ ʵʪʦʛʦ ʞʝ ʤʥʦʞʝʩʪʚʘ, ʢʦʪʦʨʳʡ ʥʘʟʳʚʘʝʪʩʷ ʠʭ ʩʫʤʤʦʡ ʠ 

ʦʙʦʟʥʘʯʘʝʪʩʷ ʯʝʨʝʟ x + y. ʂʨʦʤʝ ʪʦʛʦ ʢʘʞʜʦʤʫ ʵʣʝʤʝʥʪʫ x  ʠ ʣʶʙʦʤʫ ʯʠʩʣʫ l 

ʩʦʧʦʩʪʘʚʣʝʥ ʵʣʝʤʝʥʪ lx  ʠʟ ʤʥʦʞʝʩʪʚʘ V, ʥʘʟʳʚʘʝʤʳʡ ʠʭ ʧʨʦʠʟʚʝʜʝʥʠʝʤ. ʕʣʝʤʝʥʪʳ 

ʣʠʥʝʡʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ ʥʘʟʳʚʘʶʪʩʷ ʚʝʢʪʦʨʘʤʠ (ʠʣʠ ʪʦʯʢʘʤʠ). ʆʧʝʨʘʮʠʠ ʩʣʦʞʝʥʠʷ 

ʚʝʢʪʦʨʦʚ ʠ ʫʤʥʦʞʝʥʠʷ ʠʭ ʥʘ ʯʠʩʣʦ ʜʦʣʞʥʳ ʫʜʦʚʣʝʪʚʦʨʷʪʴ ʩʣʝʜʫʶʱʠʤ ʪʨʝʙʦʚʘʥʠʷʤ: 

1. x + y = y + x    (ʢʦʤʤʫʪʘʪʠʚʥʦʩʪʴ ʩʣʦʞʝʥʠʷ ʚʝʢʪʦʨʦʚ) 

2. ( ) ( )x + y + z = x + y + z  (ʘʩʩʦʮʠʘʪʠʚʥʦʩʪʴ ʩʣʦʞʝʥʠʷ ʚʝʢʪʦʨʦʚ) 

3. ( )( )l m lm=x x   (ʘʩʩʦʮʠʘʪʠʚʥʦʩʪʴ ʫʤʥʦʞʝʥʠʷ ʥʘ ʯʠʩʣʦ) 

4. ( )l m l m+ = +x x x   (ʜʠʩʪʨʠʙʫʪʠʚʥʦʩʪʴ ʦʪʥʦʩʠʪʝʣʴʥʦ ʩʣʦʞʝʥʠʷ ʯʠʩʝʣ) 

5. ( )l l m= +x + y x y   (ʜʠʩʪʨʠʙʫʪʠʚʥʦʩʪʴ ʦʪʥʦʩʠʪʝʣʴʥʦ ʩʣʦʞʝʥʠʷ ʚʝʢʪʦʨʦʚ) 

ɿʘʤʝʯʘʥʠʝ. ʇʨʝʞʜʝ, ʯʝʤ ʧʝʨʝʯʠʩʣʷʪʴ ʜʘʣʴʥʝʡʰʠʝ ʪʨʝʙʦʚʘʥʠʷ, ʦʪʤʝʪʠʤ, ʯʪʦ ʵʪʠ 

ʩʚʦʡʩʪʚʘ ʣʝʛʢʦ ʟʘʧʦʤʥʠʪʴ: ʦʥʠ ʭʦʨʦʰʦ ʠʟʚʝʩʪʥʳ ʠʟ ʰʢʦʣʴʥʦʡ ʘʣʛʝʙʨʳ, ʝʩʣʠ ʧʦʜ 

ʚʝʢʪʦʨʘʤʠ x  ʠ y  ʧʦʥʠʤʘʪʴ ʯʠʩʣʘ. ʅʝ ʩʪʦʠʪ ʫʜʠʚʣʷʪʴʩʷ ï ʯʠʩʣʘ ʩ ʦʙʳʯʥʳʤʠ ʦʧʝʨʘʮʠʷʤʠ 

ʩʣʦʞʝʥʠʷ ʠ ʫʤʥʦʞʝʥʠʷ ʦʙʨʘʟʫʶʪ ʚʝʢʪʦʨʥʦʝ ʧʨʦʩʪʨʘʥʩʪʚʦ. ɼʘʣʴʥʝʡʰʠʝ ʩʚʦʡʩʪʚʘ 

ʚʝʢʪʦʨʥʳʭ ʧʨʦʩʪʨʘʥʩʪʚ ʩ ʵʪʦʡ ʪʦʯʢʠ ʟʨʝʥʠʷ ʪʦʞʝ ʥʝ ʧʨʝʜʩʪʘʚʣʷʶʪ ʩʦʙʦʡ ʥʠʯʝʛʦ ʥʦʚʦʛʦ. 

6. 1x = x, ʛʜʝ 1ï ʯʠʩʣʦ, ʘ x  ï ʣʶʙʦʡ ʚʝʢʪʦʨ. 

7. ʉʫʱʝʩʪʚʫʝʪ ʚʝʢʪʦʨ 0, ʥʘʟʳʚʘʝʤʳʡ ʥʫʣʝʤ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ, ʪʦ ʝʩʪʴ ʪʘʢʦʡ, 

ʯʪʦ + =x 0 x  ʜʣʷ ʣʶʙʦʛʦ ʚʝʢʪʦʨʘ x . 

8. ʋ ʢʘʞʜʦʛʦ ʚʝʢʪʦʨʘ x  ʩʫʱʝʩʪʚʫʝʪ ʧʨʦʪʠʚʦʧʦʣʦʞʥʳʡ ʚʝʢʪʦʨ -x, ʪʘʢʦʡ ʯʪʦ 

( ) 0=x + -x . ʉʣʦʞʝʥʠʝ ʩ ʧʨʦʪʠʚʦʧʦʣʦʞʥʳʤ ʚʝʢʪʦʨʦʤ ʫʜʦʙʥʦ ʟʘʧʠʩʳʚʘʪʴ ʢʘʢ 

ʚʳʯʠʪʘʥʠʝ: ()y + -x = y - x . 

ʅʝ ʥʫʞʥʦ ʜʫʤʘʪʴ, ʯʪʦ ʟʜʝʩʴ ʧʝʨʝʯʠʩʣʝʥʳ ʚʩʝ ʩʚʦʡʩʪʚʘ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ. 

ʇʨʠʚʝʜʝʥʳ ʪʦʣʴʢʦ ʘʢʩʠʦʤʳ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ. ʕʪʦ ʦʟʥʘʯʘʝʪ, ʯʪʦ ʫʢʘʟʘʥ 



6 Ä 1. ɺʝʢʪʦʨʥʳʝ ʧʨʦʩʪʨʘʥʩʪʚʘ 

 

ʤʠʥʠʤʘʣʴʥʳʡ ʥʘʙʦʨ ʩʚʦʡʩʪʚ, ʠʟ ʢʦʪʦʨʳʭ ʚʩʝ ʦʩʪʘʣʴʥʳʝ ʚʳʪʝʢʘʶʪ ʣʦʛʠʯʝʩʢʠʤ ʧʫʪʝʤ. 

ʅʘʧʨʠʤʝʨ, ʧʦʧʳʪʘʡʪʝʩʴ ʦʪʚʝʪʠʪʴ ʥʘ ʩʣʝʜʫʶʱʠʝ ʚʦʧʨʦʩʳ. 

ɿʘʜʘʥʠʝ 1 .  

1. ʄʦʞʝʪ ʣʠ ʙʳʪʴ ʚ ʚʝʢʪʦʨʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ ʜʚʘ ʥʫʣʷ, ʦʪʣʠʯʥʳʭ ʜʨʫʛ ʦʪ ʜʨʫʛʘ? 

2. ʄʦʞʝʪ ʣʠ ʫ ʚʝʢʪʦʨʘ x  ʙʳʪʴ ʜʚʘ ʨʘʟʣʠʯʥʳʭ ʧʨʦʪʠʚʦʧʦʣʦʞʥʳʭ ʚʝʢʪʦʨʘ? 

3. ɼʦʢʘʞʠʪʝ, ʯʪʦ 0x = 0, ʛʜʝ ʥʫʣʴ ʚ ʣʝʚʦʡ ʯʘʩʪʠ ʨʘʚʝʥʩʪʚʘ ï ʯʠʩʣʦ, ʘ ʚ ʧʨʘʚʦʡ ï 

ʥʫʣʴ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ. 

4. ɼʦʢʘʞʠʪʝ, ʯʪʦ ( )1- = -x x, ʛʜʝ ʚ ʣʝʚʦʡ ʯʘʩʪʠ ʨʘʚʝʥʩʪʚʘ ʩʪʦʠʪ ʚʝʢʪʦʨ, 

ʧʨʦʪʠʚʦʧʦʣʦʞʥʳʡ ʚʝʢʪʦʨʫ x, ʘ ʚ ʧʨʘʚʦʡ ï ʚʝʢʪʦʨ x, ʫʤʥʦʞʝʥʥʳʡ ʥʘ ʯʠʩʣʦ ( )1- . 

5. ɼʦʢʘʞʠʪʝ, ʯʪʦ l=0 0 ʜʣʷ ʣʶʙʦʛʦ ʯʠʩʣʘ l. 

6. ɼʦʢʘʞʠʪʝ, ʯʪʦ ʠʟ ʨʘʚʝʥʩʪʚʘ lx = 0  ʩʣʝʜʫʝʪ, ʯʪʦ ʣʠʙʦ 0l= , ʣʠʙʦ x = 0. 

ʕʪʠ ʚʦʧʨʦʩʳ ʥʝ ʪʘʢ ʧʨʦʩʪʳ, ʢʘʢ ʢʘʞʫʪʩʷ. ʇʦʵʪʦʤʫ ʦʪʚʝʪʳ ʥʘ ʥʠʭ ʧʨʠʚʝʜʝʥʳ ʚ ʢʦʥʮʝ 

ʧʘʨʘʛʨʘʬʘ ʚ ʜʦʧʦʣʥʝʥʠʠ 1. 

ɿʘʤʝʯʘʥʠʝ. ʉʚʦʡʩʪʚʘ 3 ʠ Äʦʯʝʥʴ ʫʜʦʙʥʳ ʜʣʷ ʥʘʭʦʞʜʝʥʠʷ ʥʫʣʷ ʚʝʢʪʦʨʥʦʛʦ 

ʧʨʦʩʪʨʘʥʩʪʚʘ ʠ ʦʙʨʘʪʥʦʛʦ ʵʣʝʤʝʥʪʘ. ʕʪʦ ʩʪʦʠʪ ʟʘʧʦʤʥʠʪʴ. 

ʇʨʠʤʝʨ 1. ʅʫʣʝʚʦʝ ʧʨʦʩʪʨʘʥʩʪʚʦ. 

ʕʪʦ ʩʘʤʦʝ ʧʨʦʩʪʦʝ ʣʠʥʝʡʥʦʝ ʧʨʦʩʪʨʘʥʩʪʚʦ, ʩʦʩʪʦʷʱʝʝ ʚʩʝʛʦ ʠʟ ʦʜʥʦʛʦ ʵʣʝʤʝʥʪʘ. ʇʦ 

ʥʝʦʙʭʦʜʠʤʦʩʪʠ (ʩʤ. ʧ. 7) ʦʥ ʦʙʷʟʘʥ ʙʳʪʴ ʥʫʣʝʤ. ʆʧʝʨʘʮʠʠ ʩʣʦʞʝʥʠʷ ʠ ʫʤʥʦʞʝʥʠʷ ʥʘ 

ʯʠʩʣʦ ʦʧʨʝʜʝʣʷʶʪʩʷ ʪʘʢ: 0 + 0 = 0, ʠ l0 = 0 ʜʣʷ ʣʶʙʦʛʦ ʯʠʩʣʘ l. ʃʝʛʢʦ ʧʨʦʚʝʨʠʪʴ, ʯʪʦ 

ʚʳʧʦʣʥʝʥʳ ʚʩʝ ʘʢʩʠʦʤʳ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ. 

ʇʨʠʤʝʨ 2. çɻʝʦʤʝʪʨʠʯʝʩʢʠʝ ʚʝʢʪʦʨʳè.  

ɺ ʪʨʝʭʤʝʨʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ (ʚ ʢʦʪʦʨʦʤ ʤʳ ʞʠʚʝʤ) 

ʟʘʜʘʜʠʤ ʪʦʯʢʫ O, ʥʘʟʳʚʘʝʤʫʶ ʮʝʥʪʨʦʤ, ʠ ʩʦʧʦʩʪʘʚʠʤ 

ʣʶʙʦʡ ʪʦʯʢʝ M  ʥʘʧʨʘʚʣʝʥʥʳʡ ʦʪʨʝʟʦʢ OM  (ʩʤ. ʨʠʩ. 1). 

ʊʘʢʦʡ ʥʘʧʨʘʚʣʝʥʥʳʡ ʦʪʨʝʟʦʢ ʥʘʟʳʚʘʝʪʩʷ ʛʝʦʤʝʪʨʠʯʝʩʢʠʤ 

ʚʝʢʪʦʨʦʤ. 

ɺ ʩʦʚʦʢʫʧʥʦʩʪʠ ʚʩʝʭ 

ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʚʝʢʪʦʨʦʚ 

ʦʧʨʝʜʝʣʠʤ ʦʧʝʨʘʮʠʶ ʩʣʦʞʝʥʠʷ ʧʦ çʧʨʘʚʠʣʫ 

ʧʘʨʘʣʣʝʣʦʛʨʘʤʤʘè, ʢʘʢ ʵʪʦ ʧʦʢʘʟʘʥʦ ʥʘ ʨʠʩ. 2. 

ʆʧʝʨʘʮʠʶ ʫʤʥʦʞʝʥʠʷ ʥʘ ʯʠʩʣʦ l ʟʘʜʘʜʠʤ ʢʘʢ ʫʤʥʦʞʝʥʠʝ 

ʜʣʠʥʳ ʚʝʢʪʦʨʘ ʥʘ ʵʪʦ ʯʠʩʣʦ. ʇʨʠʯʝʤ, ʝʩʣʠ l ʦʪʨʠʮʘʪʝʣʴʥʦʝ, 

ʪʦ ʥʘʧʨʘʚʣʝʥʠʝ ʚʝʢʪʦʨʘ ʤʝʥʷʝʪʩʷ ʥʘ ʧʨʦʪʠʚʦʧʦʣʦʞʥʦʝ. 

ɻʝʦʤʝʪʨʠʯʝʩʢʠʝ ʚʝʢʪʦʨʳ ʯʘʩʪʦ ʨʘʩʩʤʘʪʨʠʚʘʶʪ ʥʘ 

ʧʣʦʩʢʦʩʪʠ ʠ ʜʘʞʝ ʥʘ ʧʨʷʤʦʡ, ʪʦ ʝʩʪʴ ʚ ʜʚʫʭ- ʠ ʦʜʥʦʤʝʨʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʘʭ. 

ɿʘʜʘʥʠʝ. ʇʨʦʚʝʨʴʪʝ, ʚʳʧʦʣʥʝʥʳ ʣʠ ʚʩʝ ʘʢʩʠʦʤʳ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ. ɺ 

ʯʘʩʪʥʦʩʪʠ ʫʢʘʞʠʪʝ, ʢʘʢʦʡ ʚʝʢʪʦʨ ʷʚʣʷʝʪʩʷ ʥʫʣʝʤ ʵʪʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ, ʠ ʢʘʢʦʡ ʚʝʢʪʦʨ 

ʧʨʦʪʠʚʦʧʦʣʦʞʝʥ ʜʘʥʥʦʤʫ ʚʝʢʪʦʨʫ. 

ʈʠʩ. 1. 

ʈʠʩ.2. 
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ɿʘʤʝʯʘʥʠʝ. ʆʯʝʥʴ ʯʘʩʪʦ ʨʘʩʩʤʘʪʨʠʚʘʶʪ 

ʛʝʦʤʝʪʨʠʯʝʩʢʠʝ ʚʝʢʪʦʨʳ, ʥʘʯʘʣʦ ʢʦʪʦʨʳʭ ʣʝʞʘʪ ʥʝ ʚ 

ʮʝʥʪʨʝ O, ʘ ʚ ʢʘʢʦʡ-ʣʠʙʦ ʜʨʫʛʦʡ ʪʦʯʢʝ. ʅʘʧʨʠʤʝʨ, 

ʩʠʤʚʦʣʦʤ AB  ʦʙʦʟʥʘʯʘʶʪ ʚʝʢʪʦʨ, ʥʘʯʠʥʘʶʱʠʡʩʷ ʚ ʪʦʯʢʝ 

A ʠ ʟʘʢʘʥʯʠʚʘʶʱʠʡʩʷ ʚ ʪʦʯʢʝ B . ɺ ʜʘʣʴʥʝʡʰʝʤ ʙʫʜʝʤ 

ʩʯʠʪʘʪʴ ʩʦʚʧʘʜʘʶʱʠʤʠ ʚʝʢʪʦʨʳ, ʫ ʢʦʪʦʨʳʭ ʦʜʠʥʘʢʦʚʳʝ 

ʜʣʠʥʳ ʠ ʥʘʧʨʘʚʣʝʥʠʷ. ʀʥʘʯʝ ʛʦʚʦʨʷ, ʚʝʢʪʦʨ ʤʦʞʥʦ 

ʧʝʨʝʤʝʱʘʪʴ ʪʘʢ, ʯʪʦʙʳ ʦʥ ʦʩʪʘʚʘʣʩʷ ʧʘʨʘʣʣʝʣʴʥʳʤ ʩʘʤʦʤʫ 

ʩʝʙʝ. ɺ ʯʘʩʪʥʦʩʪʠ ʤʦʞʥʦ ʧʦʤʝʩʪʠʪʴ ʝʛʦ ʥʘʯʘʣʦ ʚ ʮʝʥʪʨ O. 

ʇʨʘʚʠʣʦ ʧʘʨʘʣʣʝʣʦʛʨʘʤʤʘ, ʥʘʧʨʠʤʝʨ, ʧʨʠ ʵʪʦʤ ʤʦʞʥʦ ʟʘʤʝʥʠʪʴ ʵʢʚʠʚʘʣʝʥʪʥʳʤ ʝʤʫ 

çʧʨʘʚʠʣʦʤ ʪʨʝʫʛʦʣʴʥʠʢʘè (ʩʤ. ʨʠʩ. 3). 

 

ʇʨʠʤʝʨ 3. ʇʨʦʩʪʨʘʥʩʪʚʦ 
n
.  

ʕʪʦ ʧʨʦʩʪʨʘʥʩʪʚʦ ʩʦʩʪʦʠʪ ʠʟ ʚʩʝʚʦʟʤʦʞʥʳʭ 

ʫʧʦʨʷʜʦʯʝʥʥʳʭ ʥʘʙʦʨʦʚ ʠʟ n  ʯʠʩʝʣ ( )1 2, ,..., nx x x . ʇʨʠ 

3n=  ʪʘʢʠʝ ʥʘʙʦʨʳ ʤʦʞʥʦ (ʠ ʦʯʝʥʴ ʨʝʢʦʤʝʥʜʫʝʪʩʷ) 

ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʢʘʢ ʢʦʦʨʜʠʥʘʪʳ ʪʦʯʝʢ ʚ ʪʨʝʭʤʝʨʥʦʤ 

ʧʨʦʩʪʨʘʥʩʪʚʝ (ʚ ʢʦʪʦʨʦʤ ʤʳ ʞʠʚʝʤ), ʝʩʣʠ ʚ ʵʪʦʤ 

ʧʨʦʩʪʨʘʥʩʪʚʝ ʚʚʝʜʝʥʘ ʜʝʢʘʨʪʦʚʘ ʩʠʩʪʝʤʘ ʢʦʦʨʜʠʥʘʪ (ʩʤ. 

ʨʠʩ. 4). ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʤʦʞʥʦ ʩʯʠʪʘʪʴ, ʯʪʦ ʧʨʦʩʪʨʘʥʩʪʚʦ 
3
 ï ʵʪʦ ʪʨʝʭʤʝʨʥʦʝ ʧʨʦʩʪʨʘʥʩʪʚʦ ʩ ʜʝʢʘʨʪʦʚʦʡ ʩʠʩʪʝʤʦʡ 

ʢʦʦʨʜʠʥʘʪ. ʆʥʦ ʥʘʟʳʚʘʝʪʩʷ ʪʨʝʭʤʝʨʥʳʤ ʜʝʢʘʨʪʦʚʳʤ 

ʧʨʦʩʪʨʘʥʩʪʚʦʤ. 

ɸʥʘʣʦʛʠʯʥʦ ʜʝʢʘʨʪʦʚʳ ʧʨʦʩʪʨʘʥʩʪʚʘ 
2
 ʠ  ï ʵʪʦ ʧʣʦʩʢʦʩʪʴ ʩ ʜʚʫʤʷ ʦʩʷʤʠ 

ʜʝʢʘʨʪʦʚʳʭ ʢʦʦʨʜʠʥʘʪ ʠ ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ ʧʨʷʤʘʷ ʩ ʦʜʥʦʡ ʦʩʴʶ ʜʝʢʘʨʪʦʚʳʭ ʢʦʦʨʜʠʥʘʪ. 

ʇʨʦʩʪʨʘʥʩʪʚʦ 
n
 ʠʩʧʦʣʴʟʫʝʪʩʷ ʚ ʤʘʪʝʤʘʪʠʢʝ ʢʘʢ ʤʥʦʛʦʤʝʨʥʦʝ ʦʙʦʙʱʝʥʠʝ 

ʪʨʝʭʤʝʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ. 

ʆʧʨʝʜʝʣʠʤ ʩʣʦʞʝʥʠʝ ʚʝʢʪʦʨʦʚ ʠ ʫʤʥʦʞʝʥʠʝ ʥʘ ʯʠʩʣʦ ʢʘʢ ʧʦʢʦʦʨʜʠʥʘʪʥʳʝ. ʊʦ ʝʩʪʴ 

 
( )( )( )

( )( )

1 2 1, 2 1 1 2 2

1 2 1 2

, ,..., ,..., , ,..., ;

, ,..., , ,...,

n n n n

n n

x x x y y y x y x y x y

x x x x x xl l l l

+ = + + +

=
. 

ɿ ʘʤʝʯʘʥʠʝ. ʄʦʞʝʪ ʧʦʢʘʟʘʪʴʩʷ, ʯʪʦ ʤʥʦʛʦʤʝʨʥʳʝ ʧʨʦʩʪʨʘʥʩʪʚʘ ʥʝ ʥʫʞʥʳ ï ʚʝʜʴ 

ʤʳ ʞʠʚʝʤ ʚ ʪʨʝʭʤʝʨʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ. ʈʘʟʚʝ ʯʪʦ, ʚʩʧʦʤʥʠʚ ʕʡʥʰʪʝʡʥʘ, ʤʦʞʥʦ ʜʦʙʘʚʠʪʴ 

ʝʱʝ ʦʜʥʦ ʚʨʝʤʝʥʥʦʝ ʠʟʤʝʨʝʥʠʝ. ʆʜʥʘʢʦ ʵʪʦ ʥʝ ʪʘʢ. ʄʘʪʝʨʠʘʣʴʥʘʷ ʪʦʯʢʘ ï ʩʘʤʳʡ ʧʨʦʩʪʦʡ 

ʦʙʲʝʢʪ ʚ ʤʝʭʘʥʠʢʝ ï ʧʦʜʯʠʥʷʝʪʩʷ ʫʨʘʚʥʝʥʠʶ ʅʴʶʪʦʥʘ ʠ, ʜʚʠʛʘʷʩʴ ʧʦ ʧʨʷʤʦʡ, ʦʧʠʩʳʚʘʝʪʩʷ 

ʜʚʫʤʷ ʢʦʦʨʜʠʥʘʪʘʤʠ ï ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʦʡ ʢʦʦʨʜʠʥʘʪʦʡ ʠ ʩʢʦʨʦʩʪʴʶ ʝʝ ʠʟʤʝʥʝʥʠʷ. ɽʩʣʠ ʞʝ 

ʪʦʯʢʘ ʜʚʠʞʝʪʩʷ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ, ʪʦ ʝʝ ʩʦʩʪʦʷʥʠʝ ʟʘʜʘʝʪʩʷ 6 ʢʦʦʨʜʠʥʘʪʘʤʠ ï ʧʦ ʜʚʝ ʥʘ 

ʢʘʞʜʦʝ ʠʟʤʝʨʝʥʠʝ. ɸ ʝʩʣʠ ʨʘʩʩʤʘʪʨʠʚʘʝʪʩʷ ʩʠʩʪʝʤʘ, ʩʦʩʪʦʷʱʘʷ ʚʩʝʛʦ ʠʟ ʜʚʫʭ 

ʤʘʪʝʨʠʘʣʴʥʳʭ ʪʦʯʝʢ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ, ʪʦ ʥʫʞʥʦ 12 ʢʦʦʨʜʠʥʘʪ. ʊʘʢ ʯʪʦ ʜʘʞʝ ʜʣʷ ʪʘʢʦʡ 

ʥʝʩʣʦʞʥʦʡ ʩʠʩʪʝʤʳ ʧʨʠʭʦʜʠʪʩʷ ʠʩʧʦʣʴʟʦʚʘʪʴ ʧʨʦʩʪʨʘʥʩʪʚʦ 
12

. 

ɿ ʘʜʘʥʠʝ. ʇʨʦʚʝʨʴʪʝ, ʚʳʧʦʣʥʝʥʳ ʣʠ ʚʩʝ ʘʢʩʠʦʤʳ ʣʠʥʝʡʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ. ʋʢʘʞʠʪʝ, 

ʢʘʢʦʡ ʚʝʢʪʦʨ ʷʚʣʷʝʪʩʷ ʥʫʣʝʤ ʵʪʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ ʠ ʢʘʢʦʡ ʚʝʢʪʦʨ ʧʨʦʪʠʚʦʧʦʣʦʞʝʥ ʜʘʥʥʦʤʫ 

ʚʝʢʪʦʨʫ. 

ʈʠʩ. 3 

ʈʠʩ. 4. 



8 Ä 1. ɺʝʢʪʦʨʥʳʝ ʧʨʦʩʪʨʘʥʩʪʚʘ 

 

ʇʨʠʤʝʨ 4. ʄʥʦʛʦʯʣʝʥʳ. 

ʈʘʩʩʤʦʪʨʠʤ ʩʦʚʦʢʫʧʥʦʩʪʴ ʚʩʝʭ ʤʥʦʛʦʯʣʝʥʦʚ ʥʝʟʘʚʠʩʠʤʦʡ ʧʝʨʝʤʝʥʥʦʡ x  ʩʪʝʧʝʥʠ ʥʝ 

ʚʳʰʝ N, ʪʦ ʝʩʪʴ ʩʦʚʦʢʫʧʥʦʩʪʴ ʬʫʥʢʮʠʡ ʚʠʜʘ () 1

0 1 ...n n

n nP x a x a x a-= + + +, ʛʜʝ n N¢ . 

ʅʘʪʫʨʘʣʴʥʦʝ ʯʠʩʣʦ n  ʥʘʟʳʚʘʝʪʩʷ ʩʪʝʧʝʥʴʶ ʤʥʦʛʦʯʣʝʥʘ, a ʯʠʩʣʘ 
0 1 0, ,...,a a a  ï ʝʛʦ 

ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ. (ʆʪʤʝʪʴʪʝ ʫʜʦʙʥʳʡ ʩʧʦʩʦʙ ʥʫʤʝʨʘʮʠʠ ʢʦʵʬʬʠʮʠʝʥʪʦʚ: ʫ ʢʘʞʜʦʛʦ 

ʩʣʘʛʘʝʤʦʛʦ ʩʫʤʤʘ ʠʥʜʝʢʩʘ ʢʦʵʬʬʠʮʠʝʥʪʘ ʠ ʩʪʝʧʝʥʠ x  ʨʘʚʥʘ ʩʪʝʧʝʥʠ ʤʥʦʛʦʯʣʝʥʘ n .) 

ɿ ʘʜʘʥʠʝ. ʇʨʦʚʝʨʴʪʝ, ʯʪʦ ʦʧʝʨʘʮʠʠ ʦʙʳʯʥʦʛʦ ʩʣʦʞʝʥʠʷ ʤʥʦʛʦʯʣʝʥʦʚ ʠ ʫʤʥʦʞʝʥʠʷ 

ʠʭ ʥʘ ʯʠʩʣʦ ʧʨʝʚʨʘʱʘʶʪ ʵʪʫ ʩʦʚʦʢʫʧʥʦʩʪʴ ʤʥʦʛʦʯʣʝʥʦʚ ʚ ʚʝʢʪʦʨʥʦʝ ʧʨʦʩʪʨʘʥʩʪʚʦ. 

ɺʳʷʩʥʠʪʝ, ʦʩʪʘʥʝʪʩʷ ʣʠ ʪʦ ʞʝ ʚʝʨʥʳʤ, ʝʩʣʠ ʩʥʷʪʴ ʦʛʨʘʥʠʯʝʥʠʝ ʥʘ ʩʪʝʧʝʥʴ ʤʥʦʛʦʯʣʝʥʘ. 

(ʆʪʚʝʪ: ʜʘ.) 

ʇʨʠʤʝʨ 5. ʌʫʥʢʮʠʦʥʘʣʴʥʦʝ ʧʨʦʩʪʨʘʥʩʪʚʦ. 

ʅʝ ʦʛʨʘʥʠʯʠʚʘʷʩʴ ʤʥʦʛʦʯʣʝʥʘʤʠ, ʨʘʩʩʤʦʪʨʠʤ ʧʨʦʩʪʨʘʥʩʪʚʦ 
DF  ʚʩʝʭ ʬʫʥʢʮʠʡ, 

ʦʪʦʙʨʘʞʘʶʱʠʭ ʥʝʢʦʪʦʨʦʝ ʤʥʦʞʝʩʪʚʦ D  ʚ ʯʠʩʣʦʚʫʶ ʦʩʴ. ʕʪʦ ʦʟʥʘʯʘʝʪ, ʯʪʦ D  ï ʦʙʱʘʷ 

ʜʣʷ ʚʩʝʭ ʬʫʥʢʮʠʡ ʦʙʣʘʩʪʴ ʦʧʨʝʜʝʣʝʥʠʷ, ʘ ʦʙʣʘʩʪʠ ʟʥʘʯʝʥʠʡ ʚʩʝʭ ʬʫʥʢʮʠʡ ʣʝʞʘʪ ʥʘ 

ʯʠʩʣʦʚʦʡ ʦʩʠ. ʆʧʝʨʘʮʠʠ ʩʣʦʞʝʥʠʷ ʠ ʫʤʥʦʞʝʥʠʷ ʥʘ ʯʠʩʣʦ ʦʧʨʝʜʝʣʠʤ ʪʘʢ. ʉʫʤʤʦʡ ʜʚʫʭ 

ʬʫʥʢʮʠʡ 
1f  ʠ 

2f  ʥʘʟʦʚʝʤ ʪʘʢʫʶ ʬʫʥʢʮʠʶ 
1 2f f+ , ʯʪʦ ( )() () ()1 2 1 2f f x f x f x+ = +  ʜʣʷ ʚʩʝʭ 

x  ʠʟ D. ʋʤʥʦʞʝʥʠʝ ʬʫʥʢʮʠʠ f  ʥʘ ʯʠʩʣʦ l ʦʧʨʝʜʝʣʠʤ ʘʥʘʣʦʛʠʯʥʳʤ ʦʙʨʘʟʦʤ: 

( )() ()f x f xl l=  ʜʣʷ ʚʩʝʭ x  ʠʟ D . 

ɿ ʘʜʘʥʠʝ. ʋʙʝʜʠʪʝʩʴ, ʯʪʦ ʧʨʦʩʪʨʘʥʩʪʚʦ 
DF  ʩ ʪʘʢ ʦʧʨʝʜʝʣʝʥʥʳʤʠ ʦʧʝʨʘʮʠʷʤʠ 

ʷʚʣʷʝʪʩʷ ʚʝʢʪʦʨʥʳʤ ʧʨʦʩʪʨʘʥʩʪʚʦʤ. 

2. ʇʦʣʥʦʪʘ ʠ ʥʝʟʘʚʠʩʠʤʦʩʪʴ ʩʠʩʪʝʤʳ ʚʝʢʪʦʨʦʚ. ɹʘʟʠʩ ʚʝʢʪʦʨʥʦʛʦ 

ʧʨʦʩʪʨʘʥʩʪʚʘ 

ʇʦʩʢʦʣʴʢʫ ʚ ʚʝʢʪʦʨʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ ʠʤʝʶʪʩʷ ʚʩʝʛʦ ʜʚʝ ʘʣʛʝʙʨʘʠʯʝʩʢʠʝ ʦʧʝʨʘʮʠʠ, ʪʦ 

ʩʘʤʳʤ ʩʣʦʞʥʳʤ ʚʳʨʘʞʝʥʠʝʤ, ʢʦʪʦʨʦʝ ʤʦʞʥʦ ʩʦʩʪʘʚʠʪʴ ʠʟ ʯʠʩʝʣ ʠ ʥʘʙʦʨʘ ʚʝʢʪʦʨʦʚ 

{ }1 2, ,..., ne e e , ʷʚʣʷʝʪʩʷ ʩʣʝʜʫʶʱʝʝ: 

 
1 1 2 2 ... n na a a+ + +e e e . 

ʕʪʦ ʚʳʨʘʞʝʥʠʝ ʥʘʟʳʚʘʝʪʩʷ ʣʠʥʝʡʥʦʡ ʢʦʤʙʠʥʘʮʠʝʡ ʚʝʢʪʦʨʦʚ { }1 2, ,..., ne e e . 

ʆ ʧʨʝʜʝʣʝʥʠʝ 2 .ʉʠʩʪʝʤʘ ʚʝʢʪʦʨʦʚ { }1 2, ,..., ne e e  ʥʘʟʳʚʘʝʪʩʷ ʧʦʣʥʦʡ, ʝʩʣʠ ʣʶʙʦʡ 

ʚʝʢʪʦʨ x  ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ ʣʠʥʝʡʥʦʡ ʢʦʤʙʠʥʘʮʠʠ ʚʝʢʪʦʨʦʚ ʵʪʦʡ ʩʠʩʪʝʤʳ: 

 
1 1 2 2 ... n na a a= + + +x e e e . (1) 

ʅʘʣʠʯʠʝ ʚ ʚʝʢʪʦʨʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ ʧʦʣʥʦʡ ʩʠʩʪʝʤʳ ʚʝʢʪʦʨʦʚ ʟʥʘʯʠʪʝʣʴʥʦ ʫʧʨʦʱʘʝʪ 

ʨʝʰʝʥʠʝ ʤʥʦʛʠʭ ʟʘʜʘʯ, ʪʘʢ ʢʘʢ ʧʨʦʚʝʨʢʘ ʢʘʢʠʭ-ʣʠʙʦ ʩʚʦʡʩʪʚ ʜʣʷ ʙʝʩʢʦʥʝʯʥʦʛʦ ʯʠʩʣʘ 

ʵʣʝʤʝʥʪʦʚ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ ʩʚʦʜʠʪʩʷ ʢ ʧʨʦʚʝʨʢʝ ʵʪʠʭ ʩʚʦʡʩʪʚ ʜʣʷ ʣʠʥʝʡʥʦʡ 

ʢʦʤʙʠʥʘʮʠʠ ʢʦʥʝʯʥʦʛʦ ʯʠʩʣʘ ʟʘʨʘʥʝʝ ʦʧʨʝʜʝʣʝʥʥʳʭ ʚʝʢʪʦʨʦʚ. ɽʩʪʝʩʪʚʝʥʥʦ, ʯʪʦ ʧʨʠ ʵʪʦʤ 

ʞʝʣʘʪʝʣʴʥʦ, ʯʪʦʙʳ ʚ ʧʦʣʥʦʡ ʩʠʩʪʝʤʝ ʥʝ ʙʳʣʦ ʣʠʰʥʠʭ ʚʝʢʪʦʨʦʚ, ʪʦ ʝʩʪʴ ʪʘʢʠʭ, ʯʪʦ ʝʩʣʠ ʠʭ 

ʦʪʙʨʦʩʠʪʴ, ʩʚʦʡʩʪʚʦ ʧʦʣʥʦʪʳ ʩʦʭʨʘʥʠʪʩʷ. ɼʦʚʦʣʴʥʦ ʦʯʝʚʠʜʥʦ (ʵʪʦ ʙʫʜʝʪ ʧʦʢʘʟʘʥʦ ʥʠʞʝ ʚ 

ʪʝʦʨʝʤʝ 1), ʯʪʦ ʠʟ ʧʦʣʥʦʡ ʩʠʩʪʝʤʳ ʤʦʞʥʦ ʠʩʢʣʶʯʠʪʴ ʚʝʢʪʦʨ, ʢʦʪʦʨʳʡ ʩʘʤ ʷʚʣʷʝʪʩʷ 

ʣʠʥʝʡʥʦʡ ʢʦʤʙʠʥʘʮʠʝʡ ʦʩʪʘʣʴʥʳʭ. ʇʦʣʥʫʶ ʩʠʩʪʝʤʫ, ʠʟ ʢʦʪʦʨʦʡ ʥʝʣʴʟʷ ʠʩʢʣʶʯʠʪʴ ʥʠ 
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ʦʜʥʦʛʦ ʵʣʝʤʝʥʪʘ ʙʝʟ ʧʦʪʝʨʠ ʩʚʦʡʩʪʚʘ ʧʦʣʥʦʪʳ ʥʘʟʳʚʘʶʪ ʤʠʥʠʤʘʣʴʥʦʡ. ʉʣʝʜʫʶʱʝʝ 

ʦʧʨʝʜʝʣʝʥʠʝ ʧʦʤʦʛʘʝʪ ʩʬʦʨʤʫʣʠʨʦʚʘʪʴ, ʢʘʢʘʷ ʧʦʣʥʘʷ ʩʠʩʪʝʤʘ ʦʙʣʘʜʘʝʪ ʵʪʠʤ ʩʚʦʡʩʪʚʦʤ. 

ʆʧʨʝʜʝʣʝʥʠʝ 3. ʉʠʩʪʝʤʘ ʚʝʢʪʦʨʦʚ { }1 2, ,..., mf f f  ʥʘʟʳʚʘʝʪʩʷ ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʦʡ, 

ʝʩʣʠ ʥʠ ʦʜʠʥ ʝʝ ʚʝʢʪʦʨ ʥʝʣʴʟʷ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ ʣʠʥʝʡʥʦʡ ʢʦʤʙʠʥʘʮʠʠ ʦʩʪʘʣʴʥʳʭ. 

ʉʠʩʪʝʤʫ, ʥʝ ʷʚʣʷʶʱʫʶʩʷ ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʦʡ, ʥʘʟʳʚʘʶʪ ʣʠʥʝʡʥʦ ʟʘʚʠʩʠʤʦʡ. 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʯʠʩʣʦ ʚʝʢʪʦʨʦʚ ʧʦʣʥʦʡ ʩʠʩʪʝʤʳ ʤʦʞʥʦ ʫʤʝʥʴʰʘʪʴ, ʧʦʢʘ ʦʥʘ ʦʩʪʘʝʪʩʷ 

ʣʠʥʝʡʥʦ ʟʘʚʠʩʠʤʦʡ. ʄʠʥʠʤʘʣʴʥʘʷ ʧʦʣʥʘʷ ʩʠʩʪʝʤʘ ʧʦʵʪʦʤʫ ʷʚʣʷʝʪʩʷ ʣʠʥʝʡʥʦ 

ʥʝʟʘʚʠʩʠʤʦʡ. 

ʉʦʦʪʥʦʰʝʥʠʝ ʤʝʞʜʫ ʧʦʣʥʦʪʦʡ ʠ ʣʠʥʝʡʥʦʡ ʥʝʟʘʚʠʩʠʤʦʩʪʴʶ ʷʚʣʷʝʪʩʷ ʩʠʤʤʝʪʨʠʯʥʳʤ. 

ʂʘʢ ʙʫʜʝʪ ʧʦʢʘʟʘʥʦ ʚ ʪʝʦʨʝʤʝ 1, ʯʠʩʣʦ ʚʝʢʪʦʨʦʚ ʢʘʢʦʡ-ʣʠʙʦ ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʦʡ 

ʩʠʩʪʝʤʳ ʤʦʞʥʦ ʫʚʝʣʠʯʠʚʘʪʴ ʙʝʟ ʧʦʪʝʨʠ ʵʪʦʛʦ ʩʚʦʡʩʪʚʘ, ʧʦʢʘ ʩʠʩʪʝʤʘ ʥʝʧʦʣʥʘʷ. ʊʘʢ ʯʪʦ 

ʤʘʢʩʠʤʘʣʴʥʘʷ ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʘʷ ʩʠʩʪʝʤʘ,  ʢ ʢʦʪʦʨʦʡ ʥʝʣʴʟʷ ʜʦʙʘʚʠʪʴ ʥʠ ʦʜʠʥ ʚʝʢʪʦʨ 

ʙʝʟ ʧʦʪʝʨʠ ʣʠʥʝʡʥʦʡ ʥʝʟʘʚʠʩʠʤʦʩʪʠ, ʷʚʣʷʝʪʩʷ ʧʦʣʥʦʡ. 

ʇʨʠʚʝʜʝʥʥʳʝ ʩʦʦʙʨʘʞʝʥʠʷ ʧʦʢʘʟʳʚʘʶʪ, ʯʪʦ ʧʦʣʝʟʥʦ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʩʠʩʪʝʤʳ ʚʝʢʪʦʨʦʚ, 

ʷʚʣ̫ʁ ʱʠʝʩʷ ʦʜʥʦʚʨʝʤʝʥʥʦ ʧʦʣʥʳʤʠ ʠ ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʳʤʠ. 

ʆʧʨʝʜʝʣʝʥʠʝ 4. ʇʦʣʥʘʷ ʠ ʦʜʥʦʚʨʝʤʝʥʥʦ ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʘʷ ʩʠʩʪʝʤʘ ʚʝʢʪʦʨʦʚ 

ʥʘʟʳʚʘʝʪʩʷ ʙʘʟʠʩʦʤ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ. ɹʘʟʠʩ ʤʦʞʥʦ ʦʭʘʨʘʢʪʝʨʠʟʦʚʘʪʴ ʢʘʢ 

ʤʠʥʠʤʘʣʴʥʫʶ ʧʦʣʥʫʶ ʩʠʩʪʝʤʫ ʠʣʠ ʢʘʢ ʤʘʢʩʠʤʘʣʴʥʫʶ ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʫʶ ʩʠʩʪʝʤʫ. 

ʇʝʨʝʜ ʠʟʫʯʝʥʠʝʤ ʩʚʦʡʩʪʚ ʙʘʟʠʩʘ ʜʦʢʘʞʝʤ ʫʪʚʝʨʞʜʝʥʠʷ, ʢʦʪʦʨʳʝ ʙʳʣʠ ʧʨʠʚʝʜʝʥʳ ʚʳʰʝ 

ʙʝʟ ʜʦʢʘʟʘʪʝʣʴʩʪʚʘ. ʆʜʥʘʢʦ ʧʨʝʜʚʘʨʠʪʝʣʴʥʦ ʩʬʦʨʤʫʣʠʨʫʝʤ ʦʯʝʥʴ ʫʜʦʙʥʳʡ ʧʨʠʟʥʘʢ 

ʣʠʥʝʡʥʦʡ ʥʝʟʘʚʠʩʠʤʦʩʪʠ ʩʠʩʪʝʤʳ ʚʝʢʪʦʨʦʚ, ʢʦʪʦʨʳʡ ʯʘʩʪʦ ʧʨʠʥʠʤʘʶʪ ʚ ʢʘʯʝʩʪʚʝ 

ʦʧʨʝʜʝʣʝʥʠʷ ʵʪʦʛʦ ʩʚʦʡʩʪʚʘ. 

ʃʝʤʤʘ 1 .ʉʠʩʪʝʤʘ ʚʝʢʪʦʨʦʚ { }1 2, ,..., mf f f  ʷʚʣʷʝʪʩʷ ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʦʡ ʪʦʛʜʘ ʠ 

ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʠʟ ʨʘʚʝʥʩʪʚʘ  

 
1 2 2 ... m ma a a+ + + =

1
f f f 0   (2) 

ʩʣʝʜʫʝʪ, ʯʪʦ ʚʩʝ ʢʦʵʬʬʠʮʠʝʥʪʳ 
ia, 1,2,...,i m= , ʨʘʚʥʳ ʥʫʣʶ. 

ƹ ɽʩʣʠ ʚ ʨʘʚʝʥʩʪʚʝ (2) ʭʦʪʷ ʙʳ ʦʜʠʥ ʢʦʵʬʬʠʮʠʝʥʪ, ʥʘʧʨʠʤʝʨ, 
1a  ʥʝ ʨʘʚʝʥ ʥʫʣʶ, ʪʦ 

ʤʦʞʥʦ ʨʘʟʜʝʣʠʪʴ ʵʪʦ ʨʘʚʝʥʩʪʚʦ ʥʘ 
1a  ʠ ʥʘʡʪʠ ʚʝʢʪʦʨ 

1f : 

 2
1 2

1 1

... m

m

aa

a a
=- - -f f f , 

ʢʘʢ ʣʠʥʝʡʥʫʶ ʢʦʤʙʠʥʘʮʠʶ ʦʩʪʘʣʴʥʳʭ ʚʝʢʪʦʨʦʚ. ɿʥʘʯʠʪ, ʩʠʩʪʝʤʘ { }1 2, ,..., mf f f  ʣʠʥʝʡʥʦ 

ʟʘʚʠʩʠʤʘʷ. 

ʆʙʨʘʪʥʦ, ʝʩʣʠ ʩʠʩʪʝʤʘ ʣʠʥʝʡʥʦ ʟʘʚʠʩʠʤʘʷ, ʪʦ ʢʘʢʦʡ-ʪʦ ʚʝʢʪʦʨ, ʥʘʧʨʠʤʝʨ, 
1f  ʷʚʣʷʝʪʩʷ 

ʣʠʥʝʡʥʦʡ ʢʦʤʙʠʥʘʮʠʝʡ ʦʩʪʘʣʴʥʳʭ ʚʝʢʪʦʨʦʚ: 

 
2 2 ... m mb b= + +

1
f f f , 

ʠʣʠ 

 
2 2 ... m mb b- - - =

1
f f f 0 . 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ ʩʫʱʝʩʪʚʫʝʪ ʨʘʚʥʘʷ ʥʫʣʶ ʣʠʥʝʡʥʘʷ ʢʦʤʙʠʥʘʮʠʷ, ʚ ʢʦʪʦʨʦʡ ʧʦ ʢʨʘʡʥʝʡ 

ʤʝʨʝ ʦʜʠʥ ʢʦʵʬʬʠʮʠʝʥʪ (ʧʨʠ 
1f ) ʥʝ ʨʘʚʝʥ ʥʫʣʶ. ˅ 
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ʊʝʦʨʝʤʘ 1 .  

1. ɽʩʣʠ ʩʠʩʪʝʤʘ ʚʝʢʪʦʨʦʚ { }1 2, ,..., ne e e  ʧʦʣʥʘʷ, ʪʦ ʯʠʩʣʦ ʵʣʝʤʝʥʪʦʚ ʵʪʦʡ ʩʠʩʪʝʤʳ ʤʦʞʥʦ 

ʫʤʝʥʴʰʠʪʴ ʙʝʟ ʧʦʪʝʨʠ ʩʚʦʡʩʪʚʘ ʧʦʣʥʦʪʳ ʚ ʪʦʤ ʠ ʪʦʣʴʢʦ ʚ ʪʦʤ ʩʣʫʯʘʝ, ʝʩʣʠ ʵʪʘ ʩʠʩʪʝʤʘ 

ʷʚʣʷʝʪʩʷ ʣʠʥʝʡʥʦ ʟʘʚʠʩʠʤʦʡ. 

2. ɽʩʣʠ ʩʠʩʪʝʤʘ ʚʝʢʪʦʨʦʚ { }1 2, ,..., mf f f  ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʘʷ, ʪʦ ʯʠʩʣʦ ʵʣʝʤʝʥʪʦʚ ʵʪʦʡ 

ʩʠʩʪʝʤʳ ʤʦʞʥʦ ʫʚʝʣʠʯʠʪʴ ʙʝʟ ʧʦʪʝʨʠ ʩʚʦʡʩʪʚʘ ʣʠʥʝʡʥʦʡ ʥʝʟʘʚʠʩʠʤʦʩʪʠ ʚ ʪʦʤ ʠ 

ʪʦʣʴʢʦ ʚ ʪʦʤ ʩʣʫʯʘʝ, ʝʩʣʠ ʵʪʘ ʩʠʩʪʝʤʘ ʥʝ ʷʚʣʷʝʪʩʷ ʧʦʣʥʦʡ. 

ˇ ɼ ʦʢʘʟʘʪʝʣʴʩʪʚʦ ʧʝʨʚʦʛʦ ʫʪʚʝʨʞʜʝʥʠʷ. ɽʩʣʠ ʢʘʢʦʡ-ʣʠʙʦ ʚʝʢʪʦʨ 

ʤʦʞʥʦ ʠʩʢʣʶʯʠʪʴ ʠʟ ʩʠʩʪʝʤʳ { }1 2, ,..., ne e e  ʙʝʟ ʧʦʪʝʨʠ ʩʚʦʡʩʪʚʘ ʧʦʣʥʦʪʳ, ʪʦ ʦʥ, ʢʘʢ ʠ 

ʣʶʙʦʡ ʜʨʫʛʦʡ ʵʣʝʤʝʥʪ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ, ʜʦʣʞʝʥ ʙʳʪʴ ʧʨʝʜʩʪʘʚʠʤ ʚ ʚʠʜʝ 

ʣʠʥʝʡʥʦʡ ʢʦʤʙʠʥʘʮʠʠ ʦʩʪʘʚʰʠʭʩʷ ʚʝʢʪʦʨʦʚ. ʊʦ ʝʩʪʴ ʩʠʩʪʝʤʘ ʷʚʣʷʝʪʩʷ ʣʠʥʝʡʥʦ ʟʘʚʠʩʠʤʦʡ. 

ʆʙʨʘʪʥʦ, ʝʩʣʠ ʩʠʩʪʝʤʘ { }1 2, ,..., ne e e  ʷʚʣʷʝʪʩʷ ʣʠʥʝʡʥʦ ʟʘʚʠʩʠʤʦʡ, ʪʦ ʥʝʢʦʪʦʨʳʡ ʚʝʢʪʦʨ 

ʠʟ ʵʪʦʡ ʩʠʩʪʝʤʳ ʧʨʝʜʩʪʘʚʠʤ ʚ ʚʠʜʝ ʣʠʥʝʡʥʦʡ ʢʦʤʙʠʥʘʮʠʠ ʦʩʪʘʣʴʥʳʭ ʚʝʢʪʦʨʦʚ. ʇʦʵʪʦʤʫ, 

ʧʦʜʩʪʘʚʠʚ ʝʛʦ ʚ ʪʘʢʦʤ ʚʠʜʝ ʚ ʬʦʨʤʫʣʫ (1), ʧʦʣʫʯʠʤ, ʯʪʦ ʧʨʦʠʟʚʦʣʴʥʳʡ ʚʝʢʪʦʨ x  ʷʚʣʷʝʪʩʷ 

ʣʠʥʝʡʥʦʡ ʢʦʤʙʠʥʘʮʠʝʡ ʦʩʪʘʚʰʠʭʩʷ ʚʝʢʪʦʨʦʚ. 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ ʚʪʦʨʦʛʦ ʫʪʚʝʨʞʜʝʥʠʷ. ɽʩʣʠ ʩʠʩʪʝʤʫ { }1 2, ,..., mf f f  

ʤʦʞʥʦ ʧʦʧʦʣʥʠʪʴ ʚʝʢʪʦʨʦʤ 
1m+f  ʙʝʟ ʧʦʪʝʨʠ ʩʚʦʡʩʪʚʘ ʣʠʥʝʡʥʦʡ ʥʝʟʘʚʠʩʠʤʦʩʪʠ, ʪʦ ʵʪʦ 

ʦʟʥʘʯʘʝʪ, ʯʪʦ ʵʪʦʪ ʚʝʢʪʦʨ ʥʝ ʷʚʣʷʝʪʩʷ ʣʠʥʝʡʥʦʡ ʢʦʤʙʠʥʘʮʠʝʡ ʚʝʢʪʦʨʦʚ ʠʟ ʠʩʭʦʜʥʦʡ 

ʩʠʩʪʝʤʳ. ʊʦ ʝʩʪʴ ʠʩʭʦʜʥʘʷ ʩʠʩʪʝʤʘ ʥʝʧʦʣʥʘʷ. 

ʅʘʦʙʦʨʦʪ, ʝʩʣʠ ʩʠʩʪʝʤʘ { }1 2, ,..., mf f f  ʥʝʧʦʣʥʘʷ, ʪʦ ʥʘʡʜʝʪʩʷ ʚʝʢʪʦʨ 
1m+f , ʢʦʪʦʨʳʡ ʥʝʣʴʟʷ 

ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ ʣʠʥʝʡʥʦʡ ʢʦʤʙʠʥʘʮʠʠ ʝʝ ʚʝʢʪʦʨʦʚ. ʇʦʢʘʞʝʤ, ʯʪʦ ʜʦʧʦʣʥʝʥʥʘʷ ʵʪʠʤ 

ʚʝʢʪʦʨʦʤ ʩʠʩʪʝʤʘ { }1 2 1, ,..., ,m m+f f f f  ʦʩʪʘʝʪʩʷ ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʦʡ. 

ʇʫʩʪʴ  

 
1 2 2 1 1... m m m ma a a a+ ++ + + + =

1
f f f f 0 . 

ʂʦʵʬʬʠʮʠʝʥʪ 
1ma+
 ʜʦʣʞʝʥ ʨʘʚʥʷʪʴʩʷ ʥʫʣʶ, ʠʥʘʯʝ ʠʟ ʵʪʦʛʦ ʩʦʦʪʥʦʰʝʥʠʷ ʤʦʞʥʦ ʙʳʣʦ 

ʙʳ ʥʘʡʪʠ ʚʝʢʪʦʨ 
1m+f  ʢʘʢ ʣʠʥʝʡʥʫʶ ʢʦʤʙʠʥʘʮʠʶ ʵʣʝʤʝʥʪʦʚ ʠʩʭʦʜʥʦʡ ʩʠʩʪʝʤʳ, ʯʪʦ 

ʧʨʦʪʠʚʦʨʝʯʠʪ ʚʳʙʦʨʫ ʵʪʦʛʦ ʚʝʢʪʦʨʘ. ʆʩʪʘʣʴʥʳʝ ʢʦʵʬʬʠʮʠʝʥʪʳ (ʩʤ. ʣʝʤʤʫ 1) ʨʘʚʥʳ ʥʫʣʶ 

ʚ ʩʠʣʫ ʣʠʥʝʡʥʦʡ ʥʝʟʘʚʠʩʠʤʦʩʪʠ ʠʩʭʦʜʥʦʡ ʩʠʩʪʝʤʳ. ʇʦʩʢʦʣʴʢʫ ʚʩʝ ʢʦʵʬʬʠʮʠʝʥʪʳ 

ʣʠʥʝʡʥʦʡ ʢʦʤʙʠʥʘʮʠʠ ʦʢʘʟʘʣʠʩʴ ʨʘʚʥʳʤʠ ʥʫʣʶ, ʪʦ ʧʦ ʣʝʤʤʝ 1 ʧʦʧʦʣʥʝʥʥʘʷ ʩʠʩʪʝʤʘ 

ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʘ. Ʒ 

ɺʦʧʨʦʩ. ʄʦʞʝʪ ʣʠ ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʘʷ ʩʠʩʪʝʤʘ ʩʦʜʝʨʞʘʪʴ ʥʫʣʴ ʚʝʢʪʦʨʥʦʛʦ 

ʧʨʦʩʪʨʘʥʩʪʚʘ? (ʆʪʚʝʪ: ʥʝʪ.) ʗʚʣʷʝʪʩʷ ʣʠ ʩʠʩʪʝʤʘ, ʩʦʩʪʦʷʱʘʷ ʠʟ ʦʜʥʦʛʦ ʥʝʥʫʣʝʚʦʛʦ ʚʝʢʪʦʨʘ 

ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʦʡ? (ʆʪʚʝʪ: ʜʘ.) 

ɿʘʜʘʥʠʝ 2 .ɺʝʨʥʝʤʩʷ ʢ ʧʨʠʤʝʨʫ 2 çɻʝʦʤʝʪʨʠʯʝʩʢʠʝ ʚʝʢʪʦʨʳè. 

1. ʇʦʢʘʞʠʪʝ, ʯʪʦ ʜʚʘ ʚʝʢʪʦʨʘ ʦʙʨʘʟʫʶʪ ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʫʶ ʩʠʩʪʝʤʫ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ 

ʪʦʛʜʘ, ʢʦʛʜʘ ʦʥʠ ʥʝʢʦʣʣʠʥʝʘʨʥʳʝ (ʪ.ʝ. ʥʝ ʣʝʞʘʪ ʥʘ ʦʜʥʦʡ ʧʨʷʤʦʡ). 

2. ʇʦʢʘʞʠʪʝ, ʯʪʦ ʪʨʠ ʚʝʢʪʦʨʘ ʦʙʨʘʟʫʶʪ ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʫʶ ʩʠʩʪʝʤʫ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ 

ʪʦʛʜʘ, ʢʦʛʜʘ ʦʥʠ ʥʝʢʦʤʧʣʘʥʘʨʥʳʝ (ʪ.ʝ. ʥʝ ʣʝʞʘʪ ʚ ʦʜʥʦʡ ʧʣʦʩʢʦʩʪʠ). 

3. ʄʦʞʝʪ ʣʠ ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʘʷ ʩʠʩʪʝʤʘ ʩʦʩʪʦʷʪʴ ʠʟ ʯʝʪʳʨʝʭ ʚʝʢʪʦʨʦʚ? (ʆʪʚʝʪ: ʥʝʪ). 

4. ʂʘʢʦʝ ʤʠʥʠʤʘʣʴʥʦʝ ʯʠʩʣʦ ʚʝʢʪʦʨʦʚ ʜʦʣʞʥʘ ʠʤʝʪʴ ʧʦʣʥʘʷ ʩʠʩʪʝʤʘ? 
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ɿʘʜʘʥʠʝ.  ʆʙʨʘʪʠʤʩʷ ʢ ʧʨʠʤʝʨʫ 3 çʇʨʦʩʪʨʘʥʩʪʚʦ 
n
è. ʇʦʢʘʞʠʪʝ, ʯʪʦ ʚʦʧʨʦʩ ʦ 

ʣʠʥʝʡʥʦʡ ʥʝʟʘʚʠʩʠʤʦʩʪʠ ʩʠʩʪʝʤʳ ʚʝʢʪʦʨʦʚ { }1 2, ,..., mf f f  ʩʚʦʜʠʪʩʷ ʢ ʩʫʱʝʩʪʚʦʚʘʥʠʶ 

ʥʝʥʫʣʝʚʳʭ ʨʝʰʝʥʠʡ ʫ ʩʠʩʪʝʤʳ n  ʣʠʥʝʡʥʳʭ ʦʜʥʦʨʦʜʥʳʭ ʫʨʘʚʥʝʥʠʡ ʦʪʥʦʩʠʪʝʣʴʥʦ m  

ʢʦʦʨʜʠʥʘʪ. (ʇʦʜʩʢʘʟʢʘ: ɿʘʧʠʰʠʪʝ ʨʘʚʝʥʩʪʚʦ (2) ʜʣʷ ʵʪʦʛʦ ʩʣʫʯʘʷ, ʚʳʧʦʣʥʠʪʝ ʚʩʝ 

ʘʣʛʝʙʨʘʠʯʝʩʢʠʝ ʜʝʡʩʪʚʠʷ ʚ ʣʝʚʦʡ ʯʘʩʪʠ ʠ ʧʨʠʨʘʚʥʷʡʪʝ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʝ ʢʦʦʨʜʠʥʘʪʳ ʚ 

ʦʙʝʠʭ ʯʘʩʪʷʭ ʨʘʚʝʥʩʪʚʘ. ʅʘʧʨʠʤʝʨ, ( )1 1,2,3=f , ( )2 4,5,6=f . ʈʘʚʝʥʩʪʚʦ (2) ʚ ʵʪʦʤ ʩʣʫʯʘʝ 

ʠʤʝʝʪ ʚʠʜ ( ) ( )( )1 21,2,3 4,5,6 0,0,0a a+ = , ʠʣʠ ( )( )1 2 1 2 1 24 ,2 5 ,3 6 0,0,0a a a a a a+ + + = . 

ʆʪʩʶʜʘ 

 

1 2

1 2

1 2

4 0

2 5 0

3 6 0

a a

a a

a a

+ =ë
î

+ =ì
î + =í

. 

ʇʦ ʣʝʤʤʝ 1 ʚʝʢʪʦʨʳ { }1 2,f f  ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʳ ʚ ʪʦʤ ʠ ʪʦʣʴʢʦ ʚ ʪʦʤ ʩʣʫʯʘʝ, ʝʩʣʠ 

ʩʠʩʪʝʤʘ ʣʠʥʝʡʥʳʭ ʦʜʥʦʨʦʜʥʳʭ ʫʨʘʚʥʝʥʠʡ ʠʤʝʝʪ ʪʦʣʴʢʦ ʥʫʣʝʚʳʝ ʨʝʰʝʥʠʷ.) 

ʉʣʝʜʫʶʱʝʝ ʩʚʦʡʩʪʚʦ ʙʘʟʠʩʘ ʠʩʧʦʣʴʟʫʝʪʩʷ ʥʘʠʙʦʣʝʝ ʯʘʩʪʦ. 

ʊʝʦʨʝʤʘ 2 .  ɽʩʣʠ { }1 2, ,..., ne e e  ï ʙʘʟʠʩ, ʪʦ ʣʶʙʦʡ ʚʝʢʪʦʨ x  ʝʜʠʥʩʪʚʝʥʥʳʤ ʦʙʨʘʟʦʤ 

ʤʦʞʝʪ ʙʳʪʴ ʧʨʝʜʩʪʘʚʣʝʥ ʚ ʚʠʜʝ ʣʠʥʝʡʥʦʡ ʢʦʤʙʠʥʘʮʠʠ ʚʝʢʪʦʨʦʚ ʙʘʟʠʩʘ: 

 
1 2 2 ... n na a a= + + +

1
x e e e . (3) 

ʕʪʦ ʧʨʝʜʩʪʘʚʣʝʥʠʝ ʥʘʟʳʚʘʝʪʩʷ ʨʘʟʣʦʞʝʥʠʝʤ ʚʝʢʪʦʨʘ x  ʧʦ ʙʘʟʠʩʫ { }1 2, ,..., ne e e . 

ˇ ʉʫʱʝʩʪʚʦʚʘʥʠʝ ʧʨʝʜʩʪʘʚʣʝʥʠʷ (3) ʚʳʪʝʢʘʝʪ ʠʟ ʧʦʣʥʦʪʳ ʙʘʟʠʩʘ. ɽʜʠʥʩʪʚʝʥʥʦʩʪʴ ʵʪʦʛʦ 

ʧʨʝʜʩʪʘʚʣʝʥʠʷ ï ʠʟ ʣʠʥʝʡʥʦʡ ʥʝʟʘʚʠʩʠʤʦʩʪʠ ʙʘʟʠʩʘ. ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʝʩʣʠ ʠʤʝʝʪʩʷ ʝʱʝ 

ʦʜʥʦ ʨʘʟʣʦʞʝʥʠʝ 

 
1 2 2 ... n nb b b= + + +

1
x e e e , 

ʪʦ ʚʳʯʠʪʘʷ ʵʪʦ ʨʘʚʝʥʩʪʚʦ ʠʟ ʨʘʚʝʥʩʪʚʘ (3), ʧʦʣʫʯʠʤ: 

 ( ) ( ) ( )1 2 2 2 ... n n na b a b a b= - + - + + -1 10 e e e, 

ʯʪʦ ʚ ʩʠʣʫ ʣʠʥʝʡʥʦʡ ʥʝʟʘʚʠʩʠʤʦʩʪʠ ʙʘʟʠʩʘ ʦʟʥʘʯʘʝʪ (ʩʤ. ʣʝʤʤʫ 1) ʨʘʚʝʥʩʪʚʦ ʥʫʣʶ ʚʩʝʭ 

ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʣʠʥʝʡʥʦʡ ʢʦʤʙʠʥʘʮʠʠ ʚ ʧʨʘʚʦʡ ʯʘʩʪʠ ʨʘʚʝʥʩʪʚʘ. ʊʦ ʝʩʪʴ 
i ia b= , 

1,2,...,i n= . ˅  

ɿ ʘʜʘʥʠʝ. ɼʦʢʘʞʠʪʝ ʦʙʨʘʪʥʦʝ ʫʪʚʝʨʞʜʝʥʠʝ: 

ʃʝʤʤʘ 2 .  ɽʩʣʠ ʧʦʣʥʘʷ ʩʠʩʪʝʤʘ { }1 2, ,..., ne e e  ʪʘʢʦʚʘ, ʯʪʦ ʣʶʙʦʡ ʚʝʢʪʦʨ x  ʤʦʞʥʦ 

ʝʜʠʥʩʪʚʝʥʥʳʤ ʦʙʨʘʟʦʤ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ ʣʠʥʝʡʥʦʡ ʢʦʤʙʠʥʘʮʠʠ (3), ʪʦ ʵʪʘ ʩʠʩʪʝʤʘ 

ʷʚʣʷʝʪʩʷ ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʦʡ ʠ, ʟʥʘʯʠʪ, ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʙʘʟʠʩ.  

(ʇʦʜʩʢʘʟʢʘ: ʚʦʩʧʦʣʴʟʫʡʪʝʩʴ ʣʝʤʤʦʡ 1, ʧʨʝʜʚʘʨʠʪʝʣʴʥʦ ʟʘʤʝʪʠʚ, ʯʪʦ ʥʫʣʴ ʚʝʢʪʦʨʥʦʛʦ 

ʧʨʦʩʪʨʘʥʩʪʚʘ ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ ʣʠʥʝʡʥʦʡ ʢʦʤʙʠʥʘʮʠʠ ʚʝʢʪʦʨʦʚ { }1 2, ,..., ne e e  ʩ 

ʥʫʣʝʚʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ.) 

ɺʦʧʨʦʩ. ʉʫʱʝʩʪʚʫʝʪ ʣʠ ʙʘʟʠʩ ʚ ʥʫʣʝʚʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ, ʨʘʩʩʤʦʪʨʝʥʥʦʤ ʚ ʧʨʠʤʝʨʝ 1? 

(ʆʪʚʝʪ: ʥʝʪ.) 
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ɿʘʜʘʥʠʝ 3 .ʇʦʢʘʞʠʪʝ, ʯʪʦ 

1. ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʚʝʢʪʦʨʦʚ ʙʘʟʠʩ ʦʙʨʘʟʫʝʪ ʣʶʙʘʷ ʪʨʦʡʢʘ 

ʥʝʢʦʤʧʣʘʥʘʨʥʳʭ ʚʝʢʪʦʨʦʚ; 

2. ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ n
 ʩʠʩʪʝʤʘ ( )( ) ( ){ }1,0,..,0 , 0,1,...,0 ,..., 0,0,...,1 ʠʟ n  ʚʝʢʪʦʨʦʚ ʦʙʨʘʟʫʝʪ 

ʙʘʟʠʩ. ʕʪʦʪ ʙʘʟʠʩ ʥʘʟʳʚʘʝʪʩʷ ʢʘʥʦʥʠʯʝʩʢʠʤ ʙʘʟʠʩʦʤ ʧʨʦʩʪʨʘʥʩʪʚʘ 
n
. ʆʪʤʝʪʠʤ 

ʫʜʦʙʥʦʝ ʩʚʦʡʩʪʚʦ ʢʘʥʦʥʠʯʝʩʢʦʛʦ ʙʘʟʠʩʘ: ʚʝʢʪʦʨ ( )1 2, ,..., nx x x  ʚ ʵʪʦʤ ʙʘʟʠʩʝ ʠʤʝʝʪ 

ʢʦʦʨʜʠʥʘʪʳ ( )1 2, ,..., nx x x ; 

3. ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʤʥʦʛʦʯʣʝʥʦʚ ʩʪʝʧʝʥʠ ʥʝ ʚʳʰʝ N  ʩʠʩʪʝʤʘ ʚʝʢʪʦʨʦʚ 

() () (){ }0 11, ,..., N

NP x P x x P x x= = =  ʷʚʣʷʝʪʩʷ ʙʘʟʠʩʦʤ. ɺ ʧʨʦʩʪʨʘʥʩʪʚʝ ʤʥʦʛʦʯʣʝʥʦʚ 

ʣʶʙʦʡ ʩʪʝʧʝʥʠ ʩʫʱʝʩʪʚʫʶʪ ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʳʝ ʩʠʩʪʝʤʳ ʚʝʢʪʦʨʦʚ, ʩʦʩʪʦʷʱʠʝ ʠʟ 

ʩʢʦʣʴ ʫʛʦʜʥʦ ʙʦʣʴʰʦʛʦ ʯʠʩʣʘ ʯʣʝʥʦʚ; 

4. ʚ ʬʫʥʢʮʠʦʥʘʣʴʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ 
DF  ʩ ʢʦʥʝʯʥʳʤ ʤʥʦʞʝʩʪʚʦʤ { }1 2, ,..., nD x x x=  

ʙʘʟʠʩʦʤ ʷʚʣʷʶʪʩʷ ʬʫʥʢʮʠʠ ʚʠʜʘ: ( ) 0k sf x =  ʧʨʠ k ş, ʠ ( ) 1k sf x =  ʧʨʠ k s= , ʛʜʝ 

, 1,2,...,k s n= . ɽʩʣʠ ʞʝ ʤʥʦʞʝʩʪʚʦ D  ʙʝʩʢʦʥʝʯʥʦ, ʪʦ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ 
DF  ʩʫʱʝʩʪʚʫʶʪ 

ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʳʝ ʩʠʩʪʝʤʳ, ʩʦʜʝʨʞʘʱʠʝ ʩʢʦʣʴ ʫʛʦʜʥʦ ʤʥʦʛʦ ʚʝʢʪʦʨʦʚ. 

ɿʘʤʝʯʘʥʠʝ. ʆʧʨʝʜʝʣʝʥʥʳʡ ʚ ʵʪʦʤ ʧʫʥʢʪʝ ʙʘʟʠʩ ʥʘʟʳʚʘʶʪ ʢʦʥʝʯʥʳʤ, ʪʘʢ ʢʘʢ ʦʥ 

ʩʦʩʪʦʠʪ ʠʟ ʢʦʥʝʯʥʦʛʦ ʯʠʩʣʘ ʚʝʢʪʦʨʦʚ. ɺ ʧʨʦʩʪʨʘʥʩʪʚʝ ʤʥʦʛʦʯʣʝʥʦʚ ʣʶʙʦʡ ʩʪʝʧʝʥʠ ʥʝʪ 

ʢʦʥʝʯʥʦʛʦ ʙʘʟʠʩʘ. ʅʦ ʤʦʞʥʦ ʫʢʘʟʘʪʴ ʙʦʣʝʝ ʦʙʱʠʡ ʩʯʝʪʥʳʡ ʙʘʟʠʩ, ʪʦ ʝʩʪʴ ʙʘʟʠʩ, ʵʣʝʤʝʥʪʳ 

ʢʦʪʦʨʦʛʦ ʤʦʞʥʦ ʧʨʦʥʫʤʝʨʦʚʘʪʴ ʥʘʪʫʨʘʣʴʥʳʤʠ ʯʠʩʣʘʤʠ. ɺ ʧʨʦʩʪʨʘʥʩʪʚʝ ʤʥʦʛʦʯʣʝʥʦʚ 

ʩʯʝʪʥʳʡ ʙʘʟʠʩ, ʥʘʧʨʠʤʝʨ, ʩʦʩʪʦʠʪ ʠʟ ʚʩʝʭ ʥʘʪʫʨʘʣʴʥʳʭ ʩʪʝʧʝʥʝʡ ʧʝʨʝʤʝʥʥʦʡ x. ɺ 

ʬʫʥʢʮʠʦʥʘʣʴʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ 
DF  ʢʦʥʝʯʥʳʡ ʙʘʟʠʩ ʩʫʱʝʩʪʚʫʝʪ ʪʦʣʴʢʦ ʚ ʪʦʤ ʩʣʫʯʘʝ, ʝʩʣʠ 

ʦʙʣʘʩʪʴ ʦʧʨʝʜʝʣʝʥʠʷ D  ʩʦʩʪʦʠʪ ʠʟ ʢʦʥʝʯʥʦʛʦ ʯʠʩʣʘ ʪʦʯʝʢ. ɽʩʣʠ ʤʥʦʞʝʩʪʚʦ D  ʩʯʝʪʥʦʝ, ʪʦ 

ʩʫʱʝʩʪʚʫʝʪ ʩʯʝʪʥʳʡ ʙʘʟʠʩ. ɽʩʣʠ ʞʝ ʤʥʦʞʝʩʪʚʦ D  ʥʝʩʯʝʪʥʦʝ, ʥʘʧʨʠʤʝʨ, ʵʪʦ ï ʠʥʪʝʨʚʘʣ 

[ ]0,1, ʪʦ ʨʘʟʫʤʥʦʝ ʦʧʨʝʜʝʣʝʥʠʝ ʙʘʟʠʩʘ ʤʦʞʥʦ ʜʘʪʴ, ʪʦʣʴʢʦ ʥʘʣʦʞʠʚ ʜʦʧʦʣʥʠʪʝʣʴʥʳʝ 

ʦʛʨʘʥʠʯʝʥʠʷ ʥʘ ʬʫʥʢʮʠʠ, ʚʭʦʜʷʱʠʝ ʚ ʵʪʦ ʧʨʦʩʪʨʘʥʩʪʚʦ.  

ɼʘʣʝʝ ʨʘʩʩʤʘʪʨʠʚʘʶʪʩʷ ʚʝʢʪʦʨʥʳʝ ʧʨʦʩʪʨʘʥʩʪʚʘ ʪʦʣʴʢʦ ʩ ʢʦʥʝʯʥʳʤ ʙʘʟʠʩʦʤ. ʆʥʠ 

ʥʘʟʳʚʘʶʪʩʷ ʢʦʥʝʯʥʦʤʝʨʥʳʤʠ ʚʝʢʪʦʨʥʳʤʠ ʧʨʦʩʪʨʘʥʩʪʚʘʤʠ ʚ ʦʪʣʠʯʠʝ ʦʪ ʦʩʪʘʣʴʥʳʭ 

ʧʨʦʩʪʨʘʥʩʪʚ, ʢʦʪʦʨʳʝ ʥʘʟʳʚʘʶʪʩʷ  ʙʝʩʢʦʥʝʯʥʦʤʝʨʥʳʤʠ. ʆʜʥʘʢʦ ʢ ʙʝʩʢʦʥʝʯʥʦʤʝʨʥʳʤ 

ʧʨʦʩʪʨʘʥʩʪʚʘʤ ʝʱʝ ʧʨʠʜʝʪʩʷ ʚʝʨʥʫʪʴʩʷ, ʥʘʧʨʠʤʝʨ, ʧʨʠ ʠʟʫʯʝʥʠʠ ʨʷʜʦʚ ʌʫʨʴʝ ʠʣʠ 

ʨʝʰʝʥʠʠ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ ʚ ʯʘʩʪʥʳʭ ʧʨʦʠʟʚʦʜʥʳʭ. 

ɿʘʜʘʥʠʝ (ʙʦʣʝʝ ʩʣʦʞʥʦʝ). ɺʳʷʩʥʠʪʝ, ʧʨʠ ʢʘʢʦʤ N  ʩʠʩʪʝʤʘ ʤʥʦʛʦʯʣʝʥʦʚ 

 () () () (){ }2 1

0 1 11 , ,..., , 1N N N

N NP x x P x x x P x x x P x x-

-= + = + = + = + 

ʷʚʣʷʝʪʩʷ ʙʘʟʠʩʦʤ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʤʥʦʛʦʯʣʝʥʦʚ ʩʪʝʧʝʥʠ ʥʝ ʚʳʰʝ N. (ʆʪʚʝʪ: ʧʨʠ ʯʝʪʥʦʤ  

N .) 

3. ʀʟʦʤʦʨʬʠʟʤ ʚʝʢʪʦʨʥʳʭ ʧʨʦʩʪʨʘʥʩʪʚ 

ʀʟ ʪʝʦʨʝʤʳ 2 ʩʣʝʜʫʝʪ, ʯʪʦ ʝʩʣʠ ʚ ʣʠʥʝʡʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ ʟʘʬʠʢʩʠʨʦʚʘʪʴ ʙʘʟʠʩ 

{ }1 2, ,..., ne e e , ʪʦ ʢʘʞʜʦʤʫ ʚʝʢʪʦʨʫ x  ʦʜʥʦʟʥʘʯʥʳʤ ʦʙʨʘʟʦʤ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʥʘʙʦʨ 

ʢʦʵʬʬʠʮʠʝʥʪʦʚ ( )1 2, ,..., na a a ʝʛʦ ʨʘʟʣʦʞʝʥʠʷ (3) ʧʦ ʵʪʦʤʫ ʙʘʟʠʩʫ. ʕʪʦ ʧʨʠʥʷʪʦ 
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ʟʘʧʠʩʳʚʘʪʴ ʪʘʢ: ( )1 2, ,...,a a a= nx . ʂʘʞʜʳʡ ʢʦʵʬʬʠʮʠʝʥʪ 
ia ʥʘʟʳʚʘʝʪʩʷ ʢʦʦʨʜʠʥʘʪʦʡ 

ʚʝʢʪʦʨʘ x, ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʡ ʙʘʟʠʩʥʦʤʫ ʚʝʢʪʦʨʫ 
ie, ʘ ʩʣʘʛʘʝʤʦʝ ʚʠʜʘ i iae  ʚ ʩʫʤʤʝ (3) ï 

ʧʨʦʝʢʮʠʝʡ ʚʝʢʪʦʨʘ x  ʥʘ ʚʝʢʪʦʨ 
ie. ɿʘʤʝʥʘ ʚʝʢʪʦʨʦʚ ʚ ʢʘʢʦʤ-ʣʠʙʦ ʩʦʦʪʥʦʰʝʥʠʠ ʥʘʙʦʨʘʤʠ 

ʠʭ ʢʦʦʨʜʠʥʘʪ ʥʘʟʳʚʘʝʪʩʷ ʧʝʨʝʭʦʜʦʤ ʢ ʢʦʦʨʜʠʥʘʪʥʦʡ ʬʦʨʤʝ. 

ɿ ʘʜʘʥʠʝ. 

1. ʅʘʡʜʠʪʝ ʧʨʦʝʢʮʠʠ ʠ ʢʦʦʨʜʠʥʘʪʳ ʤʥʦʛʦʯʣʝʥʘ 
4 3 23 2 1x x x x+ - + - ʚ ʙʘʟʠʩʝ 

{ }2 3 41, , , ,x x x x .  

2. ʉʜʝʣʘʡʪʝ ʪʦ ʞʝ ʩʘʤʦʝ ʚ ʙʘʟʠʩʝ { }2 2 3 3 4 41 , , , , 1x x x x x x x x+ + + + +.  

(ʇʦʜʩʢʘʟʢʘ. ɿʘʧʠʰʠʪʝ ʪʨʝʙʫʝʤʦʝ ʨʘʟʣʦʞʝʥʠʝ ʩ ʥʝʦʧʨʝʜʝʣʝʥʥʳʤʠ 

ʢʦʦʨʜʠʥʘʪʘʤʠ 
1 2 5, ,...,a a a:  

 ( ) ( ) ( ) ( ) ( )4 3 2 2 2 3 3 4 4

1 2 3 4 53 2 1 1 1x x x x x x x x x x x xa a a a a+ - + - = + + + + + + + + +, 

ʘ ʟʘʪʝʤ ʥʘʡʜʠʪʝ ʠʭ, ʧʨʠʨʘʚʥʠʚʘʷ ʢʦʵʬʬʠʮʠʝʥʪʳ ʧʨʠ ʦʜʠʥʘʢʦʚʳʭ ʩʪʝʧʝʥʷʭ x .) 

3. ʇʦʢʘʞʠʪʝ, ʯʪʦ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ 
n
 ʨʘʟʣʦʞʝʥʠʝ ʚʝʢʪʦʨʘ ʧʦ ʙʘʟʠʩʫ ʩʚʦʜʠʪʩʷ ʢ 

ʨʝʰʝʥʠʶ ʣʠʥʝʡʥʦʡ ʩʠʩʪʝʤʳ ʦʪʥʦʩʠʪʝʣʴʥʦ ʥʝʠʟʚʝʩʪʥʳʭ ʢʦʦʨʜʠʥʘʪ. (ʋʢʘʟʘʥʠʝ. 

ɿʘʧʠʰʠʪʝ ʨʘʚʝʥʩʪʚʦ (3), ʚʳʧʦʣʥʠʪʝ ʚʩʝ ʜʝʡʩʪʚʠʷ ʚ ʧʨʘʚʦʡ ʯʘʩʪʠ ʠ ʧʨʠʨʘʚʥʷʡʪʝ 

ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʝ ʢʦʦʨʜʠʥʘʪʳ ʚ ʣʝʚʦʡ ʠ ʧʨʘʚʦʡ ʯʘʩʪʷʭ ʨʘʚʝʥʩʪʚʘ. ʅʘʧʨʠʤʝʨ, 

ʨʘʟʣʦʞʠʤ ʚʝʢʪʦʨ ( )1,2=x  ʚ ʙʘʟʠʩʝ ( )1 3,4=e  ʠ ( )2 5,6=e . ʈʘʚʝʥʩʪʚʦ (3) ʚ ʵʪʦʤ 

ʩʣʫʯʘʝ ʠʤʝʝʪ ʚʠʜ ( ) ( ) ( )1 21,2 3,4 5,6a a= + , ʠʣʠ ( )( )1 2 1 21,2 3 5 ,4 6a a a a= + + . ʆʪʩʶʜʘ 

 
1 2

1 2

3 5 1

4 6 2

a a

a a

+ =ë
ì

+ =í
. 

ʉʣʝʜʫʶʱʝʝ ʧʨʦʩʪʦʝ ʫʪʚʝʨʞʜʝʥʠʝ ʠʤʝʝʪ ʦʯʝʥʴ ʜʘʣʝʢʦ ʠʜʫʱʠʝ ʩʣʝʜʩʪʚʠʷ. 

ʊʝʦʨʝʤʘ 3. ʇʨʠ ʩʣʦʞʝʥʠʠ ʜʚʫʭ ʚʝʢʪʦʨʦʚ ʠʭ ʢʦʦʨʜʠʥʘʪʳ, ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʝ ʦʜʥʦʤʫ 

ʠ ʪʦʤʫ ʞʝ ʙʘʟʠʩʥʦʤʫ ʚʝʢʪʦʨʫ, ʩʢʣʘʜʳʚʘʶʪʩʷ: 

 ( ) ( ) ( )1 2 1 2 1 1 2 2, ,..., , , ,..., , ,...,n n n na a a b b b a b a b a b= = Ý + = + + +x y x y . 

ɸ ʧʨʠ ʫʤʥʦʞʝʥʠʠ ʚʝʢʪʦʨʘ ʥʘ ʯʠʩʣʦ ʚʩʝ ʝʛʦ ʢʦʦʨʜʠʥʘʪʳ ʫʤʥʦʞʘʶʪʩʷ ʥʘ ʵʪʦ ʯʠʩʣʦ: 

 ( ) ( )1 2 1 2, ,..., , ,...,n na a a l la la la= Ý =x x . 

ʂʨʘʪʢʦ ʵʪʦ ʬʦʨʤʫʣʠʨʫʝʪʩʷ ʪʘʢ: ʩʣʦʞʝʥʠʝ ʚʝʢʪʦʨʦʚ ʠ ʫʤʥʦʞʝʥʠʝ ʠʭ ʥʘ ʯʠʩʣʦ ʚ 

ʢʦʦʨʜʠʥʘʪʥʦʡ ʬʦʨʤʝ ʷʚʣʷʶʪʩʷ ʧʦʢʦʦʨʜʠʥʘʪʥʳʤʠ. 

ƹ ʇʦ ʫʩʣʦʚʠʶ 
1 2 2 ... n na a a= + + +

1
x e e e  ʠ 

1 2 2 ... n nb b b= + + +
1

y e e e. ʇʦʵʪʦʤʫ 

 
( )( )

( ) ( ) ( )

1 2 2 1 2 2

1 1 2 2 2

... ...

...

n n n n

n n n

a a a b b b

a b a b a b

+ = + + + + + + + =

= + + + + + +

1 1

1

x y e e e e e e

e e e
. 

ʕʪʦ ʠ ʦʟʥʘʯʘʝʪ, ʯʪʦ ( )1 1 2 2, ,..., n na b a b a b+ = + + +x y . 

ɺʪʦʨʦʝ ʫʪʚʝʨʞʜʝʥʠʝ ʪʝʦʨʝʤʳ ʜʦʢʘʟʳʚʘʝʪʩʷ ʘʥʘʣʦʛʠʯʥʦ. Ʒ 

ʂʦʣʠʯʝʩʪʚʦ ʚʝʢʪʦʨʦʚ ʚ ʙʘʟʠʩʝ ʥʘʟʳʚʘʝʪʩʷ ʝʛʦ ʨʘʥʛʦʤ. 

ɺʘʞʥʦʝ ʩʣʝʜʩʪʚʠʝ. ʀʟ ʪʝʦʨʝʤʳ 3 ʩʣʝʜʫʝʪ, ʯʪʦ ʥʘʣʠʯʠʝ ʚ ʚʝʢʪʦʨʥʦʤ 

ʧʨʦʩʪʨʘʥʩʪʚʝ V  ʙʘʟʠʩʘ ʨʘʥʛʘ n  ʩ ʤʘʪʝʤʘʪʠʯʝʩʢʦʡ ʪʦʯʢʠ ʟʨʝʥʠʷ ʩʚʦʜʠʪ ʵʪʦ ʧʨʦʩʪʨʘʥʩʪʚʦ ʢ 
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ʧʨʦʩʪʨʘʥʩʪʚʫ 
n
. ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʚ ʩʠʣʫ ʪʝʦʨʝʤʳ 3 ʚʩʝ ʦʧʝʨʘʮʠʠ ʥʘʜ ʚʝʢʪʦʨʘʤʠ ʚ 

ʧʨʦʩʪʨʘʥʩʪʚʝ V  ʤʦʞʥʦ ʧʨʦʠʟʚʦʜʠʪʴ ʚ ʢʦʦʨʜʠʥʘʪʥʦʡ ʬʦʨʤʝ, ʪʦ ʝʩʪʴ ʩ ʧʦʤʦʱʴʶ ʥʘʙʦʨʦʚ 

ʦʪʚʝʯʘʶʱʠʭ ʠʤ ʢʦʦʨʜʠʥʘʪ, ʧʨʠʯʝʤ ʪʦʯʥʦ ʪʘʢ ʞʝ, ʢʘʢ ʵʪʦ ʜʝʣʘʝʪʩʷ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ 
n
. ʕʪʦ 

ʦʟʥʘʯʘʝʪ, ʯʪʦ ʣʶʙʦʝ ʫʪʚʝʨʞʜʝʥʠʝ ʜʣʷ ʧʨʦʩʪʨʘʥʩʪʚʘ V, ʢʦʪʦʨʦʝ ʤʦʞʥʦ ʚʳʚʝʩʪʠ ʠʟ ʘʢʩʠʦʤ 

ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ, ʜʦʩʪʘʪʦʯʥʦ ʜʦʢʘʟʘʪʴ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ 
n
. ɹʣʘʛʦʜʘʨʷ ʪʝʦʨʝʤʝ 3 

ʫʪʚʝʨʞʜʝʥʠʝ ʘʚʪʦʤʘʪʠʯʝʩʢʠ ʧʝʨʝʥʦʩʠʪʩʷ ʥʘ ʣʶʙʦʝ ʧʨʦʩʪʨʘʥʩʪʚʦ ʩ ʙʘʟʠʩʦʤ ʨʘʥʛʘ n . 

ʀʥʪʫʠʪʠʚʥʦ ʷʩʥʦ, ʯʪʦ ʧʨʠ n m̧ ʧʨʦʩʪʨʘʥʩʪʚʘ 
n
 ʠ 

m
 ʨʘʟʣʠʯʥʳ. (ʅʘʧʨʠʤʝʨ, 

ʧʨʦʩʪʨʘʥʩʪʚʦ 
1
 ï ʵʪʦ ʩʦʚʦʢʫʧʥʦʩʪʴ ʜʝʢʘʨʪʦʚʳʭ ʢʦʦʨʜʠʥʘʪ ʪʦʯʝʢ ʧʨʷʤʦʡ, 

2
 ï 

ʧʣʦʩʢʦʩʪʠ, ʘ 
3
 ï ʦʢʨʫʞʘʶʱʝʛʦ ʥʘʩ ʪʨʝʭʤʝʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ.) ʇʦʵʪʦʤʫ ʚ ʦʜʥʦʤ ʠ ʪʦʤ 

ʞʝ ʚʝʢʪʦʨʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ V  ʥʝ ʤʦʛʫʪ ʙʳʪʴ ʙʘʟʠʩʳ ʨʘʟʣʠʯʥʦʛʦ ʨʘʥʛʘ n  ʠ m. ʀʥʘʯʝ 

ʧʨʦʩʪʨʘʥʩʪʚʦ V  ʩʚʦʜʠʣʦʩʴ ʙʳ ʚ ʟʘʚʠʩʠʤʦʩʪʠ ʦʪ ʚʳʙʦʨʘ ʙʘʟʠʩʘ ʠ ʢ 
n
, ʠ ʢ 

m
. ʕʪʦ ï 

ʦʩʥʦʚʥʦʝ ʫʪʚʝʨʞʜʝʥʠʝ ʦ ʙʘʟʠʩʘʭ. ʆʥʦ ʩʬʦʨʤʫʣʠʨʦʚʘʥʦ ʚ ʩʣʝʜʫʶʱʝʡ ʪʝʦʨʝʤʝ ʠ ʩʪʨʦʛʦ 

ʜʦʢʘʟʘʥʦ ʚ ʜʦʧʦʣʥʝʥʠʠ 2 ʧʦʩʣʝ ʚʚʝʜʝʥʠʷ ʥʝʢʦʪʦʨʳʭ ʜʦʧʦʣʥʠʪʝʣʴʥʳʭ ʧʦʥʷʪʠʡ. 

ʊʝʦʨʝʤʘ 4 .  ɺʩʝ ʙʘʟʠʩʳ ʦʜʥʦʛʦ ʠ ʪʦʛʦ ʞʝ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ V  ʠʤʝʶʪ 

ʦʜʠʥʘʢʦʚʳʡ ʨʘʥʛ. ɽʛʦ ʟʥʘʯʝʥʠʝ ʥʘʟʳʚʘʶʪ ʨʘʟʤʝʨʥʦʩʪʴʶ ʧʨʦʩʪʨʘʥʩʪʚʘ V  ʠ ʦʙʦʟʥʘʯʘʶʪ 

ʯʝʨʝʟ dimV . 

ʉʢʘʟʘʥʥʦʝ ʚʳʰʝ ʪʝʧʝʨʴ ʤʦʞʥʦ ʚʳʨʘʟʠʪʴ ʙʦʣʝʝ ʦʙʱʠʤ ʦʙʨʘʟʦʤ:  

ɽʩʣʠ ʥʝʢʦʪʦʨʦʝ ʫʪʚʝʨʞʜʝʥʠʝ, ʚʳʪʝʢʘʶʱʝʝ ʠʟ ʘʢʩʠʦʤ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ, 

ʜʦʢʘʟʘʥʦ ʚ ʢʘʢʦʤ-ʣʠʙʦ ʚʝʢʪʦʨʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ V  ʨʘʟʤʝʨʥʦʩʪʠ n, ʪʦ ʦʥʦ ʩʧʨʘʚʝʜʣʠʚʦ ʚ 

ʧʨʦʩʪʨʘʥʩʪʚʝ 
n
 ʠ, ʟʥʘʯʠʪ, ʚ ʣʶʙʦʤ ʜʨʫʛʦʤ ʚʝʢʪʦʨʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ W  ʪʦʡ ʞʝ 

ʨʘʟʤʝʨʥʦʩʪʠ. ʂʨʘʪʢʦ ʵʪʦ ʤʦʞʥʦ ʩʬʦʨʤʫʣʠʨʦʚʘʪʴ ʪʘʢ: 

ʊʝʦʨʝʤʘ 5 .ɺʩʝ ʚʝʢʪʦʨʥʳʝ ʧʨʦʩʪʨʘʥʩʪʚʘ ʦʜʥʦʡ ʠ ʪʦʡ ʞʝ ʨʘʟʤʝʨʥʦʩʪʠ ʠʟʦʤʦʨʬʥʳ 

(ʪʦ ʝʩʪʴ, ʠʜʝʥʪʠʯʥʳ, ʪʦʞʜʝʩʪʚʝʥʥʳ). 

ʉʚʦʡʩʪʚʦ ʠʟʦʤʦʨʬʥʦʩʪʠ ʚʝʢʪʦʨʥʳʭ ʧʨʦʩʪʨʘʥʩʪʚ ʦʜʥʦʡ ʠ ʪʦʡ ʞʝ ʨʘʟʤʝʨʥʦʩʪʠ ʦʯʝʥʴ 

ʧʦʣʝʟʥʦ. ʆʥʦ ʧʦʟʚʦʣʷʝʪ ʧʝʨʝʥʦʩʠʪʴ ʨʝʟʫʣʴʪʘʪʳ, ʧʦʣʫʯʝʥʥʳʝ ʜʣʷ ʦʜʥʦʛʦ ʢʦʥʢʨʝʪʥʦʛʦ 

ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ, ʥʘ ʜʨʫʛʦʝ. ɺʦʪ ʧʨʦʩʪʝʡʰʠʡ ʧʨʠʤʝʨ. 

ɺʳʯʠʩʣʝʥʠʝ ʩʫʤʤʳ ʜʚʫʭ ʚʝʢʪʦʨʦʚ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʚʝʢʪʦʨʦʚ ʪʨʝʙʫʝʪ 

ʧʦʩʪʨʦʝʥʠʷ ʧʘʨʘʣʣʝʣʦʛʨʘʤʤʘ, ʜʣʷ ʯʝʛʦ, ʧʦ ʢʨʘʡʥʝʡ ʤʝʨʝ, ʥʫʞʥʳ ʣʠʥʝʡʢʘ ʠ ʮʠʨʢʫʣʴ (ʠ, 

ʜʦʙʘʚʠʤ, ʟʥʘʥʠʝ ʥʘʯʝʨʪʘʪʝʣʴʥʦʡ ʛʝʦʤʝʪʨʠʠ). ʕʪʘ ʞʝ ʟʘʜʘʯʘ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ 
3
 ʨʝʰʘʝʪʩʷ 

ʘʨʠʬʤʝʪʠʯʝʩʢʠʤ ʩʣʦʞʝʥʠʝʤ ʪʨʝʭ ʧʘʨ ʯʠʩʝʣ ï ʢʦʦʨʜʠʥʘʪ ʩʢʣʘʜʳʚʘʝʤʳʭ ʚʝʢʪʦʨʦʚ. ʕʪʦʪ 

ʧʨʠʝʤ ʰʠʨʦʢʦ ʠʩʧʦʣʴʟʫʝʪʩʷ ʚ ʘʥʘʣʠʪʠʯʝʩʢʦʡ ʛʝʦʤʝʪʨʠʠ, ʤʝʭʘʥʠʢʝ, ʵʣʝʢʪʨʦʜʠʥʘʤʠʢʝ ʠ 

ʜʨʫʛʠʭ ʥʘʫʢʘʭ. 

ʂʨʦʤʝ ʪʦʛʦ ʧʨʠ ʨʝʰʝʥʠʠ ʟʘʜʘʯ ʚʝʢʪʦʨʥʦʡ ʘʣʛʝʙʨʳ ʧʦʷʚʣʷʝʪʩʷ ʚʦʟʤʦʞʥʦʩʪʴ 

ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʥʘʠʙʦʣʝʝ ʫʜʦʙʥʦʝ ʢʦʥʢʨʝʪʥʦʝ ʚʝʢʪʦʨʥʦʝ ʧʨʦʩʪʨʘʥʩʪʚʦ. ʅʘʧʨʠʤʝʨ, ʤʳ 

ʙʫʜʝʤ ʚʩʝʛʜʘ ʩʪʘʨʘʪʴʩʷ ʠʣʣʶʩʪʨʠʨʦʚʘʪʴ ʧʨʦʚʦʜʠʤʳʝ ʦʙʱʠʝ ʨʘʩʩʫʞʜʝʥʠʷ ʨʠʩʫʥʢʘʤʠ, 

ʦʪʥʦʩʷʱʠʤʠʩʷ ʢ ʯʘʩʪʥʦʤʫ ʩʣʫʯʘʶ ʜʚʫʭ- ʠʣʠ ʪʨʝʭʤʝʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ, ʥʘ ʢʦʪʦʨʳʭ 

ʩʦʦʪʚʝʪʩʪʚʫʶʱʘʷ ʟʘʜʘʯʘ ʠʟʦʙʨʘʞʝʥʘ ʚ ʩ ʧʦʤʦʱʴʶ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʚʝʢʪʦʨʦʚ. ʕʪʦ 

ʩʫʱʝʩʪʚʝʥʥʦ ʧʦʤʦʛʘʝʪ ʚ ʨʝʰʝʥʠʠ ʟʘʜʘʯ, ʧʦʩʢʦʣʴʢʫ ʧʦʟʚʦʣʷʝʪ ʧʦʜʢʣʶʯʠʪʴ 

ʛʝʦʤʝʪʨʠʯʝʩʢʫʶ ʠʥʪʫʠʮʠʶ, ʦʯʝʥʴ ʨʘʟʚʠʪʫʶ ʫ ʯʝʣʦʚʝʢʘ ʚ ʪʨʝʭʤʝʨʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ. 

ʉʚʦʡʩʪʚʦ ʠʟʦʤʦʨʬʥʦʩʪʠ ʜʚʫʭ ʚʝʢʪʦʨʥʳʭ ʧʨʦʩʪʨʘʥʩʪʚ V  ʠ W  ʦʜʥʦʡ ʠ ʪʦʡ ʞʝ 

ʨʘʟʤʝʨʥʦʩʪʠ ʬʘʢʪʠʯʝʩʢʠ ʙʳʣʦ ʫʩʪʘʥʦʚʣʝʥʦ ʩ ʧʦʤʦʱʴʶ ʥʝʢʦʪʦʨʦʛʦ ʩʦʦʪʚʝʪʩʪʚʠʷ ʤʝʞʜʫ 
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ʚʝʢʪʦʨʘʤʠ ʵʪʠʭ ʧʨʦʩʪʨʘʥʩʪʚ. ʕʪʦ ʩʦʦʪʚʝʪʩʪʚʠʝ ʠʤʝʝʪ ʩʧʝʮʠʘʣʴʥʦʝ ʥʘʟʚʘʥʠʝ ʠ ʩʦʩʪʦʠʪ ʚ 

ʩʣʝʜʫʶʱʝʤ. 

ʆʧʨʝʜʝʣʝʥʠʝ 5 .  ʇʫʩʪʴ ʚ ʧʨʦʩʪʨʘʥʩʪʚʘʭ V  ʠ W  ʟʘʬʠʢʩʠʨʦʚʘʥʳ ʙʘʟʠʩʳ, ʪʘʢ ʯʪʦ 

ʢʘʞʜʦʤʫ ʚʝʢʪʦʨʫ ʠʟ ʵʪʠʭ ʧʨʦʩʪʨʘʥʩʪʚ ʚʟʘʠʤʥʦ ʦʜʥʦʟʥʘʯʥʦ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʥʘʙʦʨ 

ʢʦʦʨʜʠʥʘʪ. ʀʟʦʤʦʨʬʠʟʤʦʤ ʚʝʢʪʦʨʥʳʭ ʧʨʦʩʪʨʘʥʩʪʚ V  ʠ W  ʥʘʟʳʚʘʝʪʩʷ ʩʦʦʪʚʝʪʩʪʚʠʝ 

ʤʝʞʜʫ ʚʝʢʪʦʨʘʤʠ ʵʪʠʭ ʧʨʦʩʪʨʘʥʩʪʚ, ʪʘʢʦʝ ʯʪʦ ʚʝʢʪʦʨʫ x  ʠʟ ʧʨʦʩʪʨʘʥʩʪʚʘ V  

ʩʦʧʦʩʪʘʚʣʷʝʪʩʷ ʚʝʢʪʦʨ y  ʠʟ ʧʨʦʩʪʨʘʥʩʪʚʘ Wʩ ʪʝʤ ʞʝ ʥʘʙʦʨʦʤ ʢʦʦʨʜʠʥʘʪ, ʯʪʦ ʠ ʫ x . 

ʈʘʩʩʤʦʪʨʝʥʠʝ ʠʟʦʤʦʨʬʠʟʤʦʚ ʢʘʢʠʭ ʙʳ ʪʦ ʥʠ ʙʳʣʦ ʚʚʝʜʝʥʥʳʭ ʤʘʪʝʤʘʪʠʯʝʩʢʠʭ ʦʙʲʝʢʪʦʚ 

ʷʚʣʷʝʪʩʷ ʚ ʤʘʪʝʤʘʪʠʢʝ ʩʦʚʝʨʰʝʥʥʦ ʦʙʷʟʘʪʝʣʴʥʳʤ ʧʨʠʥʮʠʧʦʤ. ɺʦʦʙʱʝ, ʵʪʦ ï 

ʦʙʱʝʥʘʫʯʥʳʡ ʧʨʠʥʮʠʧ ʢʣʘʩʩʠʬʠʢʘʮʠʠ. ʅʘʧʨʠʤʝʨ ʚ ʟʦʦʣʦʛʠʠ ʦʪʜʝʣʴʥʦ ʨʘʩʩʤʘʪʨʠʚʘʶʪ 

ʩʝʤʝʡʩʪʚʘ ʧʘʨʥʦʢʦʧʳʪʥʳʭ ʠ ʢʦʰʘʯʴʠʭ. ʅʘ ʤʘʪʝʤʘʪʠʯʝʩʢʦʤ ʷʟʳʢʝ ʵʪʦ ʦʟʥʘʯʘʝʪ, ʯʪʦ ʚʩʝ 

ʢʦʰʢʠ ʠʟʦʤʦʨʬʥʳ ʜʨʫʛ ʜʨʫʛʫ, ʥʦ ʥʝ ʠʟʦʤʦʨʬʥʳ ʢʦʨʦʚʘʤ. ɺ ʙʠʦʣʦʛʠʠ ʩʫʱʝʩʪʚʫʝʪ 

ʢʣʘʩʩʠʬʠʢʘʮʠʷ, ʜʝʣʷʱʝʝ ʚʩʝ ʞʠʚʦʝ ʥʘ ʞʠʚʦʪʥʳʭ, ʨʘʩʪʝʥʠʷ ʠ ʚʠʨʫʩʳ. ʇʨʠ ʵʪʦʡ 

ʢʣʘʩʩʠʬʠʢʘʮʠʠ ʢʦʰʢʠ ʠʟʦʤʦʨʬʥʳ ʢʦʨʦʚʘʤ ʠ, ʥʘʧʨʠʤʝʨ, ʫʣʠʪʢʘʤ, ʥʦ ʥʝ ʠʟʦʤʦʨʬʥʳ 

ʙʝʨʝʟʘʤ. 

ɺʚʝʜʝʥʠʝ ʠʟʦʤʦʨʬʠʟʤʦʚ ʧʦʟʚʦʣʷʝʪ ʫʢʘʟʘʪʴ ʪʫ ʩʪʝʧʝʥʴ ʘʙʩʪʨʘʢʪʥʦʩʪʠ, ʩ ʢʘʢʦʡ ʜʘʥʥʘʷ 

ʥʘʫʢʘ ʩʦʙʠʨʘʝʪʩʷ ʠʟʫʯʘʪʴ ʩʚʦʠ ʦʙʲʝʢʪʳ. ʆʜʥʠʤ ʠʟ ʠʟʚʝʩʪʥʳʭ ɺʘʤ ʠʟʦʤʦʨʬʠʟʤʦʚ ʷʚʣʷʝʪʩʷ 

ʩʦʦʪʥʦʰʝʥʠʝ ʧʦʜʦʙʠʷ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʬʠʛʫʨ. ɽʩʣʠ ʨʘʟʤʝʨʳ ʥʝ ʠʥʪʝʨʝʩʫʶʪ ʛʝʦʤʝʪʨʘ, ʪʦ 

ʜʣʷ ʥʝʛʦ, ʥʘʧʨʠʤʝʨ, ʚʩʝ ʧʦʜʦʙʥʳʝ ʪʨʝʫʛʦʣʴʥʠʢʠ ʦʜʠʥʘʢʦʚʳ. 

ʇʨʠʤʝʨʳ. ʆʧʨʝʜʝʣʠʤ ʨʘʟʤʝʨʥʦʩʪʠ ʚʝʢʪʦʨʥʳʭ ʧʨʦʩʪʨʘʥʩʪʚ, ʨʘʩʩʤʦʪʨʝʥʥʳʭ ʚ 

ʧʨʠʤʝʨʘʭ 1 ï 5. 

1. ʈʘʟʤʝʨʥʦʩʪʴ ʧʨʦʩʪʨʘʥʩʪʚʘ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʚʝʢʪʦʨʦʚ ʨʘʚʥʘ (ʩʤ. ʟʘʜʘʥʠʝ 3 ʧ. 1) ʪʨʝʤ. 

2. ʅʘʣʠʯʠʝ ʢʘʥʦʥʠʯʝʩʢʦʛʦ ʙʘʟʠʩʘ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ n
 (ʩʤ. ʟʘʜʘʥʠʝ 3 ʧ. 2) ʧʦʢʘʟʳʚʘʝʪ, 

ʯʪʦ ʨʘʟʤʝʨʥʦʩʪʴ ʵʪʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ ʨʘʚʥʘ n . 

3. ʈʘʟʤʝʨʥʦʩʪʴ ʧʨʦʩʪʨʘʥʩʪʚʘ ʤʥʦʛʦʯʣʝʥʦʚ ʩʪʝʧʝʥʠ ʥʝ ʚʳʰʝ N  ʨʘʚʥʘ (ʩʤ. ʟʘʜʘʥʠʝ 3 

ʧ. 3) 1N+. ʈʘʟʤʝʨʥʦʩʪʴ ʧʨʦʩʪʨʘʥʩʪʚʘ ʤʥʦʛʦʯʣʝʥʦʚ ʣʶʙʦʡ ʩʪʝʧʝʥʠ ʝʩʪʝʩʪʚʝʥʥʦ 

ʥʘʟʚʘʪʴ ʙʝʩʢʦʥʝʯʥʦʡ. 

4. ʊʦ ʞʝ ʦʪʥʦʩʠʪʩʷ ʠ ʢ ʬʫʥʢʮʠʦʥʘʣʴʥʦʤʫ ʧʨʦʩʪʨʘʥʩʪʚʫ ʩ ʦʙʣʘʩʪʴʶ ʦʧʨʝʜʝʣʝʥʠʷ D , 

ʩʦʩʪʦʷʱʝʡ ʠʟ ʙʝʩʢʦʥʝʯʥʦʛʦ ʯʠʩʣʘ ʪʦʯʝʢ. 

5. ʈʘʟʤʝʨʥʦʩʪʴ ʥʫʣʝʚʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ, ʥʝ ʠʤʝʶʱʝʛʦ ʙʘʟʠʩʘ, ʝʩʪʝʩʪʚʝʥʥʦ ʩʯʠʪʘʪʴ 

ʨʘʚʥʦʡ ʥʫʣʶ. 

ɺʦʟʥʠʢʘʝʪ ʟʘʢʦʥʦʤʝʨʥʳʡ ʚʦʧʨʦʩ, ʩʫʱʝʩʪʚʫʝʪ ʣʠ ʙʘʟʠʩ ʚ ʜʘʥʥʦʤ ʚʝʢʪʦʨʥʦʤ 

ʧʨʦʩʪʨʘʥʩʪʚʝ ʠ, ʝʩʣʠ ʩʫʱʝʩʪʚʫʝʪ, ʪʦ ʢʘʢʦʚ ʝʛʦ ʨʘʥʛ. ʇʨʠʚʝʜʝʤ ʘʣʛʦʨʠʪʤ 

ʧʦʩʪʨʦʝʥʠʷ ʙʘʟʠʩʘ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ, ʧʦʟʚʦʣʷʶʱʠʡ ʜʘʪʴ 

ʦʪʚʝʪ ʥʘ ʵʪʦʪ ʚʦʧʨʦʩ. 

1. ʇʨʦʠʟʚʦʣʴʥʦ ʚʳʙʝʨʝʤ ʥʝʥʫʣʝʚʦʡ ʚʝʢʪʦʨ 
1e . ɽʩʣʠ ʩʠʩʪʝʤʘ {}1e  ʧʦʣʥʘ, ʪʦ ʧʨʦʮʝʩʩ 

ʟʘʚʝʨʰʝʥ ï ʩʦʚʦʢʫʧʥʦʩʪʴ {}1e  ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʙʘʟʠʩ. ʀʥʘʯʝ ʧʝʨʝʭʦʜʠʤ ʢ 

ʩʣʝʜʫʶʱʝʤʫ ʧʫʥʢʪʫ. 

2. ʇʨʦʠʟʚʦʣʴʥʦ ʚʳʙʝʨʝʤ ʚʝʢʪʦʨ 
2e , ʥʝ ʷʚʣʷʶʱʠʡʩʷ ʣʠʥʝʡʥʦʡ ʢʦʤʙʠʥʘʮʠʝʡ ʚʝʢʪʦʨʦʚ 

ʠʟ ʩʠʩʪʝʤʳ {}1e . ʉʥʦʚʘ ʧʨʦʚʝʨʷʝʤ ʧʦʣʥʘ ʣʠ ʧʦʣʫʯʠʚʰʘʷʩʷ ʩʠʩʪʝʤʘ ʚʝʢʪʦʨʦʚ { }1 2,e e . 

ɽʩʣʠ ʜʘ, ʪʦ ʧʨʦʮʝʩʩ ʟʘʚʝʨʰʝʥ. ʀʥʘʯʝ ʧʝʨʝʭʦʜʠʤ ʢ ʩʣʝʜʫʶʱʝʤʫ ʧʫʥʢʪʫ. 



16 Ä 1. ɺʝʢʪʦʨʥʳʝ ʧʨʦʩʪʨʘʥʩʪʚʘ 

 

3. é ʠ ʪʘʢ ʜʘʣʝʝ ʢʘʞʜʳʡ ʨʘʟ ʜʦʙʘʚʣʷʝʤ ʧʨʦʠʟʚʦʣʴʥʳʡ ʚʝʢʪʦʨ, ʥʝ ʷʚʣʷʶʱʠʡʩʷ 

ʣʠʥʝʡʥʦʡ ʢʦʤʙʠʥʘʮʠʝʡ ʫʞʝ ʚʳʙʨʘʥʥʳʭ ʚʝʢʪʦʨʦʚ, ʠ ʧʨʦʚʝʨʷʝʤ ʧʦʣʥʦʪʫ 

ʧʦʣʫʯʠʚʰʝʡʩʷ ʩʠʩʪʝʤʳ. ɽʩʣʠ ʧʨʦʮʝʩʩ ʟʘʢʦʥʯʠʪʩʷ ʥʘ ʢʦʥʝʯʥʦʤ ʰʘʛʝ, ʪʦ ʙʘʟʠʩ 

ʧʦʩʪʨʦʝʥ. ɽʩʣʠ ʥʝʪ, ʪʦ ʧʨʦʩʪʨʘʥʩʪʚʦ ʙʝʩʢʦʥʝʯʥʦʤʝʨʥʦʝ. 

ʕʪʦʪ ʘʣʛʦʨʠʪʤ ʦʩʥʦʚʘʥ ʥʘ ʚʪʦʨʦʤ ʫʪʚʝʨʞʜʝʥʠʠ ʪʝʦʨʝʤʳ 1, ʧʦʢʘʟʳʚʘʶʱʝʤ, ʯʪʦ ʣʠʥʝʡʥʦ 

ʥʝʟʘʚʠʩʠʤʫʶ ʩʠʩʪʝʤʫ ʤʦʞʥʦ ʨʘʩʰʠʨʷʪʴ ʙʝʟ ʧʦʪʝʨʠ ʵʪʦʛʦ ʩʚʦʡʩʪʚʘ, ʧʦʢʘ ʥʝ ʙʫʜʝʪ 

ʜʦʩʪʠʛʥʫʪʘ ʧʦʣʥʦʪʘ ʩʠʩʪʝʤʳ.  

ɿʘʜʘʥʠʝ.  ɼʦʢʘʞʠʪʝ ʫʪʚʝʨʞʜʝʥʠʝ. 

ʉʣʝʜʩʪʚʠʝ ʪʝʦʨʝʤʳ 4. ɺ ʚʝʢʪʦʨʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ ʨʘʟʤʝʨʥʦʩʪʠ n  ʣʶʙʳʝ 1n+  

ʚʝʢʪʦʨ ʦʙʨʘʟʫʶʪ ʣʠʥʝʡʥʦ ʟʘʚʠʩʠʤʫʶ ʩʠʩʪʝʤʫ. (ʇʦʜʩʢʘʟʢʘ: ʇʨʝʜʧʦʣʦʞʠʪʝ ʧʨʦʪʠʚʥʦʝ, ʘ 

ʠʤʝʥʥʦ, ʯʪʦ ʥʝʢʦʪʦʨʘʷ ʩʠʩʪʝʤʘ, ʩʦʩʪʦʷʱʘʷ ʠʟ 1n+  ʚʝʢʪʦʨʘ, ʷʚʣʷʝʪʩʷ ʣʠʥʝʡʥʦ 

ʥʝʟʘʚʠʩʠʤʦʡ. ʊʦʛʜʘ ʩ ʧʦʤʦʱʴʶ ʧʨʠʚʝʜʝʥʥʦʛʦ ʚʳʰʝ ʘʣʛʦʨʠʪʤʘ ʝʝ ʤʦʞʥʦ ʜʦʧʦʣʥʠʪʴ ʜʦ 

ʙʘʟʠʩʘ, ʢʦʪʦʨʳʡ ʙʫʜʝʪ ʩʦʜʝʨʞʘʪʴ ʥʝ ʤʝʥʝʝ, ʯʝʤ 1n+  ʚʝʢʪʦʨ.) 

4. ɺʝʢʪʦʨʥʳʝ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ ʠ ʣʠʥʝʡʥʳʝ ʦʙʦʣʦʯʢʠ 

ʆʧʨʝʜʝʣʝʥʠʝ 6 .ʇʦʜʤʥʦʞʝʩʪʚʦ U  ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ V  ʥʘʟʳʚʘʝʪʩʷ ʝʛʦ 

ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦʤ, ʝʩʣʠ U  ʩʘʤʦ ʷʚʣʷʝʪʩʷ ʚʝʢʪʦʨʥʳʤ ʧʨʦʩʪʨʘʥʩʪʚʦʤ ʩ ʪʝʤʠ ʞʝ 

ʦʧʝʨʘʮʠʷʤʠ ʩʣʦʞʝʥʠʷ ʠ ʫʤʥʦʞʝʥʠʷ ʥʘ ʯʠʩʣʦ. 

ɿʘʤʝʯʘʥʠʝ. ɽʩʣʠ ʤʳ ʭʦʪʠʤ ʧʨʦʚʝʨʠʪʴ, ʷʚʣʷʝʪʩʷ ʣʠ ʜʘʥʥʦʝ ʤʥʦʞʝʩʪʚʦ U  

ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦʤ, ʪʦ ʥʝʪ ʥʫʞʜʳ ʟʘʥʦʚʦ ʧʨʦʚʝʨʷʪʴ ʚʩʝ ʘʢʩʠʦʤʳ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ. 

ɼʦʩʪʘʪʦʯʥʦ ʧʨʦʚʝʨʠʪʴ, ʯʪʦ U  ʟʘʤʢʥʫʪʦ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʧʝʨʘʮʠʡ ʩʣʦʞʝʥʠʷ ʠ ʫʤʥʦʞʝʥʠʷ 

ʥʘ ʯʠʩʣʦ. ʊʦ ʝʩʪʴ, 

 , ;U U U UlÍ Ý Í Í Ý Íx y x + y x x  ʜʣʷ ʣʶʙʦʛʦ ʯʠʩʣʘ l. 

ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʚ ʧʨʦʚʝʨʢʝ ʥʫʞʜʘʶʪʩʷ ʪʦʣʴʢʦ ʪʨʝʙʦʚʘʥʠʷ 7 ʠ 8 ʦʧʨʝʜʝʣʝʥʠʷ 1, 

ʟʘʢʣʶʯʘʶʱʠʝʩʷ ʚ ʪʦʤ, ʯʪʦ ʚ U  ʩʫʱʝʩʪʚʫʶʪ ʥʫʣʴ ʠ ʜʣʷ ʣʶʙʦʛʦ ʚʝʢʪʦʨʘ ï ʝʤʫ 

ʧʨʦʪʠʚʦʧʦʣʦʞʥʳʡ ʚʝʢʪʦʨ. ʅʦ ʜʣʷ ʟʘʤʢʥʫʪʳʭ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʙʝʠʭ ʦʧʝʨʘʮʠʡ ʧʦʜʤʥʦʞʝʩʪʚ 

ʵʪʦ ʣʝʛʢʦ ʩʣʝʜʫʝʪ ʠʟ ʫʪʚʝʨʞʜʝʥʠʡ 3 ʠ 4 ʟʘʜʘʥʠʷ 1. 

ʇʨʠʤʝʨʳ. 

1. ɺ ʧʨʦʩʪʨʘʥʩʪʚʝ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʚʝʢʪʦʨʦʚ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘʤʠ ʷʚʣʷʶʪʩʷ 

ʩʦʚʦʢʫʧʥʦʩʪʠ ʚʝʢʪʦʨʦʚ ʚʠʜʘ OM, ʛʜʝ ʪʦʯʢʘ M  ʣʝʞʠʪ ʥʘ ʢʘʢʦʡ-ʣʠʙʦ ʧʨʷʤʦʡ ʠʣʠ ʚ 

ʢʘʢʦʡ-ʣʠʙʦ ʧʣʦʩʢʦʩʪʠ, ʩʦʜʝʨʞʘʱʝʡ ʮʝʥʪʨ O. ʂʨʦʤʝ ʪʦʛʦ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦʤ 

ʷʚʣʷʝʪʩʷ ʥʫʣʝʚʦʝ ʧʨʦʩʪʨʘʥʩʪʚʦ, ʩʦʩʪʦʷʱʝʝ ʠʟ ʚʝʢʪʦʨʘ OO  ʥʫʣʝʚʦʡ ʜʣʠʥʳ. 

2. ɺ ʧʨʦʩʪʨʘʥʩʪʚʝ n
 ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘʤʠ ʷʚʣʷʶʪʩʷ ʤʥʦʞʝʩʪʚʘ ʚʝʢʪʦʨʦʚ ( )1 2, ,..., nx x x , 

ʫʜʦʚʣʝʪʚʦʨʷʶʱʠʭ ʦʜʥʦʤʫ ʠʣʠ ʥʝʩʢʦʣʴʢʠʤ ʫʩʣʦʚʠʷʤ ʚʠʜʘ 
1 2 2 ... 0n nx x xa a a+ + + =

1
. 

3. ɺ ʧʨʦʩʪʨʘʥʩʪʚʝ ʤʥʦʛʦʯʣʝʥʦʚ ʧʨʠʤʝʨʦʤ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ ʤʦʞʝʪ ʩʣʫʞʠʪʴ 

ʩʦʚʦʢʫʧʥʦʩʪʴ ʤʥʦʛʦʯʣʝʥʦʚ, ʦʙʨʘʱʘʶʱʠʭʩʷ ʚ ʥʫʣʴ ʚ ʥʝʢʦʪʦʨʳʭ ʟʘʜʘʥʥʳʭ ʪʦʯʢʘʭ 

1 2, ,..., mx x x . 

4. ɺ ʬʫʥʢʮʠʦʥʘʣʴʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦʤ ʷʚʣʷʝʪʩʷ, ʥʘʧʨʠʤʝʨ, 

ʩʦʚʦʢʫʧʥʦʩʪʠ ʚʩʝʭ ʥʝʧʨʝʨʳʚʥʳʭ ʠʣʠ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʳʭ ʬʫʥʢʮʠʡ. 

ʇʫʩʪʴ { }2, ,..., kE= 1e e e  ï ʣʶʙʘʷ ʩʠʩʪʝʤʘ ʚʝʢʪʦʨʦʚ ʚ ʚʝʢʪʦʨʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ V . 



17 Ä 1. ɺʝʢʪʦʨʥʳʝ ʧʨʦʩʪʨʘʥʩʪʚʘ 

 

ʆʧʨʝʜʝʣʝʥʠʝ 7 .  ʃʠʥʝʡʥʦʡ ʦʙʦʣʦʯʢʦʡ ()L E  ʩʠʩʪʝʤʳ ʚʝʢʪʦʨʦʚ E  ʥʘʟʳʚʘʝʪʩʷ 

ʩʦʚʦʢʫʧʥʦʩʪʴ ʚʩʝʭ ʚʝʢʪʦʨʦʚ, ʢʦʪʦʨʳʝ ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ ʣʠʥʝʡʥʦʡ ʢʦʤʙʠʥʘʮʠʠ 

ʚʝʢʪʦʨʦʚ ʠʟ E . 

ʇ ʨʠʤʝʨʳ. 

1. ɺ ʧʨʦʩʪʨʘʥʩʪʚʝ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʚʝʢʪʦʨʦʚ ʣʠʥʝʡʥʦʡ ʦʙʦʣʦʯʢʦʡ ʢʘʢʦʛʦ-ʣʠʙʦ 

ʦʪʣʠʯʥʦʛʦ ʦʪ ʥʫʣʷ ʚʝʢʪʦʨʘ 0OM  ʷʚʣʷʶʪʩʷ ʚʩʝ ʚʝʢʪʦʨʳ OM, ʣʝʞʘʱʠʝ ʥʘ ʧʨʷʤʦʡ, 

ʧʨʦʭʦʜʷʱʝʡ ʯʝʨʝʟ ʪʦʯʢʠ O ʠ 
0M .  

2. ʃʠʥʝʡʥʦʡ ʦʙʦʣʦʯʢʦʡ ʩʠʩʪʝʤʳ ʜʚʫʭ ʥʝʢʦʣʣʠʥʝʘʨʥʳʭ ʚʝʢʪʦʨʦʚ 1OM  ʠ 2OM  

ʷʚʣʷʶʪʩʷ ʚʩʝ ʚʝʢʪʦʨʘ OM, ʣʝʞʘʱʠʝ ʚ ʧʣʦʩʢʦʩʪʠ, ʟʘʜʘʚʘʝʤʦʡ ʪʦʯʢʘʤʠ O, 
1M ʠ 

2M . 

3. ɽʩʣʠ ʜʘʥʳ ʪʨʠ ʥʝʢʦʤʧʣʘʥʘʨʥʳʭ ʚʝʢʪʦʨʘ, ʪʦ ʠʭ ʦʙʦʣʦʯʢʘ ʩʦʚʧʘʜʘʝʪ ʩʦ ʚʩʝʤ 

ʧʨʦʩʪʨʘʥʩʪʚʦʤ. 

ɿʘʜʘʥʠʝ. ʉʬʦʨʤʫʣʠʨʫʡʪʝ ʩʚʦʡʩʪʚʦ ʧʦʣʥʦʪʳ ʩʠʩʪʝʤʳ ʚʝʢʪʦʨʦʚ ʚ ʪʝʨʤʠʥʘʭ ʣʠʥʝʡʥʳʭ 

ʦʙʦʣʦʯʝʢ. (ʆʪʚʝʪ: ʩʠʩʪʝʤʘ ʚʝʢʪʦʨʦʚ ʷʚʣʷʝʪʩʷ ʧʦʣʥʦʡ ʚ ʪʦʤ ʠ ʪʦʣʴʢʦ ʚ ʪʦʤ ʩʣʫʯʘʝ, ʝʩʣʠ ʝʝ 

ʣʠʥʝʡʥʘʷ ʦʙʦʣʦʯʢʘ ʩʦʚʧʘʜʘʝʪ ʩʦ ʚʩʝʤ ʧʨʦʩʪʨʘʥʩʪʚʦʤ.) 

ɿʘʜʘʥʠʝ. ɼʦʢʘʞʠʪʝ, ʯʪʦ ʣʠʥʝʡʥʘʷ ʦʙʦʣʦʯʢʘ ()L E  ï ʚʝʢʪʦʨʥʦʝ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦ 

ʧʨʦʩʪʨʘʥʩʪʚʘ V. ʕʪʦ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦ ʥʘʟʳʚʘʶʪ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦʤ, ʥʘʪʷʥʫʪʳʤ ʥʘ 

ʚʝʢʪʦʨʳ 
2, ,..., k1

e e e . 

ɺʦʧʨʦʩ. ʉ ʯʝʤ ʩʦʚʧʘʜʘʝʪ ʣʠʥʝʡʥʘʷ ʦʙʦʣʦʯʢʘ ʧʦʣʥʦʡ ʩʠʩʪʝʤʳ ʚʝʢʪʦʨʦʚ? ɺ ʢʘʢʦʤ 

ʩʣʫʯʘʝ ʩʠʩʪʝʤʘ ʚʝʢʪʦʨʦʚ ʷʚʣʷʝʪʩʷ ʙʘʟʠʩʦʤ ʚ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʝ, ʥʘʪʷʥʫʪʦʤ ʥʘ ʵʪʠ ʚʝʢʪʦʨʘ? 

ʆʧʨʝʜʝʣʝʥʠʝ 8 .  ʉʫʤʤʦʡ (ʚʝʢʪʦʨʥʦʡ) ʜʚʫʭ ʧʦʜʤʥʦʞʝʩʪʚ 
1M  ʠ 

2M  ʚʝʢʪʦʨʥʦʛʦ 

ʧʨʦʩʪʨʘʥʩʪʚʘ V  ʥʘʟʳʚʘʝʪʩʷ ʩʦʚʦʢʫʧʥʦʩʪʴ ʚʩʝʭ ʚʝʢʪʦʨʦʚ, ʷʚʣʷʶʱʠʭʩʷ ʩʫʤʤʦʡ ʜʚʫʭ 

ʚʝʢʪʦʨʦʚ, ʦʜʠʥ ʠʟ ʢʦʪʦʨʳʭ ʧʨʠʥʘʜʣʝʞʠʪ ʧʝʨʚʦʤʫ ʧʦʜʤʥʦʞʝʩʪʚʫ, ʘ ʚʪʦʨʦʡ ï ʚʪʦʨʦʤʫ.  

ʕʪʦ ʦʧʨʝʜʝʣʝʥʠʝ ʢʨʘʪʢʦ ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʪʘʢ: { }1 2 1 2 1 1 2 2: , ,M M v v v v v M v M+ = = + Í Í. ɺ 

ʬʦʨʤʫʣʘʭ, ʦʧʠʩʳʚʘʶʱʠʭ ʤʥʦʞʝʩʪʚʘ ʢʘʢʠʭ-ʣʠʙʦ ʦʙʲʝʢʪʦʚ, ʬʠʛʫʨʥʳʝ ʩʢʦʙʢʠ {...}  

ʯʠʪʘʶʪʩʷ ʢʘʢ çʩʦʚʦʢʫʧʥʦʩʪʴ ʚʩʝʭè (ʠʣʠ çʥʘʙʦʨ ʚʩʝʭè, çʤʥʦʞʝʩʪʚʦ ʚʩʝʭè), ʘ ʜʚʦʝʪʦʯʠʝ 

ʯʠʪʘʝʪʩʷ ʢʘʢ çʪʘʢʠʭ, ʯʪʦè, çʦʙʣʘʜʘʶʱʠʭ ʩʚʦʡʩʪʚʦʤè ʠ ʪ. ʧ. 

ʇʨʠʤʝʨ r 4. ʈʘʩʩʤʦʪʨʠʤ ʪʨʝʭʤʝʨʥʦʝ ʜʝʢʘʨʪʦʚʦ ʧʨʦʩʪʨʘʥʩʪʚʦ 
3
, ʪʦ ʝʩʪʴ 

ʪʨʝʭʤʝʨʥʦʝ ʧʨʦʩʪʨʘʥʩʪʚʦ ʩ ʦʩʷʤʠ ʜʝʢʘʨʪʦʚʳʭ ʢʦʦʨʜʠʥʘʪ X , Y  ʠ Z, ʚ ʢʦʪʦʨʦʤ 

ʢʦʦʨʜʠʥʘʪʳ ʪʦʯʝʢ ʨʘʩʩʤʘʪʨʠʚʘʶʪʩʷ ʢʘʢ ʚʝʢʪʦʨʳ ʧʨʦʩʪʨʘʥʩʪʚʘ 
3
. ʊʦʛʜʘ ʚʩʝ 

ʢʦʦʨʜʠʥʘʪʥʳʝ ʦʩʠ, ʥʘʧʨʠʤʝʨ, ( ){ }, , : 0X x y z y z= = = ʷʚʣʷʶʪʩʷ ʚʝʢʪʦʨʥʳʤʠ 

ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘʤʠ. ʊʦ ʞʝ ʤʦʞʥʦ ʩʢʘʟʘʪʴ ʦ ʚʩʝʭ ʢʦʦʨʜʠʥʘʪʥʳʭ ʧʣʦʩʢʦʩʪʷʭ, ʥʘʧʨʠʤʝʨ, ʦ 

ʧʣʦʩʢʦʩʪʠ ( ){ }, , : 0XY x y z z= = . 

1. ʂʦʦʨʜʠʥʘʪʥʘʷ ʧʣʦʩʢʦʩʪʴ XY ʷʚʣʷʝʪʩʷ ʚʝʢʪʦʨʥʦʡ ʩʫʤʤʦʡ ʢʦʦʨʜʠʥʘʪʥʳʭ ʦʩʝʡ X  ʠ 

Y . 

2. ɺʝʢʪʦʨʥʘʷ ʩʫʤʤʘ ʢʦʦʨʜʠʥʘʪʥʦʡ ʧʣʦʩʢʦʩʪʠ `XY  ʠ ʢʦʦʨʜʠʥʘʪʥʦʡ ʦʩʠ Z  ʧʨʝʜʩʪʘʚʣʷʝʪ 

ʩʦʙʦʡ ʚʩʝ ʧʨʦʩʪʨʘʥʩʪʚʦ. 



18 Ä 1. ɺʝʢʪʦʨʥʳʝ ʧʨʦʩʪʨʘʥʩʪʚʘ 

 

3. ɺʝʢʪʦʨʥʦʡ ʩʫʤʤʦʡ ʢʦʦʨʜʠʥʘʪʥʦʡ ʧʣʦʩʢʦʩʪʠ `XY  ʠ ʢʦʦʨʜʠʥʘʪʥʦʡ ʦʩʠ X  ʷʚʣʷʝʪʩʷ 

ʧʣʦʩʢʦʩʪʴ `XY . 

4. ɺʝʢʪʦʨʥʘʷ ʩʫʤʤʘ ʜʚʫʭ ʢʦʦʨʜʠʥʘʪʥʳʭ ʧʣʦʩʢʦʩʪʝʡ `XY  ʠ YZ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʚʩʝ 

ʧʨʦʩʪʨʘʥʩʪʚʦ. 

ɿʘʜʘʥʠʝ. ʇʦʢʘʞʠʪʝ, ʯʪʦ ʣʶʙʫʶ ʧʨʷʤʫʶ ʚ 

ʧʨʦʩʪʨʘʥʩʪʚʝ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʚʝʢʪʦʨʦʚ (ʪʦ ʝʩʪʴ 

ʩʦʚʦʢʫʧʥʦʩʪʴ ʚʩʝʭ ʚʝʢʪʦʨʦʚ OM , ʪʘʢʠʭ ʯʪʦ ʪʦʯʢʠ M  

ʣʝʞʘʪ ʥʘ ʦʜʥʦʡ ʠ ʪʦʡ ʞʝ ʧʨʷʤʦʡ) ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ 

ʢʘʢ ʩʫʤʤʫ ʦʜʥʦʤʝʨʥʦʛʦ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ ʠ 

ʥʝʢʦʪʦʨʦʛʦ ʚʝʢʪʦʨʘ 0OM . (ʇʦʜʩʢʘʟʢʘ: ʧʨʦʚʝʨʴʪʝ, ʯʪʦ 

ʚʝʢʪʦʨʳ ʚʠʜʘ 0M M  ʦʙʨʘʟʫʶʪ ʦʜʥʦʤʝʨʥʦʝ 

ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦ. ʉʤ. ʨʠʩ. 5.) 

ɸʥʘʣʦʛʠʯʥʦ, ʧʦʢʘʞʠʪʝ, ʯʪʦ ʣʶʙʫʶ ʧʣʦʩʢʦʩʪʴ 

ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʢʘʢ ʩʫʤʤʫ ʜʚʫʤʝʨʥʦʛʦ 

ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ ʠ ʢʘʢʦʛʦ-ʪʦ ʚʝʢʪʦʨʘ. 

ɿʘʜʘʥʠʝ. ɼʦʢʘʞʠʪʝ, ʯʪʦ  

1. ʩʫʤʤʘ ʜʚʫʭ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ ʷʚʣʷʝʪʩʷ ʚʝʢʪʦʨʥʳʤ 

ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦʤ.  

2. ʧʝʨʝʩʝʯʝʥʠʝ { }1 2 1 2: ,V V v v V v VÆ = Í Í  ʜʚʫʭ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚ, ʪʦ ʝʩʪʴ ʩʦʚʦʢʫʧʥʦʩʪʴ 

ʚʩʝʭ ʚʝʢʪʦʨʦʚ, ʣʝʞʘʱʠʭ ʠ ʚ 
1V, ʠ ʚ 2V , ʦʙʨʘʟʫʝʪ ʚʝʢʪʦʨʥʦʝ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦ. ɺ 

ʯʘʩʪʥʦʩʪʠ ʧʝʨʝʩʝʯʝʥʠʝ ʜʚʫʭ ʣʠʥʝʡʥʳʭ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚ ʦʙʷʟʘʪʝʣʴʥʦ ʩʦʜʝʨʞʠʪ ʥʫʣʴ 

ʢʘʢ ʥʝʧʨʝʤʝʥʥʳʡ ʵʣʝʤʝʥʪ ʣʶʙʦʛʦ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ.. 

ʆʧʨʝʜʝʣʝʥʠʝ 9. ʉʫʤʤʘ ʜʚʫʭ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚ 
1V  ʠ 

2V  ʥʘʟʳʚʘʝʪʩʷ ʧʨʷʤʦʡ ʠ 

ʦʙʦʟʥʘʯʘʝʪʩʷ ʩʠʤʚʦʣʦʤ 
1 2V VÄ , ʝʩʣʠ ʧʝʨʝʩʝʯʝʥʠʝ ʵʪʠʭ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚ ʩʦʜʝʨʞʠʪ ʪʦʣʴʢʦ 

ʥʫʣʴ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ. ʆʩʦʙʦ ʠʥʪʝʨʝʩʝʥ ʩʣʫʯʘʡ, ʢʦʛʜʘ ʧʨʷʤʘʷ ʩʫʤʤʘ ʜʚʫʭ 

ʧʦʜʧʨʦʩʪʨʘʥʩʪʚ ʩʦʚʧʘʜʘʝʪ ʩʦ ʚʩʝʤ ʧʨʦʩʪʨʘʥʩʪʚʦʤ. ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʛʦʚʦʨʷʪ, ʯʪʦ ʚʝʢʪʦʨʥʦʝ 

ʧʨʦʩʪʨʘʥʩʪʚʦ V  ʨʘʩʧʘʜʘʝʪʩʷ ʚ ʧʨʷʤʫʶ ʩʫʤʤʫ ʵʪʠʭ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚ. 

ʊ ʝʦʨʝʤʘ 6. ʂʘʞʜʳʡ ʚʝʢʪʦʨ v  ʠʟ ʧʨʷʤʦʡ ʩʫʤʤʳ 
1 2V VÄ  ʠʤʝʝʪ ʝʜʠʥʩʪʚʝʥʥʦʝ 

ʧʨʝʜʩʪʘʚʣʝʥʠʝ ʚ ʚʠʜʝ 
1 2= +v v v , ʛʜʝ 1 1VÍv , ʠ 

2 2VÍv . ɺʝʢʪʦʨ 
1v  ʥʘʟʳʚʘʝʪʩʷ ʧʨʦʝʢʮʠʝʡ 

ʚʝʢʪʦʨʘ v  ʥʘ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦ 
1V  (ʧʘʨʘʣʣʝʣʴʥʦ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʫ 

2V ). ɸʥʘʣʦʛʠʯʥʦ, 
2v  ï 

ʧʨʦʝʢʮʠʷ ʥʘ 
2V  (ʧʘʨʘʣʣʝʣʴʥʦ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʫ 

1V ). 

ƹ ʇʨʝʜʧʦʣʦʞʠʤ, ʯʪʦ ʝʩʪʴ ʝʱʝ ʦʜʥʦ ʨʘʟʙʠʝʥʠʝ ʚʝʢʪʦʨʘ v  ʥʘ ʧʨʦʝʢʮʠʠ: 
1 2= +v w w . 

ʊʦʛʜʘ 
1 2 1 2+ = +v v w w , ʠʣʠ 1 1 2 2- = -v w w v . ʊʘʢ ʢʘʢ ʧʦ ʫʩʣʦʚʠʶ ʦʙʱʠʤ ʚʝʢʪʦʨʦʤ 

ʧʦʜʧʨʦʩʪʨʘʥʩʪʚ 
1V  ʠ 

2V  ʤʦʞʝʪ ʙʳʪʴ ʪʦʣʴʢʦ ʥʫʣʝʚʦʡ ʚʝʢʪʦʨ, ʪʦ ʦʙʝ ʯʘʩʪʠ ʧʦʩʣʝʜʥʝʛʦ 

ʨʘʚʝʥʩʪʚʘ ʩʦʚʧʘʜʘʶʪ ʩ ʥʫʣʝʚʳʤ ʚʝʢʪʦʨʦʤ ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, 
1 1=v w , ʠ 

2 2=v w . Ʒ 

ɺʦʧʨʦʩ. ʂʘʢʘʷ ʩʫʤʤʘ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚ ʠʟ ʧʨʠʚʝʜʝʥʥʳʭ ʚ ʧʨʝʜʳʜʫʱʝʤ ʧʨʠʤʝʨʝ 4 

ʷʚʣʷʝʪʩʷ ʧʨʷʤʦʡ? 

  

 
ʈʠʩ. 5. 



19 Ä 1. ɺʝʢʪʦʨʥʳʝ ʧʨʦʩʪʨʘʥʩʪʚʘ 

 

ʃʝʤʤʘ 3 .  

ɽʩʣʠ ʧʨʦʩʪʨʘʥʩʪʚʦ V  ʨʘʩʧʘʜʘʝʪʩʷ ʚ ʧʨʷʤʫʶ ʩʫʤʤʫ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚ 
1V  ʠ 

2V  ʩ ʙʘʟʠʩʘʤʠ 

1E  ʠ 
2E  ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ, ʪʦ ʦʙʲʝʜʠʥʝʥʠʝ E  ʵʪʠʭ ʙʘʟʠʩʦʚ ʷʚʣʷʝʪʩʷ ʙʘʟʠʩʦʤ ʚ V . 

ʅʘʦʙʦʨʦʪ, ʝʩʣʠ ʙʘʟʠʩ E  ʧʨʦʩʪʨʘʥʩʪʚʘ V  ʨʘʟʙʠʪ ʥʘ ʜʚʝ ʧʦʜʩʠʩʪʝʤʳ 
1E  ʠ 

2E , ʪʦ V  ï 

ʧʨʷʤʘʷ ʩʫʤʤʘ ʚʝʢʪʦʨʥʳʭ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚ 
1V  ʠ 

2V , ʷʚʣʷʶʱʠʭʩʷ ʣʠʥʝʡʥʳʤʠ ʦʙʦʣʦʯʢʘʤʠ 

1E  ʠ 
2E  ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ. 

ƹ ɼ ʦʢʘʞʝʤ ʧʝʨʚʦʝ ʫʪʚʝʨʞʜʝʥʠʝ. ʃʶʙʦʡ ʚʝʢʪʦʨ x  ʚ ʩʠʣʫ ʪʝʦʨʝʤʳ 6 

ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ ʩʫʤʤʳ ʜʚʫʭ ʧʨʦʝʢʮʠʡ 
1v  ʠ 

2v  ʥʘ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ 
1V  ʠ 

2V  

ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ. ʂʘʞʜʫʶ ʠʟ ʵʪʠʭ ʧʨʦʝʢʮʠʡ ʤʦʞʥʦ ʨʘʟʣʦʞʠʪʴ ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ ʧʦ ʙʘʟʠʩʘʤ 

1E  ʠ 
2E . ʇʦʵʪʦʤʫ ʣʶʙʦʡ ʚʝʢʪʦʨ x  ʧʨʝʜʩʪʘʚʠʤ ʚ ʚʠʜʝ ʣʠʥʝʡʥʦʡ ʢʦʤʙʠʥʘʮʠʠ ʚʝʢʪʦʨʦʚ ʠʟ 

ʦʙʲʝʜʠʥʝʥʠʷ E  ʙʘʟʠʩʦʚ 
1E  ʠ 

2E . ʊʘʢʠʤ ʦʙʨʘʟʦʤ E  ʷʚʣʷʝʪʩʷ ʧʦʣʥʦʡ ʩʠʩʪʝʤʦʡ. 

ʈʘʩʩʤʦʪʨʠʤ ʧʨʦʠʟʚʦʣʴʥʦʝ ʨʘʟʣʦʞʝʥʠʝ ʚʝʢʪʦʨʘ x  ʧʦ ʩʠʩʪʝʤʝ ʚʝʢʪʦʨʦʚ ʠʟ E. ʇʫʩʪʴ 1v  ï 

ʩʫʤʤʘ ʧʨʦʝʢʮʠʡ ʥʘ ʚʝʢʪʦʨʳ ʠʟ ʙʘʟʠʩʘ 
1E , ʘ 2v  ï ʠʟ ʙʘʟʠʩʘ 

2E . ʊʦʛʜʘ ʚ ʩʠʣʫ ʪʝʦʨʝʤʳ 6 
1v  

ʠ 
2v  ʩʫʪʴ ʧʨʦʝʢʮʠʠ ʚʝʢʪʦʨʘ x  ʥʘ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ 

1V  ʠ 
2V  ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ. ʇʦʵʪʦʤʫ 

ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʝ ʧʨʝʜʩʪʘʚʣʝʥʠʝ ʚʝʢʪʦʨʘ x  ʧʦ ʩʠʩʪʝʤʝ ʚʝʢʪʦʨʦʚ ʠʟ E  ʷʚʣʷʝʪʩʷ 

ʝʜʠʥʩʪʚʝʥʥʳʤ. ʉʦʛʣʘʩʥʦ ʣʝʤʤʝ 2 ʦʙʲʝʜʠʥʝʥʠʝ ʙʘʟʠʩʦʚ E  ʚ ʵʪʦʤ ʩʣʫʯʘʝ ʷʚʣʷʝʪʩʷ ʙʘʟʠʩʦʤ 

ʚʩʝʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ V . 

ɼ ʦʢʘʞʝʤ ʚʪʦʨʦʝ ʫʪʚʝʨʞʜʝʥʠʝ. ɽʩʣʠ E  ï ʙʘʟʠʩ, ʪʦ ʨʘʟʣʦʞʝʥʠʝ 

ʧʨʦʠʟʚʦʣʴʥʦʛʦ ʚʝʢʪʦʨʘ x  ʧʦ ʵʪʦʤʫ ʙʘʟʠʩʫ ʜʘʝʪ ʧʨʝʜʩʪʘʚʣʝʥʠʝ ʵʪʦʛʦ ʚʝʢʪʦʨʘ ʚ ʚʠʜʝ ʩʫʤʤʳ 

ʜʚʫʭ ʚʝʢʪʦʨʦʚ 
1v  ʠ 

2v , ʦʜʠʥ ʠʟ ʢʦʪʦʨʳʭ ʧʨʠʥʘʜʣʝʞʠʪ ʣʠʥʝʡʥʦʡ ʦʙʦʣʦʯʢʝ ʧʦʜʩʠʩʪʝʤʳ 1E , 

ʘ ʚʪʦʨʦʡ 
2E . ʇʦʵʪʦʤʫ ʧʨʦʩʪʨʘʥʩʪʚʦ V  ʩʦʚʧʘʜʘʝʪ ʩ ʩʫʤʤʦʡ ʣʠʥʝʡʥʳʭ ʦʙʦʣʦʯʝʢ ʚʝʢʪʦʨʦʚ 

ʠʟ 
1E  ʠ 

2E  ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ. ʕʪʘ ʩʫʤʤʘ ʧʨʷʤʘʷ, ʪʘʢ ʢʘʢ ʣʶʙʦʡ ʥʝʥʫʣʝʚʦʡ ʚʝʢʪʦʨ, 

ʧʨʠʥʘʜʣʝʞʘʱʠʡ ʦʙʝʠʤ ʦʙʦʣʦʯʢʘʤ, ʠʤʝʝʪ ʜʚʘ ʨʘʟʣʦʞʝʥʠʷ ʧʦ ʙʘʟʠʩʫ E  ï ʦʜʥʦ ʢʘʢ 

ʣʠʥʝʡʥʘʷ ʢʦʤʙʠʥʘʮʠʷ ʚʝʢʪʦʨʦʚ ʠʟ ʧʦʜʩʠʩʪʝʤʳ 
1E , ʘ ʚʪʦʨʦʝ ʢʘʢ ʣʠʥʝʡʥʘʷ ʢʦʤʙʠʥʘʮʠʷ 

ʚʝʢʪʦʨʦʚ ʠʟ ʧʦʜʩʠʩʪʝʤʳ 
2E . ʕʪʦ ʥʝʚʦʟʤʦʞʥʦ ʚ ʩʠʣʫ ʝʜʠʥʩʪʚʝʥʥʦʩʪʠ ʨʘʟʣʦʞʝʥʠʷ ʧʦ 

ʙʘʟʠʩʫ E . Ʒ 

ɺʦʧʨʦʩ. ɽʩʣʠ 
1 2V V V= +, ʛʜʝ ʩʫʤʤʘ ʥʝ ʷʚʣʷʝʪʩʷ ʧʨʷʤʦʡ, ʪʦ ʙʫʜʝʪ ʣʠ ʦʙʲʝʜʠʥʝʥʠʝ E  

ʙʘʟʠʩʦʚ ʵʪʠʭ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚ ʧʦʣʥʦʡ ʩʠʩʪʝʤʦʡ ʚʝʢʪʦʨʦʚ? ʃʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʦʡ? (ʆʪʚʝʪ: 

ʜʘ, ʥʝʪ.) 

ɿʘʜʘʥʠʝ.  ɼʦʢʘʞʠʪʝ ʩʘʤʦʩʪʦʷʪʝʣʴʥʦ ʩʣʝʜʫʶʱʝʝ ʫʪʚʝʨʞʜʝʥʠʝ. 

ʊʝʦʨʝʤʘ 7 .  ʈʘʟʤʝʨʥʦʩʪʴ ʧʨʷʤʦʡ ʩʫʤʤʳ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚ 
1V  ʠ 

2V  ʨʘʚʥʘ ʩʫʤʤʝ 

ʨʘʟʤʝʨʥʦʩʪʝʡ ʢʘʞʜʦʛʦ ʠʟ ʵʪʠʭ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚ: 

 ( )1 2 1 2dim V dim dimV V VÄ = + . 

(ʇʦʜʩʢʘʟʢʘ: ʨʘʩʩʤʦʪʨʠʪʝ ʧʨʦʩʪʨʘʥʩʪʚʦ 
1 2V V V= Ä  ʠ ʢʘʢʠʝ-ʣʠʙʦ ʙʘʟʠʩʳ 

1E  ʠ 
2E  

ʧʦʜʧʨʦʩʪʨʘʥʩʪʚ 
1V  ʠ 

2V  ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ, ʧʦʩʣʝ ʯʝʛʦ ʚʦʩʧʦʣʴʟʫʡʪʝʩʴ ʧʝʨʚʳʤ ʫʪʚʝʨʞʜʝʥʠʝʤ 

ʣʝʤʤʳ 3.) 



20 Ä 1. ɺʝʢʪʦʨʥʳʝ ʧʨʦʩʪʨʘʥʩʪʚʘ 

 

ɺʦʧʨʦʩ. ʏʪʦ ʤʦʞʥʦ ʩʢʘʟʘʪʴ ʦ ʨʘʟʤʝʨʥʦʩʪʷʭ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚ 
1V , 

2V  ʠ 
1 2V V+ , ʝʩʣʠ 

ʩʫʤʤʘ ʥʝ ʷʚʣʷʝʪʩʷ ʧʨʷʤʦʡ? (ʆʪʚʝʪ: ( )1 2 1 2dim V dim dimV V V+ < + .) 

ʉʣʝʜʫʶʱʝʝ ʦʯʝʥʴ ʧʦʣʝʟʥʦʝ ʫʪʚʝʨʞʜʝʥʠʝ ʧʦʟʚʦʣʷʝʪ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʣʶʙʦʝ 

ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦ ʢʘʢ ʦʜʥʦ ʠʟ ʜʚʫʭ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚ, ʚ ʧʨʷʤʫʶ ʩʫʤʤʫ ʢʦʪʦʨʳʭ ʨʘʩʧʘʜʘʝʪʩʷ 

ʚʩʝ ʧʨʦʩʪʨʘʥʩʪʚʦ. 

ʊʝʦʨʝʤʘ 8 .  ʇʫʩʪʴ 
1V  ï ʢʘʢʦʝ-ʣʠʙʦ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ V . 

ʊʦʛʜʘ ʥʘʡʜʝʪʩʷ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦ 
2V , ʪʘʢʦʝ ʯʪʦ 1 2V V V= Ä . ʇʦʜʧʨʦʩʪʨʘʥʩʪʚʦ 2V  ʥʘʟʳʚʘʶʪ 

ʜʦʧʦʣʥʠʪʝʣʴʥʳʤ ʢ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʫ 
1V . 

ƹ ʇʫʩʪʴ 
1E  ï ʢʘʢʦʡ-ʥʠʙʫʜʴ ʙʘʟʠʩ ʚ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʝ 

1V. ɼʦʧʦʣʥʠʤ ʝʛʦ ʜʦ ʙʘʟʠʩʘ E  

ʚʩʝʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ, ʥʘʧʨʠʤʝʨ, ʩ ʧʦʤʦʱʴʶ ʘʣʛʦʨʠʪʤʘ ʧʦʩʪʨʦʝʥʠʷ ʙʘʟʠʩʘ ʚʝʢʪʦʨʥʦʛʦ 

ʧʨʦʩʪʨʘʥʩʪʚʘ. ʇʫʩʪʴ 
2E  ï ʩʦʚʦʢʫʧʥʦʩʪʴ ʜʦʙʘʚʣʝʥʥʳʭ ʚ ʵʪʦʤ ʧʨʦʮʝʩʩʝ ʚʝʢʪʦʨʦʚ. ʊʦʛʜʘ ʧʦ 

ʚʪʦʨʦʤʫ ʫʪʚʝʨʞʜʝʥʠʶ ʣʝʤʤʳ 3 ʧʨʦʩʪʨʘʥʩʪʚʦ V  ʷʚʣʷʝʪʩʷ ʧʨʷʤʦʡ ʩʫʤʤʦʡ 

ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ 
1V  ʠ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ 

2V , ʷʚʣʷʶʱʝʛʦʩʷ ʣʠʥʝʡʥʦʡ ʦʙʦʣʦʯʢʦʡ ʚʝʢʪʦʨʦʚ ʠʟ 

2E . Ʒ 

ɿʘʜʘʥʠʝ. ɼʦʢʘʞʠʪʝ, ʯʪʦ ʨʘʟʤʝʨʥʦʩʪʴ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ, ʦʪʣʠʯʥʦʛʦ ʦʪ ʚʩʝʛʦ 

ʧʨʦʩʪʨʘʥʩʪʚʘ, ʩʪʨʦʛʦ ʤʝʥʴʰʝ ʨʘʟʤʝʨʥʦʩʪʠ ʧʨʦʩʪʨʘʥʩʪʚʘ. (ʇʦʜʩʢʘʟʢʘ: ʧʨʠʤʝʥʠʪʝ ʪʝʦʨʝʤʫ 7 

ʢ ʧʨʷʤʦʡ ʩʫʤʤʝ ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʛʦ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ ʠ ʜʦʧʦʣʥʠʪʝʣʴʥʦʛʦ ʢ ʥʝʤʫ 

ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ.) 

ʇʝʨʚʦʝ ʫʪʚʝʨʞʜʝʥʠʝ, ʩʬʦʨʤʫʣʠʨʦʚʘʥʥʦʝ ʚ ʣʝʤʤʝ 2, ʜʘʝʪ ʧʨʘʢʪʠʯʝʩʢʠʡ ʩʧʦʩʦʙ 

ʥʘʭʦʞʜʝʥʠʷ ʧʨʦʝʢʮʠʡ ʣʶʙʦʛʦ ʚʝʢʪʦʨʘ ʠʟ ʧʨʷʤʦʡ ʩʫʤʤʳ 
1 2V V V= Ä  ʥʘ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ 

1V  ʠ 
2V . ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʩʦʛʣʘʩʥʦ ʵʪʦʤʫ ʫʪʚʝʨʞʜʝʥʠʶ ʤʦʞʥʦ ʚʳʙʨʘʪʴ ʩʧʝʮʠʘʣʴʥʳʡ ʙʘʟʠʩ, 

ʦʜʥʘ ʯʘʩʪʴ ʢʦʪʦʨʦʛʦ 
1E  ʷʚʣʷʝʪʩʷ ʙʘʟʠʩʦʤ ʧʝʨʚʦʛʦ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ, ʘ ʚʪʦʨʘʷ 

2E  ï ʚʪʦʨʦʛʦ. 

ʈʘʟʣʦʞʠʤ ʟʘʜʘʥʥʳʡ ʚʝʢʪʦʨ ʧʦ ʵʪʦʤʫ ʙʘʟʠʩʫ. ʊʦʛʜʘ ʩʫʤʤʘ ʧʨʦʝʢʮʠʡ ʥʘ ʚʝʢʪʦʨʘ ʠʟ 
1E  ʜʘʩʪ 

ʧʨʦʝʢʮʠʶ ʥʘ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦ 
1V, ʘ ʩʫʤʤʘ ʧʨʦʝʢʮʠʡ ʚʝʢʪʦʨʘ ʠʟ 2E  ï ʧʨʦʝʢʮʠʶ ʥʘ 

2V . 

ʇ ʨʠʤʝʨ. ɺ ʜʝʢʘʨʪʦʚʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ 
3
 ʨʘʩʩʤʦʪʨʠʤ ʧʣʦʩʢʦʩʪʴ XY ʠ ʦʩʴ Z  ʢʘʢ 

ʚʝʢʪʦʨʥʳʝ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ. ʀʭ ʧʨʷʤʘʷ ʩʫʤʤʘ ʩʦʚʧʘʜʘʝʪ ʩʦ ʚʩʝʤ ʧʨʦʩʪʨʘʥʩʪʚʦʤ. ʅʘʡʜʝʤ 

ʧʨʦʝʢʮʠʠ ʥʘ ʵʪʠ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ ʧʨʦʠʟʚʦʣʴʥʦʛʦ ʚʝʢʪʦʨʘ ( ), ,x y z=v . ʃʝʛʢʦ ʧʦʜʦʙʨʘʪʴ 

ʥʫʞʥʳʡ ʙʘʟʠʩ, ʦ ʢʦʪʦʨʦʤ ʠʜʝʪ ʨʝʯʴ ʚ ʧʝʨʚʦʤ ʫʪʚʝʨʞʜʝʥʠʠ ʣʝʤʤʳ 2. ʇʦʜʭʦʜʠʪ, ʥʘʧʨʠʤʝʨ, 

ʢʘʥʦʥʠʯʝʩʢʠʡ ʙʘʟʠʩ: ( ) ( ) ( )1 2 31,0,0 , 0,1,0 , 0,0,1= = =e e e , ʧʝʨʚʳʝ ʜʚʘ ʵʣʝʤʝʥʪʘ ʢʦʪʦʨʦʛʦ 

ʷʚʣʷʶʪʩʷ ʙʘʟʠʩʦʤ ʧʣʦʩʢʦʩʪʠ XY, ʘ ʪʨʝʪʠʡ ï ʦʩʠ Z. ʈʘʟʣʦʞʝʥʠʝ ʚʝʢʪʦʨʘ v  ʧʦ ʵʪʦʤʫ 

ʙʘʟʠʩʫ ʠʤʝʝʪ ʚʠʜ ( )( )1 2 3 1 2 3x y z x y z= + + = + +v e e e e e e. ɺʝʢʪʦʨ ʚ ʧʝʨʚʦʡ ʩʢʦʙʢʝ ʷʚʣʷʝʪʩʷ 

ʧʨʦʝʢʮʠʝʡ ʥʘ ʧʣʦʩʢʦʩʪʴ XY, ʘ ʚʦ ʪʦʨʦʡ ï ʥʘ ʦʩʴ Z. ʀʪʘʢ, ʥʫʞʥʦʝ ʨʘʟʣʦʞʝʥʠʝ ï 

( )( )( ), , , ,0 0,0,x y z x y z= + . 

ʅʫʞʥʦ ʦʪʤʝʪʠʪʴ, ʯʪʦ ʚ ʩʣʫʯʘʝ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚ ʙʦʣʝʝ ʦʙʱʝʛʦ ʧʦʣʦʞʝʥʠʷ, ʥʝ ʛʦʚʦʨʷ ʦ 

ʩʣʫʯʘʝ ʙʦʣʴʰʝʡ ʨʘʟʤʝʨʥʦʩʪʠ, ʚʳʯʠʩʣʝʥʠʷ ʩʪʘʥʦʚʷʪʩʷ ʚʝʩʴʤʘ ʛʨʦʤʦʟʜʢʠʤʠ. ɺ ʩʣʝʜʫʶʱʝʤ 

ʧʘʨʘʛʨʘʬʝ ʜʣʷ ʯʘʩʪʥʦʛʦ ʩʣʫʯʘʷ ʦʨʪʦʛʦʥʘʣʴʥʳʭ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚ ʙʫʜʝʪ ʧʨʝʜʣʦʞʝʥ ʙʦʣʝʝ 

ʵʬʬʝʢʪʠʚʥʳʡ ʧʨʠʝʤ. 



21 Ä 1. ɺʝʢʪʦʨʥʳʝ ʧʨʦʩʪʨʘʥʩʪʚʘ 

 

ɼʦʧʦʣʥʝʥʠʝ 1 

ʆʪʚʝʪʳ ʢ ʟʘʜʘʥʠʶ 1 .  

1. ʆʪʚʝʪ: ʥʝʪ. ʇʫʩʪʴ ʚ ʣʠʥʝʡʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ ʠʤʝʶʪʩʷ ʜʚʘ ʥʫʣʷ 
1

0  ʠ 
2

0 . ʈʘʩʩʤʦʪʨʠʤ 

ʚʳʨʘʞʝʥʠʝ 
1 2+0 0 . ʇʦ ʦʧʨʝʜʝʣʝʥʠʶ ʥʫʣʷ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ (ʩʤ. ʧ. 7 

ʦʧʨʝʜʝʣʝʥʠʷ 1) + =
2

x 0 x  ʜʣʷ ʣʶʙʦʛʦ ʚʝʢʪʦʨʘ x. ɺ ʯʘʩʪʥʦʩʪʠ, 
1 2+ =

1
0 0 0 . 

ɸʥʘʣʦʛʠʯʥʦ, 
2 1 2+ =0 0 0. ɹʣʘʛʦʜʘʨʷ ʢʦʤʤʫʪʘʪʠʚʥʦʩʪʠ ʩʣʦʞʝʥʠʷ (ʧ. 1 ʦʧʨʝʜʝʣʝʥʠʷ 1) 

ʠʟ ʵʪʠʭ ʜʚʫʭ ʨʘʚʝʥʩʪʚ ʩʣʝʜʫʝʪ 
1 2=0 0 . 

2. ʆʪʚʝʪ: ʥʝʪ. ɼʦʢʘʞʠʪʝ ʵʪʦ ʩʘʤʦʩʪʦʷʪʝʣʴʥʦ, ʨʘʩʩʤʦʪʨʝʚ ʚʳʨʘʞʝʥʠʝ ( ) ( )
1 2

+ - + -x x x , 

ʛʜʝ ( )
1

-x  ʠ ( )
2

-x  ï ʜʚʘ ʚʝʢʪʦʨʘ, ʧʨʦʪʠʚʦʧʦʣʦʞʥʳʭ ʚʝʢʪʦʨʫ x . 

3. ( )0 0 0 0 1 0 1 1= + = + - = + - = + - = - = - =x x 0 x x x x x x x x x x x x 0. 

4. ʆʧʨʝʜʝʣʠʪʝ, ʢʘʢʠʝ ʘʢʩʠʦʤʳ ʣʠʥʝʡʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ ʙʳʣʠ ʠʩʧʦʣʴʟʦʚʘʥʳ ʚ 

ʧʨʠʚʝʜʝʥʥʦʡ ʮʝʧʦʯʢʝ ʨʘʚʝʥʩʪʚ. 

5. () ( ) ( )-1 1 1 1 1 0+ = + - = - = =x x x x x x 0 . 

6. ʂʘʢʠʝ ʘʢʩʠʦʤʳ ʠ ʧʨʝʜʳʜʫʱʠʝ ʨʝʟʫʣʴʪʘʪʳ ʟʜʝʩʴ ʠʩʧʦʣʴʟʦʚʘʥʳ? 

7. ( ) ( ) ( ) ( ) ( )1 0l l l l l l l l l l= - = + - = + - = + - = - = =0 x x x x x x x x x x 0. 

8. ʆʪʚʝʪʴʪʝ ʥʘ ʪʦʪ ʞʝ ʚʦʧʨʦʩ, ʯʪʦ ʠ ʚ ʧʨʝʜʳʜʫʱʝʤ ʧʫʥʢʪʝ 

9. ʇʫʩʪʴ l=x 0. ʊʨʝʙʫʝʪʩʷ ʜʦʢʘʟʘʪʴ, ʯʪʦ ʝʩʣʠ 0ļ , ʪʦ =x 0. ɼʦʢʘʞʠʪʝ ʵʪʦ 

ʩʘʤʦʩʪʦʷʪʝʣʴʥʦ, ʫʤʥʦʞʠʚ ʦʙʝ ʯʘʩʪʠ ʨʘʚʝʥʩʪʚʘ ʥʘ 
1l- . 

ɼʦʧʦʣʥʝʥʠʝ 2 

ʃʝʤʤʘ 4 .  ʇʫʩʪʴ ʚʝʢʪʦʨʥʦʝ ʧʨʦʩʪʨʘʥʩʪʚʦ V  ʨʘʩʧʘʜʘʝʪʩʷ ʚ ʧʨʷʤʫʶ ʩʫʤʤʫ ʩʚʦʠʭ 

ʧʦʜʧʨʦʩʪʨʘʥʩʪʚ U  ʠ W, ʠ { }1 2, ,..., nf f f  ï ʙʘʟʠʩ ʵʪʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ. ʊʦʛʜʘ ʧʨʦʝʢʮʠʠ 

ʚʝʢʪʦʨʦʚ ʙʘʟʠʩʘ ʥʘ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚ U  ʦʙʨʘʟʫʶʪ ʚ ʵʪʦʤ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʝ ʧʦʣʥʫʶ ʩʠʩʪʝʤʫ 

ʚʝʢʪʦʨʦʚ, ʦʙʷʟʘʪʝʣʴʥʦ ʷʚʣʷʶʱʫʶʩʷ ʣʠʥʝʡʥʦ ʟʘʚʠʩʠʤʦʡ. ʊʦ ʞʝ , ʢʦʥʝʯʥʦ, ʚʝʨʥʦ ʜʣʷ 

ʧʨʦʝʢʮʠʡ ʥʘ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦ U . 

ˇ ɼʣʷ ʢʘʞʜʦʛʦ ʙʘʟʠʩʥʦʛʦ ʚʝʢʪʦʨʘ 
ie  ʦʙʦʟʥʘʯʠʤ ʯʝʨʝʟ 

iu  ʠ 
iw  ʝʛʦ ʧʨʦʝʢʮʠʠ ʥʘ 

ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ U  ʠ W  ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ. ʇʫʩʪʴ 
1 1 2 2 ... n na a a= + + +x f f f  ï ʧʨʦʠʟʚʦʣʴʥʳʡ 

ʥʝ ʨʘʚʥʳʡ ʥʫʣʶ ʚʝʢʪʦʨ. ʊʦʛʜʘ 

 
( ) ( ) ( )

( )( )

1 1 1 2 2 2

1 1 2 2 1 1 2 2

...

... ...

n n n

n n n n

a a a

a a a a a a

= + + + + + + =

= + + + + + + +

x u w u w u w

u u u w w w
. 

ʕʪʦ ï ʨʘʟʣʦʞʝʥʠʝ ʚʝʢʪʦʨʘ x  ʚ ʩʫʤʤʫ ʧʨʦʝʢʮʠʡ ʥʘ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ U  ʠ W, ʛʜʝ 

ʚʳʨʘʞʝʥʠʝ ʚ ʧʝʨʚʦʡ ʩʢʦʙʢʝ ʷʚʣʷʝʪʩʷ ʧʨʦʝʢʮʠʝʡ ʚʝʢʪʦʨʘ x  ʥʘ U , ʘ ʚʦ ʚʪʦʨʦʡ ï ʥʘ W. ʇʨʠ 

ʵʪʦʤ ʩʨʝʜʠ ʢʦʵʬʬʠʮʠʝʥʪʦʚ 
1 2, ,..., na a a ʥʘʡʜʫʪʩʷ ʦʪʣʠʯʥʳʝ ʦʪ ʥʫʣʷ. 

ʇʫʩʪʴ ʪʝʧʝʨʴ x  ʧʨʠʥʘʜʣʝʞʠʪ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʫ U . ʈʘʟʣʦʞʝʥʠʝ ʝʛʦ ʚ ʩʫʤʤʫ ʧʨʦʝʢʮʠʡ 

ʦʯʝʚʠʜʥʦ: = +x x 0. ʉʨʘʚʥʠʚʘʷ ʵʪʠ ʜʚʘ ʨʘʟʣʦʞʝʥʠʷ, ʧʦʣʫʯʠʤ ʚ ʩʠʣʫ ʝʜʠʥʩʪʚʝʥʥʦʩʪʠ (ʩʤ. 

ʪʝʦʨʝʤʫ 6): 

 
1 1 2 2 ... n na a a= + + +x u u u  ʠ 

1 1 2 2 ... n na a a= + + +0 w w w . 
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ʇʝʨʚʦʝ ʠʟ ʵʪʠʭ ʨʘʚʝʥʩʪʚ ʦʟʥʘʯʘʝʪ ʧʦʣʥʦʪʫ ʩʠʩʪʝʤʳ ʧʨʦʝʢʮʠʡ ʙʘʟʠʩʥʳʭ ʚʝʢʪʦʨʦʚ ʥʘ 

ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦ U  ʚ ʵʪʦʤ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʝ, ʘ ʚʪʦʨʦʝ ï ʣʠʥʝʡʥʫʶ ʟʘʚʠʩʠʤʦʩʪʴ ʩʠʩʪʝʤʳ 

ʧʨʦʝʢʮʠʡ ʙʘʟʠʩʘ ʥʘ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦ W. ʊʘʢ ʢʘʢ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ U  ʠ W  ʚʭʦʜʷʪ ʚ 

ʫʩʣʦʚʠʷ ʣʝʤʤʳ ʩʠʤʤʝʪʨʠʯʥʦ, ʪʦ ʦʙʝ ʩʠʩʪʝʤʳ ʧʨʦʝʢʮʠʡ ʦʙʣʘʜʘʶʪ ʧʦʣʥʦʪʦʡ ʠ ʷʚʣʷʶʪʩʷ 

ʣʠʥʝʡʥʦ ʟʘʚʠʩʠʤʳʤʠ. ˅ 

ɼ ʦʢʘʟʘʪʝʣʴʩʪʚʦ ʪʝʦʨʝʤʳ 4  ʦ ʨʘʚʝʥʩʪʚʝ ʨʘʥʛʦʚ ʚʩʝʭ ʙʘʟʠʩʦʚ ʦʜʥʦʛʦ ʠ ʪʦʛʦ 

ʞʝ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ. 

ˇ ʋʪʚʝʨʞʜʝʥʠʝ ʪʝʦʨʝʤʳ 4 ʦʯʝʚʠʜʥʦ, ʝʩʣʠ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ V  ʝʩʪʴ ʙʘʟʠʩ, ʩʦʩʪʦʷʱʠʡ ʠʟ 

ʦʜʥʦʛʦ ʚʝʢʪʦʨʘ e. ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʚ ʵʪʦʤ ʩʣʫʯʘʝ ʣʶʙʳʝ ʜʚʘ ʥʝ ʨʘʚʥʳʝ ʥʫʣʶ ʚʝʢʪʦʨʳ 
1f  ʠ 

2f  ʤʦʛʫʪ ʙʳʪʴ ʧʨʝʜʩʪʘʚʣʝʥʳ ʚ ʚʠʜʝ 
1 1a=f e  ʠ 

2 2a=f e ʩ ʥʝʥʫʣʝʚʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ 
1a  ʠ 

2a. ʕʪʦ ʦʟʥʘʯʘʝʪ, ʯʪʦ ʣʶʙʦʡ ʠʟ ʵʪʠʭ ʚʝʢʪʦʨʦʚ ʤʦʞʝʪ ʙʳʪʴ ʚʳʨʘʞʝʥ ʯʝʨʝʟ ʜʨʫʛʦʡ, ʪʦ ʝʩʪʴ 

ʣʶʙʘʷ ʩʠʩʪʝʤʘ ʚʝʢʪʦʨʦʚ, ʠʤʝʶʱʘʷ ʙʦʣʝʝ ʦʜʥʦʛʦ ʚʝʢʪʦʨʘ, ʷʚʣʷʝʪʩʷ ʣʠʥʝʡʥʦ ʟʘʚʠʩʠʤʦʡ ʠ, 

ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʥʝ ʤʦʞʝʪ ʙʳʪʴ ʙʘʟʠʩʦʤ. 

ʆʙʱʠʡ ʩʣʫʯʘʡ ʤʦʞʝʪ ʙʳʪʴ ʩʚʝʜʝʥ ʢ ʫʞʝ ʨʘʩʩʤʦʪʨʝʥʥʦʤʫ ʩʣʝʜʫʶʱʠʤ ʨʘʩʩʫʞʜʝʥʠʝʤ. 

ʇʫʩʪʴ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʩʫʱʝʩʪʚʫʶʪ ʜʚʘ ʙʘʟʠʩʘ ʨʘʟʥʦʛʦ ʨʘʥʛʘ: { }1 2, ,...,n nE =e e e  ʠ 

{ }1 2, ,...,m mF = f f f , ʧʨʠʯʝʤ ʜʣʷ ʦʧʨʝʜʝʣʝʥʥʦʩʪʠ ʧʦʣʦʞʠʤ n m> . ʈʘʟʦʙʴʝʤ ʧʨʦʩʪʨʘʥʩʪʚʦ V  

ʚ ʧʨʷʤʫʶ ʩʫʤʤʫ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚ U  ʠ W, ʧʝʨʚʦʝ ʠʟ ʢʦʪʦʨʳʭ ʷʚʣʷʝʪʩʷ ʣʠʥʝʡʥʦʡ 

ʦʙʦʣʦʯʢʦʡ ʧʝʨʚʳʭ 1n-  ʚʝʢʪʦʨʦʚ { }1 1 2 1, ,...,n nE - -=e e e , ʘ ʚʪʦʨʦʝ ï ʦʩʪʘʚʰʝʛʦʩʷ ʚʝʢʪʦʨʘ 
ne  

(ʩʤ. ʚʪʦʨʦʝ ʫʪʚʝʨʞʜʝʥʠʝ ʣʝʤʤ r3). 

ʈʘʩʩʤʦʪʨʠʤ ʩʠʩʪʝʤʫ, ʩʦʩʪʦʷʱʫʶ ʠʟ ʧʨʦʝʢʮʠʡ ʥʘ U  ʚʝʢʪʦʨʦʚ ʙʘʟʠʩʘ 
mF . ʉʦʛʣʘʩʥʦ 

ʣʝʤʤʝ 4 ʵʪʦ ʧʦʣʥʘʷ ʣʠʥʝʡʥʦ ʟʘʚʠʩʠʤʘʷ ʩʠʩʪʝʤʘ ʚ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʝ U . ʇʦʵʪʦʤʫ (ʩʤ. 

ʧʝʨʚʦʝ ʫʪʚʝʨʞʜʝʥʠʝ ʪʝʦʨʝʤʳ 1), ʦʪʙʨʘʩʳʚʘʷ ʥʝʢʦʪʦʨʳʝ ʠʟ ʵʣʝʤʝʥʪʦʚ ʵʪʦʡ ʩʠʩʪʝʤʳ, ʤʦʞʥʦ 

ʧʦʣʫʯʠʪʴ ʙʘʟʠʩ 
1mF  ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ U  ʨʘʥʛʘ 

1m, ʧʨʠʯʝʤ 1 1 1m m n¢ - < -. ʂʨʦʤʝ ʪʦʛʦ ʚ 

ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʝ U  ʠʤʝʝʪʩʷ ʙʘʟʠʩ 
1nE -
 ʨʘʥʛʘ 1n-. ʊʘʢʠʤ ʦʙʨʘʟʦʤ ʚ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʝ U  

ʧʦʚʪʦʨʷʝʪʩʷ ʪʘ ʞʝ ʩʠʪʫʘʮʠʷ, ʯʪʦ ʠ ʚ ʠʩʭʦʜʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ V. ɸ ʠʤʝʥʥʦ, ʩʫʱʝʩʪʚʫʶʪ ʜʚʘ 

ʙʘʟʠʩʘ ʨʘʟʥʦʡ ʨʘʟʤʝʨʥʦʩʪʠ, ʥʦ ʚ ʦʪʣʠʯʠʝ ʦʪ ʧʨʝʜʳʜʫʱʝʛʦ ʨʘʥʛ ʙʦʣʴʰʝʛʦ ʠʟ ʵʪʠʭ ʙʘʟʠʩʦʚ 

ʩʪʘʣ ʥʘ ʝʜʠʥʠʮʫ ʤʝʥʴʰʝ. 

ʇʦʚʪʦʨʷʷ ʵʪʦ ʨʘʩʩʫʞʜʝʥʠʝ ʜʦʩʪʘʪʦʯʥʦʝ ʢʦʣʠʯʝʩʪʚʦ ʨʘʟ, ʧʨʠʜʝʤ ʢ ʩʣʫʯʘʶ, ʫʞʝ 

ʨʘʩʩʤʦʪʨʝʥʥʦʤʫ ʚ ʥʘʯʘʣʝ ʜʦʢʘʟʘʪʝʣʴʩʪʚʘ, ʢʦʛʜʘ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʠʤʝʝʪʩʷ ʙʘʟʠʩ ʨʘʥʛʘ 1. ˅ 
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ɽʚʢʣʠʜʦʚʳ ʧʨʦʩʪʨʘʥʩʪʚʘ ʵʪʦ ʢʦʥʝʯʥʦʤʝʨʥʳʝ ʚʝʢʪʦʨʥʳʝ ʧʨʦʩʪʨʘʥʩʪʚʘ ʩ ʜʦʧʦʣʥʠʪʝʣʴʥʦʡ 

ʦʧʝʨʘʮʠʝʡ ʩʢʘʣʷʨʥʦʛʦ ʧʨʦʠʟʚʝʜʝʥʠʷ ʚʝʢʪʦʨʦʚ. ʉʢʘʣʷʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ ʧʦʟʚʦʣʷʝʪ ʚʚʝʩʪʠ 

ʚ ʚʝʢʪʦʨʥʳʭ ʧʨʦʩʪʨʘʥʩʪʚʘʭ ʛʝʦʤʝʪʨʠʯʝʩʢʠʝ ʧʦʥʷʪʠʷ ʜʣʠʥʳ, ʫʛʣʘ, ʦʙʲʝʤʘ. 

1. ʉʢʘʣʷʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ. 

ʆʧʨʝʜʝʣʝʥʠʝ 1 .  ʉʢʘʣʷʨʥʳʤ ʧʨʦʠʟʚʝʜʝʥʠʝʤ ʥʘʟʳʚʘʝʪʩʷ ʦʧʝʨʘʮʠʷ ʚ ʚʝʢʪʦʨʥʦʤ 

ʧʨʦʩʪʨʘʥʩʪʚʝ V, ʢʦʪʦʨʘʷ ʩʦʧʦʩʪʘʚʣʷʝʪ ʢʘʞʜʦʡ ʧʘʨʝ ʚʝʢʪʦʨʦʚ x  ʠ y  ʥʝʢʦʪʦʨʦʝ ʯʠʩʣʦ, 

ʦʙʦʟʥʘʯʘʝʤʦʝ ʯʝʨʝʟ xy. ʕʪʘ ʦʧʝʨʘʮʠʷ ʜʦʣʞʥʘ ʫʜʦʚʣʝʪʚʦʨʷʪʴ ʩʣʝʜʫʶʱʠʤ ʪʨʝʙʦʚʘʥʠʷʤ: 

1. =xy yx    (ʢʦʤʤʫʪʘʪʠʚʥʦʩʪʴ) 

2. ( ) ( )l l=x y xy  

3. ( )+ =x y z xz + yz  (ʜʠʩʪʨʠʙʫʪʠʚʥʦʩʪʴ) 

4. ²xx 0, ʧʨʠʯʝʤ ʨʘʚʝʥʩʪʚʦ ʚʦʟʤʦʞʥʦ ʪʦʣʴʢʦ ʧʨʠ =x 0 . 

ɺʝʢʪʦʨʥʦʝ ʧʨʦʩʪʨʘʥʩʪʚʦ ʩʦ ʩʢʘʣʷʨʥʳʤ ʧʨʦʠʟʚʝʜʝʥʠʝʤ ʥʘʟʳʚʘʝʪʩʷ ʝʚʢʣʠʜʦʚʳʤ  

ɿ ʘʜʘʥʠʝ. ɼʦʢʘʞʠʪʝ, ʯʪʦ ʥʫʣʴ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ ʦʙʣʘʜʘʝʪ ʩʚʦʡʩʪʚʦʤ: 0=0x  

ʜʣʷ ʚʩʝʭ ʚʝʢʪʦʨʦʚ x  ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ. (ʇʦʜʩʢʘʟʢʘ: ʚʦʩʧʦʣʴʟʫʡʪʝʩʴ ʩʚʦʡʩʪʚʦʤ 2.) 

ɿʘʜʘʥʠʝ 1 .  ʇʨʦʚʝʨʴʪʝ, ʯʪʦ ʣʶʙʦʝ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦ ʝʚʢʣʠʜʦʚʘ ʧʨʦʩʪʨʘʥʩʪʚʘ, 

ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʝ ʢʘʢ ʚʝʢʪʦʨʥʦʝ ʧʨʦʩʪʨʘʥʩʪʚʦ, ʷʚʣʷʝʪʩʷ ʝʚʢʣʠʜʦʚʳʤ ʩ ʪʝʤ ʞʝ ʩʢʘʣʷʨʥʳʤ 

ʧʨʦʠʟʚʝʜʝʥʠʝʤ, ʯʪʦ ʠ ʫ ʚʩʝʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ. 

ʇʨʠʤʝʨ 1 .  

ɺ ʧʨʦʩʪʨʘʥʩʪʚʝ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʚʝʢʪʦʨʦʚ ʦʧʨʝʜʝʣʠʤ ʩʢʘʣʷʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ ʬʦʨʤʫʣʦʡ 

cosj=xy x y , ʛʜʝ ʟʥʘʢ ʤʦʜʫʣʷ ʦʟʥʘʯʘʝʪ ʜʣʠʥʫ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʛʦ ʚʝʢʪʦʨʘ, ʘ j ï ʫʛʦʣ 

ʤʝʞʜʫ ʪɻʠʤʠ ʚʝʢʪʦʨʘʤʠ.  

 

ʉʚʦʡʩʪʚʘ 1, 2 ʠ 4 ʣʝʛʢʦ ʧʨʦʚʝʨʷʶʪʩʷ. ʉʚʦʡʩʪʚʦ 3 ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʛʝʦʤʝʪʨʠʯʝʩʢʫʶ 

ʪʝʦʨʝʤʫ. 

 

 
 

ʈʠʩ. 1 

 
ʈʠʩ. 2 
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ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ ʩʚʦʡʩʪʚʘ 3 . 

ˇ ʆʙʦʟʥʘʯʠʤ ʯʝʨʝʟ ʇʨ cosj=x x
z

 ʦʨʪʦʛʦʥʘʣʴʥʫ  ʁʧʨʦʝʢʮʠ ʁʚʝʢʪʦʨʘ x  ʥʘ ʧʨʷʤʫʶ, 

ʟʘʜʘʚʘʝʤʫʶ ʚʝʢʪʦʨʦʤ z  (ʩʤ. ʨʠʩ. 1). ʇʨʠ ʵʪʦʤ, ʦʯʝʚʠʜʥʦ, ʇʨ= Öxz x z
z

. 

ʇʨʠ ʩʣʦʞʝʥʠʠ ʚʝʢʪʦʨʦʚ, ʢʘʢ ʵʪʦ ʩʣʝʜʫʝʪ ʠʟ ʨʠʩ. 2, ʠʭ ʧʨʦʝʢʮʠʠ ʪʦʞʝ ʩʢʣʘʜʳʚʘʶʪʩʷ, ʪʦ 

ʝʩʪʴ 

 ( )ʇʨ ʇʨ ʇʨ+ = +x y x y
z z z

. 

ʋʤʥʦʞʘʷ ʵʪʦ ʨʘʚʝʥʩʪʚʦ ʥʘ z , ʧʦʣʫʯʠʤ ʪʨʝʙʫʝʤʦʝ ʩʚʦʡʩʪʚʦ 3. Ʒ 

ʇʨʠʤʝʨ 2 .  

ɺ ʧʨʦʩʪʨʘʥʩʪʚʝ 
n
 ʦʧʨʝʜʝʣʠʤ ʩʢʘʣʷʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ ʜʚʫʭ ʚʝʢʪʦʨʦʚ ( )1, ,..., nx x x=x  ʠ 

( )1 2, ,..., ny y y=y  ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ: 

 
1 1 2 2 ... n nx y x y x y= + + +xy . 

ɿ ʘʜʘʥʠʝ. ʉʘʤʦʩʪʦʷʪʝʣʴʥʦ ʧʨʦʚʝʨʴʪʝ, ʯʪʦ ʚʩʝ ʪʨʝʙʦʚʘʥʠʷ ʦʧʨʝʜʝʣʝʥʠʷ 1 ʚʳʧʦʣʥʝʥʳ. 

ɺ ʧʨʦʩʪʨʘʥʩʪʚʝ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʚʝʢʪʦʨʦʚ ʪʘʢʠʝ ʛʝʦʤʝʪʨʠʯʝʩʢʠʝ ʧʦʥʷʪʠʷ, ʢʘʢ ʜʣʠʥʘ ʠ 

ʫʛʦʣ, ʚʳʨʘʞʘʶʪʩʷ ʯʝʨʝʟ ʩʢʘʣʷʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ. ɼʝʡʩʪʚʠʪʝʣʴʥʦ, 

 
2

cos 0 ; cos ,j= = =xx x x x xy x y  

ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, 

 =x xx , (4) 

 arccos .j=
xy

x y
 (5) 

ʕʪʠ ʬʦʨʤʫʣʳ ʧʦʟʚʦʣʷʶʪ ʚʚʝʩʪʠ ʧʦʥʷʪʠʷ ʜʣʠʥʳ ʚʝʢʪʦʨʘ ʠ ʫʛʣʘ ʤʝʞʜʫ ʚʝʢʪʦʨʘʤʠ ʚ 

ʣʶʙʦʤ ʝʚʢʣʠʜʦʚʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ. ɼʣʷ ʵʪʦʛʦ ʥʫʞʥʦ ʧʨʦʩʪʦ ʧʨʠʥʷʪʴ ʬʦʨʤʫʣʳ (4) ʠ (5) ʚ 

ʢʘʯʝʩʪʚʝ ʦʧʨʝʜʝʣʝʥʠʡ ʵʪʠʭ ʧʦʥʷʪʠʡ. 

ʆʧʨʝʜʝʣʝʥʠʝ 2 .  ɺ ʧʨʦʠʟʚʦʣʴʥʦʤ ʝʚʢʣʠʜʦʚʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ ʜʣʠʥʦʡ ʚʝʢʪʦʨʘ x  

ʥʘʟʳʚʘʝʪʩʷ ʚʝʣʠʯʠʥʘ x , ʦʧʨʝʜʝʣʝʥʥʘʷ ʬʦʨʤʫʣʦʡ (4), ʘ ʫʛʣʦʤ j ʤʝʞʜʫ ʜʚʫʤʷ ʚʝʢʪʦʨʘʤʠ 

x  ʠ y  ï ʚʝʣʠʯʠʥʘ, ʦʧʨʝʜʝʣʝʥʥʘʷ ʬʦʨʤʫʣʦʡ (5). 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ ʩʢʘʣʷʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ, ʧʦʟʚʦʣʷʶʱʝʝ ʦʧʨʝʜʝʣʠʪʴ ʜʣʠʥʳ ʚʝʢʪʦʨʦʚ ʠ 

ʫʛʣʳ ʤʝʞʜʫ ʥʠʤʠ, ʟʘʜʘʝʪ ʛʝʦʤʝʪʨʠʶ ʝʚʢʣʠʜʦʚʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ. ʇʦʜ ʵʪʠʤ ʧʦʥʠʤʘʝʪʩʷ, 

ʯʪʦ ʚ ʝʚʢʣʠʜʦʚʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ ʤʦʞʥʦ ʬʦʨʤʫʣʠʨʦʚʘʪʴ ʠ ʜʦʢʘʟʳʚʘʪʴ ʫʪʚʝʨʞʜʝʥʠʷ, 

ʘʥʘʣʦʛʠʯʥʳʝ ʪʝʦʨʝʤʘʤ ʛʝʦʤʝʪʨʠʠ. ʇʨʠʤʝʨʳ ʪʘʢʠʭ ʪʝʦʨʝʤ, ʧʦʢʘʟʳʚʘʶʱʠʭ, ʯʪʦ ʧʦʥʷʪʠʷ 

ʜʣʠʥʳ ʠ ʫʛʣʘ ʚ ʝʚʢʣʠʜʦʚʳʭ ʧʨʦʩʪʨʘʥʩʪʚʘʭ ʦʙʣʘʜʘʶʪ ʧʨʠʚʳʯʥʳʤʠ ʛʝʦʤʝʪʨʠʯʝʩʢʠʤʠ 

ʩʚʦʡʩʪʚʘʤʠ, ʧʨʠʚʝʜʝʥʳ ʥʠʞʝ. ʇʨʝʜʚʘʨʠʪʝʣʴʥʦ ʥʫʞʥʦ ʧʨʦʚʝʨʠʪʴ, ʯʪʦ ʦʧʨʝʜʝʣʝʥʠʝ ʫʛʣʘ 

ʤʝʞʜʫ ʚʝʢʪʦʨʘʤʠ ʢʦʨʨʝʢʪʥʦ, ʪʦ ʝʩʪʴ ʘʨʛʫʤʝʥʪ ʘʨʢʢʦʩʠʥʫʩʘ ʚ ʬʦʨʤʫʣʝ (5), ʚʩʝʛʜʘ ʧʦ 

ʤʦʜʫʣʶ ʤʝʥʴʰʝ ʝʜʠʥʠʮʳ. 

ɿʘʤʝʪʴʪʝ, ʯʪʦ ʜʘʣʝʝ ʤʳ ʥʝ ʦʛʨʘʥʠʯʠʚʘʝʤʩʷ ʧʨʦʩʪʨʘʥʩʪʚʦʤ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʚʝʢʪʦʨʦʚ, ʘ 

ʨʘʩʩʤʘʪʨʠʚʘʝʤ ʧʨʦʠʟʚʦʣʴʥʦʝ ʝʚʢʣʠʜʦʚʦ ʧʨʦʩʪʨʘʥʩʪʚʦ. 

ɽʩʪʝʩʪʚʝʥʥʦ ʛʦʚʦʨʠʪʴ, ʯʪʦ ʚʝʢʪʦʨʳ x  ʠ y  ʦʨʪʦʛʦʥʘʣʴʥʳ (ʠʣʠ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʳ), ʝʩʣʠ 

0=xy , ʪʦ ʝʩʪʴ ʝʩʣʠ ʫʛʦʣ ʤʝʞʜʫ ʥʠʤʠ ʩʦʛʣʘʩʥʦ ʬʦʨʤʫʣʝ (5) ʨʘʚʝʥ 
2
p . 
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ʅʘʯʥʝʤ ʩ ʧʨʦʚʝʨʢʠ ʢʦʨʨʝʢʪʥʦʩʪʠ ʬʦʨʤʫʣʳ (5). 

ʅʝʨʘʚʝʥʩʪʚʦ ʂʦʰʠ-ɹʫʥʷʢʦʚʩʢʦʛʦ.  ɼʣʷ ʣʶʙʳʭ ʚʝʢʪʦʨʦʚ x  ʠ y  

ʚʳʧʦʣʥʝʥʦ ʥʝʨʘʚʝʥʩʪʚʦ 

 ¢xy x y . 

ƹ ʄʦʞʥʦ ʩʯʠʪʘʪʴ, ʯʪʦ ¸y 0, ʠʥʘʯʝ ʚ ʦʙʝʠʭ ʯʘʩʪʷʭ ʥʝʨʘʚʝʥʩʪʚʘ ʩʪʦʷʪ ʥʫʣʠ, ʠ ʪʦʛʜʘ ʦʥʦ 

ʚʳʧʦʣʥʝʥʦ. 

ɺʳʙʝʨʝʤ ʯʠʩʣʦ a ʪʘʢ, ʯʪʦʙʳ ʚʝʢʪʦʨ a-x y  ʙʳʣ ʦʨʪʦʛʦʥʘʣʝʥ ʚʝʢʪʦʨʫ y, ʠʣʠ ʚ 

ʪʝʨʤʠʥʘʭ ʩʢʘʣʷʨʥʦʛʦ ʧʨʦʠʟʚʝʜʝʥʠʷ, ʯʪʦʙʳ ʙʳʣʦ ʚʳʧʦʣʥʝʥʦ ʨʘʚʝʥʩʪʚʦ ( ) 0a- =x y y  

(ʩʤ. ʨʠʩ. 3). 

 ʕʪʦ ʚʦʟʤʦʞʥʦ, ʪʘʢ ʢʘʢ ʯʠʩʣʦ a ʤʦʞʥʦ ʧʨʦʩʪʦ ʥʘʡʪʠ ʠʟ 

ʵʪʦʛʦ ʫʩʣʦʚʠʷ. ɸ ʠʤʝʥʥʦ, ʨʘʩʢʨʳʚ ʩʢʦʙʢʠ (ʩʚʦʡʩʪʚʦ 3 

ʦʧʨʝʜʝʣʝʥʠʷ 1), ʧʦʣʫʯʠʤ ʨʘʚʝʥʩʪʚʦ 
2

a- =xy y 0 , 

ʦʪʢʫʜʘ 
2

a=
xy

y
. 

ɺʝʢʪʦʨ ay  ʝʩʪʝʩʪʚʝʥʥʦ ʥʘʟʚʘʪʴ ʦʨʪʦʛʦʥʘʣʴʥʦʡ 

ʧʨʦʝʢʮʠʝʡ ʚʝʢʪʦʨʘ x  ʥʘ ʧʨʷʤʫʶ, ʟʘʜʘʚʘʝʤʫʶ ʚʝʢʪʦʨʦʤ 

y  (ʩʤ. ʨʠʩ. 3). ʇʦ ʘʢʩʠʦʤʝ 4 ʦʧʨʝʜʝʣʝʥʠʷ 1 

( )( ) 0a a- - ²x y x y . ʇʦʵʪʦʤʫ, ʨʘʩʢʨʳʚ ʩʢʦʙʢʠ, ʥʘʡʜʝʤ:  

2 2
2 0a a- + ²2

x xy y . 

ʇʦʜʩʪʘʚʠʤ ʪʝʧʝʨʴ ʚ ʵʪʦ ʥʝʨʘʚʝʥʩʪʚʦ ʚʳʨʘʞʝʥʠʝ ʜʣʷ a. ʇʦʩʣʝ ʦʯʝʚʠʜʥʳʭ ʩʦʢʨʘʱʝʥʠʡ ʠ 

ʧʨʠʚʝʜʝʥʠʷ ʧʦʜʦʙʥʳʭ ʯʣʝʥʦʚ ʧʦʣʫʯʠʤ:  

( )
2

2

2
0- ²

xy
x

y
, ʠʣʠ ( )

2 22
¢xy x y . 

ʕʪʦ ʠ ʝʩʪʴ ʥʝʨʘʚʝʥʩʪʚʦ ʂʦʰʠ-ɹʫʥʷʢʦʚʩʢʦʛʦ.˅ 

ʅ ʝʨʘʚʝʥʩʪʚʦ ʪʨʝʫʛʦʣʴʥʠʢʘ.  ɼʣʷ ʣʶʙʳʭ ʚʝʢʪʦʨʦʚ x  ʠ y  ʚʳʧʦʣʥʝʥʦ 

ʥʝʨʘʚʝʥʩʪʚʦ + ¢ +x y x y .ʀʥʘʯʝ ʛʦʚʦʨʷ, ʜʣʠʥʘ ʣʶʙʦʡ ʩʪʦʨʦʥʳ ʪʨʝʫʛʦʣʴʥʠʢʘ (ʩʤ. 

ʨʠʩ. 4) ʤʝʥʴʰʝ ʩʫʤʤʳ ʜʣʠʥ ʜʚʫʭ ʜʨʫʛʠʭ ʩʪʦʨʦʥ. 

ƹ ʆʮʝʥʠʤ ʜʣʠʥʫ ʚʝʢʪʦʨʘ +x y  (ʩʤ. ʨʠʩ. 4), ʚʦʩʧʦʣʴʟʦʚʘʚʰʠʩʴ 

ʥʝʨʘʚʝʥʩʪʚʦʤ ʂʦʰʠ-ɹʫʥ̫ʢʦʚʩʢʦʛʦ: 

( )( )

( )

2 2 2

22 2

2

2

+ = + + = + + ¢

¢ + + = +

x y x y x y x xy y

x x y y x y
. 

ʀʟʚʣʝʢʘʷ ʠʟ ʦʙʝʠʭ ʯʘʩʪʝʡ ʢʚʘʜʨʘʪʥʳʡ ʢʦʨʝʥʴ, ʧʦʣʫʯʠʤ 

ʪʨʝʙʫʝʤʦʝ ʥʝʨʘʚʝʥʩʪʚʦ. Ʒ 

 

ʈʠʩ. 3. 

ʈʠʩ. 4. 



26 Ä 2. ɽʚʢʣʠʜʦʚʳ ʧʨʦʩʪʨʘʥʩʪʚʘ 

 

ɺʦʧʨʦʩ. ɺ ʢʘʢʦʤ ʩʣʫʯʘʝ ʚ ʥʝʨʘʚʝʥʩʪʚʝ ʂʦʰʠ-ɹʫʥʷʢʦʚʩʢʦʛʦ ʠ ʥʝʨʘʚʝʥʩʪʚʝ 

ʪʨʝʫʛʦʣʴʥʠʢʘ ʜʦʩʪʠʛʘʝʪʩʷ ʟʥʘʢ ʨʘʚʝʥʩʪʚʘ? (ʆʪʚʝʪ: ʢʦʛʜʘ a=x y  ʜʣʷ ʥʝʢʦʪʦʨʦʛʦ ʯʠʩʣʘ a. 

ʀʥʘʯʝ ʛʦʚʦʨʷ, ʢʦʛʜʘ ʩʦʚʦʢʫʧʥʦʩʪʴ ʚʝʢʪʦʨʦʚ { },x y  ʣʠʥʝʡʥʦ ʟʘʚʠʩʠʤʘ.) 

ɿʘʜʘʥʠʝ.  ʅʘʧʠʰʠʪʝ ʥʝʨʘʚʝʥʩʪʚʦ ʂʦʰʠ-ɹʫʥʷʢʦʚʩʢʦʛʦ ʜʣʷ ʜʚʫʭ ʚʝʢʪʦʨʦʚ 

( )2, ,...,a a a= 1 1x  ʠ ( )2, ,..., nb b b= 1y  ʠʟ ʧʨʦʩʪʨʘʥʩʪʚʘ 
n
. ʕʪʦ ʥʝʨʘʚʝʥʩʪʚʦ ʚʳʛʣʷʜʠʪ 

ʜʦʚʦʣʴʥʦ ʤʫʜʨʝʥʦ ʜʘʞʝ ʧʨʠ 3n= . 

ʊ ʝʦʨʝʤʘ ʇʠʬʘʛʦʨʘ.  ɽʩʣʠ ʚʝʢʪʦʨʳ x  ʠ y  ʦʨʪʦʛʦʥʘʣʴʥʳ, ʪʦ 
2 2 2

+ = +x y x y . 

ɺ ʛʝʦʤʝʪʨʠʯʝʩʢʦʡ ʪʝʨʤʠʥʦʣʦʛʠʠ ï ʢʚʘʜʨʘʪ ʜʣʠʥʳ ʛʠʧʦʪʝʥʫʟʳ ʨʘʚʝʥ ʩʫʤʤʝ ʢʚʘʜʨʘʪʦʚ ʜʣʠʥ 

ʢʘʪʝʪʦʚ. 

ƹʊʘʢ ʢʘʢ ʧʦ ʫʩʣʦʚʠʶ 0=xy , ʪʦ 

 ( )( )
2 2 2 2

2+ = + + = + + = +
2

x y x y x y x xy y x y . 

(ʉʤ. ʨʠʩ. 5.) 

 

 

 

 

 

ɿ ʘʤʝʯʘʥʠʝ. ʈʘʩʩʤʦʪʨʠʤ ʪʨʠʚʠʘʣʴʥʦʝ ʨʘʚʝʥʩʪʚʦ 
2 2

2+ = + +
2

x y x xy y , ʢʦʪʦʨʦʝ 

ʚʩʪʨʝʯʘʣʦʩʴ ʚʳʰʝ ʧʨʠ ʜʦʢʘʟʘʪʝʣʴʩʪʚʘʭ ʥʝʨʘʚʝʥʩʪʚʘ ʪʨʝʫʛʦʣʴʥʠʢʘ ʠ ʪʝʦʨʝʤʳ ʇʠʬʘʛʦʨʘ. 

ɽʩʣʠ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʝʛʦ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʚʝʢʪʦʨʦʚ, ʪʦ ʦʥʦ ʧʨʝʜʩʪʘʚʣʷʝʪ 

ʩʦʙʦʡ çʪʝʦʨʝʤʫ ʢʦʩʠʥʫʩʦʚè: 

2 2
2 cosy+ = - +

2
x y x x y y . 

ɿʜʝʩʴ y ï ʚʥʫʪʨʝʥʥʠʡ ʫʛʦʣ ʪʨʝʫʛʦʣʴʥʠʢʘ, 

ʜʦʧʦʣʥʠʪʝʣʴʥʳʡ ʢ ʫʛʣʫ j ï ʫʛʣʫ ʤʝʞʜʫ 

ʚʝʢʪʦʨʘʤʠ x  ʠ y  (ʩʤ. ʨʠʩ 6.). ʊʘʢ ʯʪʦ 

cos cosj y=- . 

ɺ ʰʢʦʣʴʥʦʤ ʢʫʨʩʝ ʛʝʦʤʝʪʨʠʠ ʵʪʘ ʪʝʦʨʝʤʘ 

ʜʦʢʘʟʳʚʘʝʪʩʷ ʩ ʧʦʤʦʱʴʶ ʜʦʚʦʣʴʥʦ ʩʣʦʞʥʳʭ 

ʧʦʩʪʨʦʝʥʠʡ. 

 

 

2. ʆʨʪʦʛʦʥʘʣʴʥʳʝ ʙʘʟʠʩʳ 

ʆʧʨʝʜʝʣʝʥʠʝ 3 .  ʉʠʩʪʝʤʘ ʚʝʢʪʦʨʦʚ { }2, ,..., k1e e e  ʥʘʟʳʚʘʝʪʩʷ ʦʨʪʦʛʦʥʘʣʴʥʦʡ, ʝʩʣʠ 

ʚʩʝ ʚʭʦʜʷʱʠʝ ʚ ʥʝʝ ʚʝʢʪʦʨʳ ʧʦʧʘʨʥʦ ʦʨʪʦʛʦʥʘʣʴʥʳ: 0i j =e e  ʧʨʠ i j̧. ʉʠʩʪʝʤʘ 

ʥʘʟʳʚʘʝʪʩʷ ʥʦʨʤʠʨʦʚʘʥʥʦʡ, ʝʩʣʠ ʜʣʠʥʳ ʚʩʝʭ ʝʝ ʚʝʢʪʦʨʦʚ ʨʘʚʥʳ ʝʜʠʥʠʮʝ: 1i j =e e  ʧʨʠ i j=

. ɽʩʣʠ ʩʠʩʪʝʤʘ ʦʙʣʘʜʘʝʪ ʜʚʫʤʷ ʵʪʠʤʠ ʩʚʦʡʩʪʚʘʤʠ, ʝʝ ʥʘʟʳʚʘʶʪ ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʦʡ. 

ʈʠʩ. 5 

ʈʠʩ. 6 



27 Ä 2. ɽʚʢʣʠʜʦʚʳ ʧʨʦʩʪʨʘʥʩʪʚʘ 

 

ʊʝʦʨʝʤʘ 1 .  ʃ ʙʁʘʷ ʦʨʪʦʛʦʥʘʣʴʥʘʷ ʩʠʩʪʝʤʘ, ʥʝ ʩʦʜʝʨʞʘʱʘʷ ʥʫʣʝʚʳʭ ʚʝʢʪʦʨʦʚ, 

ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʘ. 

ƹ ʇʫʩʪʴ ʣʠʥʝʡʥʘʷ ʢʦʤʙʠʥʘʮʠʷ ʚʝʢʪʦʨʦʚ ʦʨʪʦʛʦʥʘʣʴʥʦʡ ʩʠʩʪʝʤʳ { }2, ,..., kE= 1e e e  ʨʘʚʥʘ 

ʥʫʣʶ: 

 
1 2 2 ... 0k ka a a+ + + =

1
e e e . 

ʋʤʥʦʞʠʤ ʩʢʘʣʷʨʥʦ ʦʙʝ ʯʘʩʪʠ ʵʪʦʛʦ ʨʘʚʝʥʩʪʚʘ ʥʘ ʧʨʦʠʟʚʦʣʴʥʳʡ ʚʝʢʪʦʨ 
se , 

ʧʨʠʥʘʜʣʝʞʘʱʠʡ ʩʠʩʪʝʤʝ E. ɺ ʩʠʣʫ ʝʝ ʦʨʪʦʛʦʥʘʣʴʥʦʩʪʠ ʧʦʣʫʯʠʤ: 0s s sa =e e , ʠ ʪʘʢ ʢʘʢ ʧʦ 

ʫʩʣʦʚʠʶ 0s s¸e e , ʪʦ 0sa= . 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʚʩʝ ʢʦʵʬʬʠʮʠʝʥʪʳ ʣʠʥʝʡʥʦʡ ʢʦʤʙʠʥʘʮʠʠ ʨʘʚʥʳ ʥʫʣʶ, ʠ ʧʦ ʣʝʤʤʝ 1 Ä 1 

ʩʠʩʪʝʤʘ E  ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʘ. Ʒ 

ʉʨʝʜʠ ʙʘʟʠʩʦʚ ʝʚʢʣʠʜʦʚʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ ʥʘʠʙʦʣʝʝ ʫʜʦʙʥʳ ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʳʝ ʙʘʟʠʩʳ 

ʪʦ ʝʩʪʴ ʙʘʟʠʩʳ, ʧʨʝʜʩʪʘʚʣʷʶʱʠʝ ʩʦʙʦʡ ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʫʶ ʩʠʩʪʝʤʫ. ʅʘʧʨʠʤʝʨ, ʦʯʝʥʴ 

ʧʨʦʩʪʦ ʥʘʡʪʠ ʢʦʦʨʜʠʥʘʪʳ ʚʝʢʪʦʨʘ x  ʚ ʪʘʢʦʤ ʙʘʟʠʩʝ, ʭʦʪʷ ʚ ʩʣʫʯʘʝ ʧʨʦʠʟʚʦʣʴʥʦʛʦ ʙʘʟʠʩʘ 

(ʩʤ. ʟʘʜʥʠʝ 2 Ä 1) ʜʣʷ ʵʪʦʛʦ ʥʫʞʥʦ ʨʝʰʠʪʴ ʩʠʩʪʝʤʫ n  ʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ, ʛʜʝ n  ï 

ʨʘʟʤʝʨʥʦʩʪʴ ʧʨʦʩʪʨʘʥʩʪʚʘ. , 

ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʧʫʩʪʴ { }2, ,..., n1e e e  ï ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʳʡ ʙʘʟʠʩ, ʠ 

 
1 2 2 ... n na a a= + + +

1
x e e e . 

ʋʤʥʦʞʠʤ ʦʙʝ ʯʘʩʪʠ ʵʪʦʛʦ ʨʘʚʝʥʩʪʚʘ ʥʘ ʙʘʟʠʩʥʳʡ ʚʝʢʪʦʨ 
se . ʇʦ ʩʚʦʡʩʪʚʫ 

ʦʨʪʦʛʦʥʘʣʴʥʦʩʪʠ ʧʦʣʫʯʠʤ 
s s s sa=xe e e. ʊʘʢ ʢʘʢ ʙʘʟʠʩ ʥʦʨʤʠʨʦʚʘʥ, ʪʦ 1s s=e e  ʠ, 

ʩʣʝʜʦʚʘʪʝʣʴʥʦ, 
s sa=xe . 

ʀʪʘʢ, ʜʦʢʘʟʘʥʘ ʩʣʝʜʫʶʱʘʷ ʪʝʦʨʝʤʘ. 

ʊʝʦʨʝʤʘ 2 .  ʈʘʟʣʦʞʝʥʠʝ ʚʝʢʪʦʨʘ x  ʚ ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʦʤ ʙʘʟʠʩʝ ʠʤʝʝʪ ʚʠʜ 

 ( ) ( ) ( )2 2 ... n n= + + +1 1x xe e xe e xe e  

ʇ ʨʠʤʝʨʳ. ʋʙʝʜʠʪʝʩʴ ʩʘʤʠ, ʯʪʦ 

1. ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʚʝʢʪʦʨʦʚ ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʳʤ ʙʘʟʠʩʦʤ ʷʚʣʷʝʪʩʷ 

ʣʶʙʘʷ ʪʨʦʡʢʘ ʚʟʘʠʤʥʦ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʳʭ ʚʝʢʪʦʨʦʚ ʝʜʠʥʠʯʥʦʡ ʜʣʠʥʳ. ʊʘʢʦʡ ʙʘʟʠʩ 

ʯʘʩʪʦ ʥʘʟʳʚʘʶʪ ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʳʤ ʨʝʧʝʨʦʤ. 

2. ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ n
 ʢʘʥʦʥʠʯʝʩʢʠʡ ʙʘʟʠʩ ( )( ) ( ){ }1,0,...,0 , 0,1,...,0 ,..., 0,0,...,1 ʷʚʣ̫ʝʪʩʷ 

ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʳʤ 

ɿʘʜʘʥʠʝ. ʇʨʦʚʝʨʴʪʝ, ʯʪʦ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ 
2
 ʙʘʟʠʩ, ʩʦʩʪʦʷʱʠʡ ʠʟ ʚʝʢʪʦʨʦʚ 

( )1
1 1,1

2
=e  ʠ ( )2

1 1, 1
2

= -e , ʷʚʣʷʝʪʩʷ ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʳʤ, ʠ ʨʘʟʣʦʞʠʪʝ ʚ ʵʪʦʤ ʙʘʟʠʩʝ 

ʧʨʦʠʟʚʦʣʴʥʳʡ ʚʝʢʪʦʨ ( )1 2,x x=x . 

ʉʣʝʜʫʶʱʘʷ ʪʝʦʨʝʤʘ ʥʝʩʤʦʪʨʷ ʥʘ ʩʚʦʶ ʧʨʦʩʪʦʪʫ ʷʚʣʷʝʪʩʷ ʦʩʥʦʚʦʧʦʣʘʛʘʶʱʝʡ. 

ʊʝʦʨʝʤʘ 3 .  ɽʩʣʠ ʚʝʢʪʦʨʳ x  ʠ y  ʠʤʝʶʪ ʚ ʥʝʢʦʪʦʨʦʤ ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʦʤ ʙʘʟʠʩʝ 

ʢʦʦʨʜʠʥʘʪʳ ( )1 2, ,.., na a a ʠ ( )1 2, ,..., nb b b ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ, ʪʦ 

 
1 1 2 2 ... n nab a b a b= + + +xy . 



28 Ä 2. ɽʚʢʣʠʜʦʚʳ ʧʨʦʩʪʨʘʥʩʪʚʘ 

 

ɿʘʜʘʥʠʝ. ʇʨʦʚʝʨʴʪʝ ʵʪʦ ʩʘʤʦʩʪʦʷʪʝʣʴʥʦ. 

ɺʘʞʥʦʝ ʩʣʝʜʩʪʚʠʝ. ʀʟ ʪʝʦʨʝʤʳ 3 ʩʣʝʜʫʝʪ, ʯʪʦ ʥʘʣʠʯʠʝ ʚ ʝʚʢʣʠʜʦʚʦʤ 

ʧʨʦʩʪʨʘʥʩʪʚʝ V  ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʦʛʦ ʙʘʟʠʩʘ ʨʘʥʛʘ n  ʬʘʢʪʠʯʝʩʢʠ ʩʚʦʜʠʪ ʵʪʦ 

ʧʨʦʩʪʨʘʥʩʪʚʦ ʢ ʝʚʢʣʠʜʦʚʦʤʫ ʧʨʦʩʪʨʘʥʩʪʚʫ 
n
. ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʚ ʩʠʣʫ ʪʝʦʨʝʤʳ 3 

ʩʢʘʣʷʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ ʚʝʢʪʦʨʦʚ ʠʟ V  ʤʦʞʥʦ ʚʳʯʠʩʣʠʪʴ ʩ ʧʦʤʦʱʴʶ ʥʘʙʦʨʦʚ 

ʦʪʚʝʯʘʶʱʠʭ ʠʤ ʢʦʦʨʜʠʥʘʪ ʚ ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʦʤ ʙʘʟʠʩʝ. ʇʨʠʯʝʤ ʧʦ ʪʦʤʫ ʞʝ ʧʨʘʚʠʣʫ, ʯʪʦ 

ʠ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ 
n
. ʕʪʦ ʦʟʥʘʯʘʝʪ, ʯʪʦ ʣʶʙʦʝ ʫʪʚʝʨʞʜʝʥʠʝ ʜʣʷ ʧʨʦʩʪʨʘʥʩʪʚʘ V, ʢʦʪʦʨʦʝ 

ʤʦʞʥʦ ʚʳʚʝʩʪʠ ʠʟ ʘʢʩʠʦʤ ʝʚʢʣʠʜʦʚʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ, ʜʦʩʪʘʪʦʯʥʦ ʜʦʢʘʟʘʪʴ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ 
n
. ɹʣʘʛʦʜʘʨʷ ʪʝʦʨʝʤʝ 3 ʫʪʚʝʨʞʜʝʥʠʝ ʦʢʘʟʳʚʘʝʪʩʷ ʚʝʨʥʳʤ ʚ ʢʘʞʜʦʤ ʝʚʢʣʠʜʦʚʦʤ 

ʧʨʦʩʪʨʘʥʩʪʚʝ, ʠʤʝʶʱʝʤ ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʳʡ ʙʘʟʠʩ ʨʘʥʛʘ n . 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʝʩʣʠ ʥʝʢʦʪʦʨʦʝ ʫʪʚʝʨʞʜʝʥʠʝ, ʩʬʦʨʤʫʣʠʨʦʚʘʥʥʦʝ ʚ ʪʝʨʤʠʥʘʭ ʩʢʘʣʷʨʥʦʛʦ 

ʧʨʦʠʟʚʝʜʝʥʠʷ, ʜʦʢʘʟʘʥʦ ʚ ʢʘʢʦʤ-ʣʠʙʦ ʝʚʢʣʠʜʦʚʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ ʩ ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʳʤ 

ʙʘʟʠʩʦʤ ʨʘʥʛʘ n, ʪʦ ʦʥʦ ʩʧʨʘʚʝʜʣʠʚʦ ʠ ʚ ʣʶʙʦʤ ʜʨʫʛʦʤ ʝʚʢʣʠʜʦʚʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ ʩ 

ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʳʤ ʙʘʟʠʩʦʤ ʪʦʛʦ ʞʝ ʨʘʥʛʘ. ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʛʦʚʦʨʷʪ, ʯʪʦ ʪʘʢʠʝ ʝʚʢʣʠʜʦʚʳ 

ʧʨʦʩʪʨʘʥʩʪʚʘ ʠʟʦʤʦʨʬʥʳ. ʉʚʦʡʩʪʚʦ ʠʟʦʤʦʨʬʥʦʩʪʠ ʝʚʢʣʠʜʦʚʳʭ ʧʨʦʩʪʨʘʥʩʪʚ 

ʫʩʪʘʥʘʚʣʠʚʘʝʪʩʷ ʪʝʤ ʞʝ ʠʟʦʤʦʨʬʠʟʤʦʤ, ʯʪʦ ʠ ʩʚʦʡʩʪʚʦ ʠʟʦʤʦʨʬʥʦʩʪʠ ʚʝʢʪʦʨʥʳʭ 

ʧʨʦʩʪʨʘʥʩʪʚ (ʩʤ ʦʧʨʝʜʝʣʝʥʠʝ 4 Ä 1), ʥʦ ʧʨʠ ʫʩʣʦʚʠʠ, ʯʪʦ ʙʘʟʠʩʳ, ʟʘʬʠʢʩʠʨʦʚʘʥʥʳʝ ʚ ʵʪʠʭ 

ʧʨʦʩʪʨʘʥʩʪʚʘʭ, ʷʚʣʷʶʪʩʷ ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʳʤʠ. ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʠʟʦʤʦʨʬʠʟʤ ʚʝʢʪʦʨʥʳʭ 

ʧʨʦʩʪʨʘʥʩʪʚ ʥʘʟʳʚʘʝʪʩʷ ʠʟʦʤʦʨʬʠʟʤʦʤ ʝʚʢʣʠʜʦʚʳʭ ʧʨʦʩʪʨʘʥʩʪʚ.  

ɺ ʩʚʷʟʠ ʩ ʵʪʠʤ ʚʦʟʥʠʢʘʝʪ ʚʦʧʨʦʩ, ʠʤʝʝʪ ʣʠ ʢʘʞʜʦʝ ʝʚʢʣʠʜʦʚʦ ʧʨʦʩʪʨʘʥʩʪʚʦ 

ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʳʡ ʙʘʟʠʩ. ʆʪʚʝʪ ʥʘ ʵʪʦ ʜʘʝʪ ʩʣʝʜʫʶʱʘʷ ʪʝʦʨʝʤʘ. 

ʊʝʦʨʝʤʘ 4 .  ɺ ʣʶʙʦʤ ʢʦʥʝʯʥʦʤʝʨʥʦʤ ʝʚʢʣʠʜʦʚʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ ʩʫʱʝʩʪʚʫʝʪ 

ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʳʡ ʙʘʟʠʩ. 

ʇʨʝʜʚʘʨʠʪʝʣʴʥʦ ʜʦʢʘʞʝʤ ʚʩʧʦʤʦʛʘʪʝʣʴʥʦʝ ʫʪʚʝʨʞʜʝʥʠʝ. 

ʃʝʤʤʘ 1 .ɽʩʣʠ { }2, ,...,k kE = 1e e e  ï ʥʝʧʦʣʥʘʷ ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʘʷ ʩʠʩʪʝʤʘ ʚʝʢʪʦʨʦʚ, 

ʪʦ ʤʦʞʥʦ ʫʢʘʟʘʪʴ ʝʜʠʥʠʯʥʳʡ ʚʝʢʪʦʨ 
k+1e , ʦʨʪʦʛʦʥʘʣʴʥʳʡ ʚʩʝʤ ʚʝʢʪʦʨʘʤ ʵʪʦʡ ʩʠʩʪʝʤʳ. 

ˇ ʇʨʦʠʟʚʦʣʴʥʦ ʚʳʙʝʨʝʤ ʚʝʢʪʦʨ x, ʥʝ ʧʨʠʥʘʜʣʝʞʘʱʠʡ ʣʠʥʝʡʥʦʡ ʦʙʦʣʦʯʢʝ { }kL E . 

ʅʝʧʦʩʨʝʜʩʪʚʝʥʥʳʤ ʚʳʯʠʩʣʝʥʠʝʤ ʣʝʛʢʦ ʫʙʝʜʠʪʴʩʷ, ʯʪʦ ʚʝʢʪʦʨ 

 ( ) ( ) ( )2 2 ... k k= - - - -1 1h x xe e xe e xe e, (6) 

ʦʨʪʦʛʦʥʘʣʝʥ ʚʩʝʤ ʚʝʢʪʦʨʘʤ ʩʠʩʪʝʤʳ 
kE . ʕʪʦʪ ʚʝʢʪʦʨ ʥʝ ʨʘʚʝʥ ʥʫʣʶ, ʪʘʢ ʢʘʢ ʚ ʧʨʦʪʠʚʥʦʤ 

ʩʣʫʯʘʝ ʠʟ ʨʘʚʝʥʩʪʚʘ (6) ʩʣʝʜʦʚʘʣʦ ʙʳ, ʯʪʦ ʚʝʢʪʦʨ x  ʧʨʠʥʘʜʣʝʞʠʪ ʣʠʥʝʡʥʦʡ ʦʙʦʣʦʯʢʝ 

{ }kL E . 

ʆʩʪʘʝʪʩʷ ʧʦʣʦʞʠʪʴ 1k+=
h

e
h

.˅ 

ˇ ɼ ʦʢʘʟʘʪʝʣʴʩʪʚʦ ʪʝʦʨʝʤʳ 4  ʦʩʥʦʚʘʥʦ ʥʘ ʘʣʛʦʨʠʪʤʝ, ʢʦʪʦʨʳʡ ʥʘʟʳʚʘʝʪʩʷ 

ʧʨʦʮʝʩʩʦʤ ɻʨʘʤʘ-ʐʤʠʜʪʘ. ʕʪʦʪ ʧʨʦʮʝʩʩ ʧʦʯʪʠ ʧʦʣʥʦʩʪʴʶ ʩʦʚʧʘʜʘʝʪ ʩ ʘʣʛʦʨʠʪʤʦʤ, 

ʧʨʠʚʝʜʝʥʥʳʤ ʚ ʧʨʝʜʳʜʫʱʝʤ ʧʘʨʘʛʨʘʬʝ, ʜʣʷ ʧʦʩʪʨʦʝʥʠʷ ʙʘʟʠʩʘ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ. 

ɽʜʠʥʩʪʚʝʥʥʦʝ ʦʪʣʠʯʠʝ ʟʘʢʣʶʯʘʝʪʩʷ ʚ ʪʦʤ, ʯʪʦ ʢʘʞʜʳʡ ʨʘʟ ʢ ʫʞʝ ʧʦʩʪʨʦʝʥʥʦʡ ʩʠʩʪʝʤʝ 

ʚʝʢʪʦʨʦʚ ʜʦʙʘʚʣʷʝʪʩʷ ʥʝ ʧʨʦʠʟʚʦʣʴʥʳʡ ʚʝʢʪʦʨ, ʣʝʞʘʱʠʡ ʚʥʝ ʣʠʥʝʡʥʦʡ ʦʙʦʣʦʯʢʠ ʵʪʦʡ 

ʩʠʩʪʝʤʳ, ʘ ʚʝʢʪʦʨ ʝʜʠʥʠʯʥʦʡ ʜʣʠʥʳ, ʦʨʪʦʛʦʥʘʣʴʥʳʡ ʢʦ ʚʩʝʤ ʚʝʢʪʦʨʘʤ ʩʠʩʪʝʤʳ. 



29 Ä 2. ɽʚʢʣʠʜʦʚʳ ʧʨʦʩʪʨʘʥʩʪʚʘ 

 

ɸʣʛʦʨʠʪʤ ʧʦʩʪʨʦʝʥʠʷ ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʦʛʦ ʙʘʟʠʩʘ 

ʝʚʢʣʠʜʦʚʘ ʧʨʦʩʪʨʘʥʩʪʚʘ. 

1. ʇʨʦʠʟʚʦʣʴʥʦ ʚʳʙʝʨʝʤ ʝʜʠʥʠʯʥʳʡ ʚʝʢʪʦʨ 
1e.ɽʩʣʠ ʩʠʩʪʝʤʘ {}1e  ʧʦʣʥʘ, ʪʦ ʧʨʦʮʝʩʩ 

ʟʘʚʝʨʰʝʥ ï ʵʪʘ ʩʠʩʪʝʤʘ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʳʡ ʙʘʟʠʩ. ɽʩʣʠ ʥʝʪ, 

ʧʝʨʝʭʦʜʠʤ ʢ ʩʣʝʜʫʶʱʝʤʫ ʧʫʥʢʪʫ. 

2. ʇʨʦʠʟʚʦʣʴʥʦ ʚʳʙʝʨʝʤ ʝʜʠʥʠʯʥʳʡ ʚʝʢʪʦʨ 
2e , ʦʨʪʦʛʦʥʘʣʴʥʳʡ ʚʝʢʪʦʨʫ 1e  (ʯʪʦ 

ʚʦʟʤʦʞʥʦ ʙʣʘʛʦʜʘʨʷ ʣʝʤʤʝ 1), ʠ ʨʘʩʩʤʦʪʨʠʤ ʩʠʩʪʝʤʫ { }1 2,e e . ʉʥʦʚʘ ʧʨʦʚʝʨʷʝʤ, 

ʧʦʣʥʘ ʣʠ ʦʥʘ. ɽʩʣʠ ʜʘ, ʧʨʦʮʝʩʩ ʟʘʚʝʨʰʝʥ. ʀʥʘʯʝ ʧʝʨʝʭʦʜʠʤ ʢ ʩʣʝʜʫʶʱʝʤʫ ʧʫʥʢʪʫ. 

3. éʠ ʪʘʢ ʜʘʣʝʝ ʢʘʞʜʳʡ ʨʘʟ ʜʦʙʘʚʣʷʝʤ ʝʜʠʥʠʯʥʳʡ ʚʝʢʪʦʨ, ʦʨʪʦʛʦʥʘʣʴʥʳʡ ʢʦ ʚʩʝʤ ʫʞʝ 

ʧʦʩʪʨʦʝʥʥʳʤ ʚʝʢʪʦʨʘʤ, ʠ ʧʨʦʚʝʨʷʝʤ ʧʦʣʥʦʪʫ ʧʦʣʫʯʝʥʥʦʡ ʩʠʩʪʝʤʳ. ɺ ʩʠʣʫ 

ʢʦʥʝʯʥʦʤʝʨʥʦʩʪʠ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ ʵʪʦ ʧʨʦʮʝʩʩ ʟʘʢʦʥʯʠʪʩʷ ʥʘ ʢʦʥʝʯʥʦʤ 

ʰʘʛʝ. Ʒ 

ɺʘʞʥʳʡ ʚʳʚʦʜ. ʀʟ ʪʝʦʨʝʤʳ 4 ʚʳʪʝʢʘʝʪ ʪʝʧʝʨʴ ʩʣʝʜʫʶʱʝʝ ʫʪʚʝʨʞʜʝʥʠʝ. 

ʊʝʦʨʝʤʘ 5 .  ɺʩʝ ʝʚʢʣʠʜʦʚʳ ʧʨʦʩʪʨʘʥʩʪʚʘ ʦʜʥʦʡ ʠ ʪʦʡ ʞʝ ʨʘʟʤʝʨʥʦʩʪʠ ʝʚʢʣʠʜʦʚʦ 

ʠʟʦʤʦʨʬʥʳ. 

ʇʨʠʤʝʨ ʧʨʠʤʝʥʝʥʠʷ ʪʝʦʨʝʤʳ 5 .  

ʇʦʢʘʞʝʤ, ʯʪʦ ʥʝʨʘʚʝʥʩʪʚʘ ʂʦʰʠ-ɹʫʥʷʢʦʚʩʢʦʛʦ, ʥʝʨʘʚʝʥʩʪʚʦ ʪʨʝʫʛʦʣʴʥʠʢʘ ʠ ʪʝʦʨʝʤʫ 

ʇʠʬʘʛʦʨʘ, ʜʦʢʘʟʘʥʥʳʝ ʚ ʥʘʯʘʣʝ ʧʘʨʘʛʨʘʬʘ ʜʣʷ ʧʨʦʠʟʚʦʣʴʥʦʛʦ ʝʚʢʣʠʜʦʚʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ, 

ʤʦʞʥʦ ʙʳʣʦ ʚʦʦʙʱʝ ʥʝ ʜʦʢʘʟʳʚʘʪʴ. 

ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʚ ʬʦʨʤʫʣʠʨʦʚʢʘʭ ʵʪʠʭ ʪʝʦʨʝʤ ʫʯʘʩʪʚʫʶʪ ʚʩʝʛʦ ʜʚʘ ʚʝʢʪʦʨʘ x  ʠ y  (ʠ 

ʥʝʢʦʪʦʨʳʝ ʠʭ ʣʠʥʝʡʥʳʝ ʢʦʤʙʠʥʘʮʠʠ). ʇʦʵʪʦʤʫ ʚʩʝ ʨʘʩʩʤʘʪʨʠʚʘʝʤʳʝ ʫʪʚʝʨʞʜʝʥʠʷ 

ʦʪʥʦʩʷʪʩʷ ʢ ʜʚʫʤʝʨʥʦʤʫ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʫ, ʥʘʪʷʥʫʪʦʤʫ ʥʘ ʵʪʠ ʚʝʢʪʦʨʘ. ʃʝʛʢʦ ʧʨʦʚʝʨʠʪʴ, 

ʯʪʦ ʣʶʙʦʝ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦ ʝʚʢʣʠʜʦʚʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ ʷʚʣʷʝʪʩʷ ʝʚʢʣʠʜʦʚʳʤ 

ʧʨʦʩʪʨʘʥʩʪʚʦʤ (ʩʤ. ʟʘʜʘʥʠʝ 1). ʀʟ ʪʝʦʨʝʤʳ 5 ʩʣʝʜʫʝʪ, ʯʪʦ ʫʢʘʟʘʥʥʳʝ ʫʪʚʝʨʞʜʝʥʠʷ 

ʜʦʩʪʘʪʦʯʥʦ ʜʦʢʘʟʘʪʴ ʚ ʢʘʢʦʤ-ʣʠʙʦ ʜʚʫʤʝʨʥʦʤ ʝʚʢʣʠʜʦʚʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ. ʅʘʧʨʠʤʝʨ, ʚ 

ʧʨʦʩʪʨʘʥʩʪʚʝ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʚʝʢʪʦʨʦʚ ʥʘ ʧʣʦʩʢʦʩʪʠ. ʅʦ ʜʣʷ ʧʣʦʩʢʦʩʪʠ ʵʪʠ ʨʝʟʫʣʴʪʘʪʳ 

ʫʞʝ ʧʦʣʫʯʝʥʳ ʚ ʰʢʦʣʴʥʦʤ ʢʫʨʩʝ ʛʝʦʤʝʪʨʠʠ. 

ʄʦʞʥʦ ʧʦʡʪʠ ʛʦʨʘʟʜʦ ʜʘʣʴʰʝ. ɺʝʜʴ ʜʣʷ ʜʣʠʥ ʠ ʫʛʣʦʚ, ʦʧʨʝʜʝʣʝʥʥʳʭ ʚ ʩʣʫʯʘʝ 

ʘʙʩʪʨʘʢʪʥʳʭ ʝʚʢʣʠʜʦʚʳʭ ʧʨʦʩʪʨʘʥʩʪʚ ʬʦʨʤʫʣʘʤʠ (4) ʠ (5), ʥʝ ʙʳʣʠ ʜʦʢʘʟʘʥʳ ʥʠ 

ʛʝʦʤʝʪʨʠʯʝʩʢʠʝ ʪʝʦʨʝʤʳ, ʥʘʧʨʠʤʝʨ, ʦ ʩʫʤʤʝ ʫʛʣʦʚ ʪʨʝʫʛʦʣʴʥʠʢʘ, ʥʠ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʠʝ 

ʬʦʨʤʫʣʳ, ʥʘʧʨʠʤʝʨ, ʜʣʷ ʢʦʩʠʥʫʩʘ ʩʫʤʤʳ ʜʚʫʭ ʫʛʣʦʚ. ɺʩʝ ʫʪʚʝʨʞʜʝʥʠʷ ʪʘʢʦʛʦ ʨʦʜʘ, 

ʩʚʦʜʷʱʠʝʩʷ ʢ ʛʝʦʤʝʪʨʠʯʝʩʢʠʤ ʠʣʠ ʩʪʝʨʝʦʤʝʪʨʠʯʝʩʢʠʤ ʟʘʜʘʯʘʤ, ʚ ʩʠʣʫ ʪʝʦʨʝʤʳ 5 

ʘʚʪʦʤʘʪʠʯʝʩʢʠ ʧʝʨʝʥʦʩʷʪʩʷ ʥʘ ʧʨʦʠʟʚʦʣʴʥʳʝ ʝʚʢʣʠʜʦʚʳ ʧʨʦʩʪʨʘʥʩʪʚʘ. ʇʦʵʪʦʤʫ ʛʣʘʚʥʳʝ 

ʪʨʫʜʥʦʩʪʠ, ʢʦʪʦʨʳʝ ʚʦʟʥʠʢʘʶʪ ʧʨʠ ʠʟʫʯʝʥʠʠ ʝʚʢʣʠʜʦʚʳʭ ʧʨʦʩʪʨʘʥʩʪʚ, ʩʚʷʟʘʥʳ ʩ 

ʩʫʱʝʩʪʚʝʥʥʦ ʤʥʦʛʦʤʝʨʥʳʤʠ ʟʘʜʘʯʘʤʠ, ʪʦ ʝʩʪʴ ʪʘʢʠʤʠ, ʯʪʦ ʠʭ ʥʝʣʴʟʷ ʩʬʦʨʤʫʣʠʨʦʚʘʪʴ ʚ 

ʪʝʨʤʠʥʘʭ ʧʨʦʩʪʨʘʥʩʪʚʘ ʨʘʟʤʝʨʥʦʩʪʠ ʜʚʘ ʠʣʠ ʪʨʠ. 

ɿʘʜʘʥʠʝ. ʇʦʣʴʟʫʷʩʴ ʧʨʦʮʝʩʩʦʤ ɻʨʘʤʤʘ-ʐʤʠʜʪʘ, ʧʦʩʪʨʦʡʪʝ ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʳʡ 

ʙʘʟʠʩ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ 
3
, ʧʝʨʚʳʤ ʚʝʢʪʦʨʦʤ ʢʦʪʦʨʦʛʦ ʷʚʣʷʝʪʩʷ ʚʝʢʪʦʨ ( )1

1 1,1,1
3

=e . 

(ʋʢʘʟʘʥʠʝ: ʜʣʷ ʥʘʭʦʞʜʝʥʠʷ ʚʝʢʪʦʨʘ, ʦʨʪʦʛʦʥʘʣʴʥʦʛʦ ʢ ʫʞʝ ʧʦʩʪʨʦʝʥʥʳʤ, ʧʦʣʴʟʫʡʪʝʩʴ 

ʬʦʨʤʫʣʦʡ (6).) 



30 Ä 2. ɽʚʢʣʠʜʦʚʳ ʧʨʦʩʪʨʘʥʩʪʚʘ 

 

3. ʆʨʪʦʛʦʥʘʣʴʥʘʷ ʧʨʦʝʢʮʠʷ ʠ ʦʨʪʦʛʦʥʘʣʴʥʳʝ ʜʦʧʦʣʥʝʥʠʷ 

ɻʦʚʦʨʷʪ, ʯʪʦ ʚʝʢʪʦʨ z  ʦʨʪʦʛʦʥʘʣʝʥ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʫ U , ʝʩʣʠ z  ʦʨʪʦʛʦʥʘʣʝʥ ʣʶʙʦʤʫ 

ʚʝʢʪʦʨʫ ʠʟ ʵʪʦʛʦ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ. 

ɿʘʜʘʥʠʝ. ɺ ʩʠʣʫ ʪʝʦʨʝʤʳ 4 ʚ ʣʶʙʦʤ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʝ U  ʝʚʢʣʠʜʦʚʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ 

V  ʩʫʱʝʩʪʚʫʝʪ ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʳʡ ʙʘʟʠʩ. ʇʦʢʘʞʠʪʝ, ʯʪʦ ʚʝʢʪʦʨ z  ʦʨʪʦʛʦʥʘʣʝʥ 

ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʫ U  ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʦʥ ʦʨʪʦʛʦʥʘʣʝʥ ʢʘʞʜʦʤʫ ʚʝʢʪʦʨʫ ʵʪʦʛʦ 

ʙʘʟʠʩʘ. ʀʟ ʣʝʤʤʳ 1 ʪʦʛʜʘ ʙʫʜʝʪ ʚʳʪʝʢʘʪʴ ʩʣʝʜʫʶʱʝʝ ʬʫʥʜʘʤʝʥʪʘʣʴʥʦʝ ʫʪʚʝʨʞʜʝʥʠʝ. 

ʊʝʦʨʝʤʘ 6. ɼʣʷ ʢʘʞʜʦʛʦ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ, ʥʝ ʩʦʚʧʘʜʘʶʱʝʛʦ ʩʦ ʚʩʝʤ 

ʧʨʦʩʪʨʘʥʩʪʚʦʤ, ʥʘʡʜʝʪʩʷ ʥʝʥʫʣʝʚʦʡ ʦʨʪʦʛʦʥʘʣʴʥʳʡ ʝʤʫ ʚʝʢʪʦʨ. 

ɻʦʚʦʨʷʪ, ʯʪʦ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦ W  ʦʨʪʦʛʦʥʘʣʴʥʦ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʫ U , ʝʩʣʠ ʢʘʞʜʳʡ 

ʚʝʢʪʦʨ ʠʟ W  ʦʨʪʦʛʦʥʘʣʝʥ U . 

ɿ ʘʜʘʥʠʝ.  

1. ʇʦʢʘʞʠʪʝ, ʯʪʦ ʚ ʵʪʦʤ ʩʣʫʯʘʝ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦ U  ʦʨʪʦʛʦʥʘʣʴʥʦ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʫ W . 

ʊʘʢ ʯʪʦ ʵʪʠ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ ʚʟʘʠʤʥʦ ʦʨʪʦʛʦʥʘʣʴʥʳ. 

2. ɼʦʢʘʞʠʪʝ, ʯʪʦ ʦʙʱʠʤ ʚʝʢʪʦʨʦʤ ʚʟʘʠʤʥʦ ʦʨʪʦʛʦʥʘʣʴʥʳʭ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚ ʷʚʣʷʝʪʩʷ 

ʪʦʣʴʢʦ ʥʫʣʴ. ʇʦʵʪʦʤʫ ʩʫʤʤʘ ʚʟʘʠʤʥʦ ʦʨʪʦʛʦʥʘʣʴʥʳʭ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚ ʚʩʝʛʜʘ 

ʧʨʷʤʘʷ. (ʇʦʜʩʢʘʟʢʘ: ʦʙʱʠʡ ʚʝʢʪʦʨ ʚʟʘʠʤʥʦ ʦʨʪʦʛʦʥʘʣʴʥʳʭ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚ 

ʦʨʪʦʛʦʥʘʣʝʥ ʩʘʤ ʩʝʙʝ.) 

ʆʧʨʝʜʝʣʝʥʠʝ 3 .  ʆʨʪʦʛʦʥʘʣʴʥʳʤ ʜʦʧʦʣʥʝʥʠʝʤ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ U  

ʝʚʢʣʠʜʦʚʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ V  ʥʘʟʳʚʘʝʪʩʷ ʩʦʚʦʢʫʧʥʦʩʪʴ U^ ʚʩʝʭ ʚʝʢʪʦʨʦʚ, ʦʨʪʦʛʦʥʘʣʴʥʳʭ 

ʵʪʦʤʫ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʫ. 

ʇʨʠʤʝʨ.  ʈʘʩʩʤʦʪʨʠʤ ʜʝʢʘʨʪʦʚʦ ʧʨʦʩʪʨʘʥʩʪʚʦ 
3
, ʪʦ ʝʩʪʴ ʪʨʝʭʤʝʨʥʦʝ ʧʨʦʩʪʨʘʥʩʪʚʦ 

ʩ ʩʠʩʪʝʤʦʡ ʜʝʢʘʨʪʦʚʳʭ ʢʦʦʨʜʠʥʘʪ X , Y  ʠ Z. ʊʦʛʜʘ ʦʨʪʦʛʦʥʘʣʴʥʳʤ ʜʦʧʦʣʥʝʥʠʝʤ ʦʩʠ X  

ʷʚʣʷʝʪʩʷ ʧʣʦʩʢʦʩʪʴ YZ, ʪʦ ʝʩʪʴ X YZ^= . ʆʨʪʦʛʦʥʘʣʴʥʳʤ ʜʦʧʦʣʥʝʥʠʝʤ ʵʪʦʡ ʧʣʦʩʢʦʩʪʠ 

ʷʚʣʷʝʪʩʷ ʦʩʴ X, ʪʦ ʝʩʪʴ YZ X^= . 

ɿ ʘʜʘʥʠʝ. 

1. ɼʦʢʘʞʠʪʝ, ʯʪʦ ʦʨʪʦʛʦʥʘʣʴʥʦʝ ʜʦʧʦʣʥʝʥʠʝ ʣʶʙʦʛʦ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ U  ʷʚʣʷʝʪʩʷ 

ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦʤ. ʇʨʦʚʝʨʴʪʝ, ʯʪʦ U ʠ U^ ʚʟʘʠʤʥʦ ʦʨʪʦʛʦʥʘʣʴʥʳ. 

2. ʅʘʡʜʠʪʝ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ 3
 ʦʨʪʦʛʦʥʘʣʴʥʦʝ ʜʦʧʦʣʥʝʥʠʝ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ, ʥʘʪʷʥʫʪʦʛʦ 

ʥʘ ʚʝʢʪʦʨ ( )1,1,1=v . (ʇʦʜʩʢʘʟʢʘ: ʦʙʦʟʥʘʯʴʪʝ ʯʝʨʝʟ ( )1 2 3, ,x x x=x , ʧʨʦʠʟʚʦʣʴʥʳʡ 

ʚʝʢʪʦʨ, ʣʝʞʘʱʠʡ ʚ ʠʩʢʦʤʦʤ ʦʨʪʦʛʦʥʘʣʴʥʦʤ ʜʦʧʦʣʥʝʥʠʠ, ʠ ʟʘʧʠʰʠʪʝ ʚ ʢʦʦʨʜʠʥʘʪʥʦʡ 

ʬʦʨʤʝ ʝʛʦ ʭʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʦʝ ʩʚʦʡʩʪʚʦ: =xv 0 . ʀʟ ʧʦʣʫʯʝʥʥʦʛʦ ʨʘʚʝʥʩʪʚʘ 

ʚʳʨʘʟʠʪʝ, ʥʘʧʨʠʤʝʨ, ʢʦʦʨʜʠʥʘʪʫ ( )3 1 2,x f x x= . ʊʦʛʜʘ ʚʩʝ ʚʝʢʪʦʨʳ ʦʨʪʦʛʦʥʘʣʴʥʦʛʦ 

ʜʦʧʦʣʥʝʥʠʷ ʙʫʜʫʪ ʠʤʝʪʴ ʚʠʜ ( )( )1 2 1 2, , ,x x f x x .) 

ʉʣʝʜʫʶʱʝʝ ʫʪʚʝʨʞʜʝʥʠʝ ʦʙ ʦʨʪʦʛʦʥʘʣʴʥʳʭ ʜʦʧʦʣʥʝʥʠʷʭ ʷʚʣʷʝʪʩʷ ʦʩʥʦʚʥʳʤ. 



31 Ä 2. ɽʚʢʣʠʜʦʚʳ ʧʨʦʩʪʨʘʥʩʪʚʘ 

 

ʊʝʦʨʝʤʘ 7 .  ʇʨʷʤʘʷ ʩʫʤʤʘ U U^Ä  ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ U  ʠ ʝʛʦ ʦʨʪʦʛʦʥʘʣʴʥʦʛʦ 

ʜʦʧʦʣʥʝʥʠʷ U^ ʩʦʚʧʘʜʘʝʪ ʩʦ ʚʩʝʤ ʧʨʦʩʪʨʘʥʩʪʚʦʤ V .  

ˇ ɽʩʣʠ ʧʨʝʜʧʦʣʦʞʠʪʴ, ʯʪʦ ʧʨʷʤʘʷ ʩʫʤʤʘ U U^Ä  ʥʝ ʩʦʚʧʘʜʘʝʪ ʩʦ ʚʩʝʤ ʧʨʦʩʪʨʘʥʩʪʚʦʤ, 

ʪʦ ʧʦ ʪʝʦʨʝʤʝ 6 ʥʘʡʜʝʪʩʷ ʦʪʣʠʯʥʳʡ ʦʪ ʥʫʣʷ ʚʝʢʪʦʨ z, ʦʨʪʦʛʦʥʘʣʴʥʳʡ ʵʪʦʤʫ 

ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʫ. ɺ ʯʘʩʪʥʦʩʪʠ, ʚʝʢʪʦʨ z  ʦʨʪʦʛʦʥʘʣʝʥ ʠ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʫ U , ʠ 

ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʫ U^. ʀʟ ʧʝʨʚʦʛʦ ʩʣʝʜʫʝʪ, ʯʪʦ z  ʧʨʠʥʘʜʣʝʞʠʪ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʫ U^ ʢʘʢ 

ʦʨʪʦʛʦʥʘʣʴʥʦʤʫ ʜʦʧʦʣʥʝʥʠʶ U , ʘ ʠʟ ʚʪʦʨʦʛʦ, ï ʯʪʦ ʦʥ ʚ ʵʪʦʤ ʩʣʫʯʘʝ ʦʨʪʦʛʦʥʘʣʝʥ ʩʘʤ 

ʩʝʙʝ. ʊʦ ʝʩʪʴ 0=zz , ʯʪʦ ʚʦʟʤʦʞʥʦ ʪʦʣʴʢʦ ʧʨʠ 0=z . Ʒ 

ʉʣʝʜʩʪʚʠʝ 1 .  ʉʫʤʤʘ ʨʘʟʤʝʨʥʦʩʪʝʡ ʣʶʙʦʛʦ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ U  ʠ ʝʛʦ 

ʦʨʪʦʛʦʥʘʣʴʥʦʛʦ ʜʦʧʦʣʥʝʥʠʷ U^ ʨʘʚʥʘ ʨʘʟʤʝʨʥʦʩʪʠ ʚʩʝʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ. 

ƹ ʕʪʦ ʚʳʪʝʢʘʝʪ ʠʟ ʧʨʝʜʳʜʫʱʝʡ ʪʝʦʨʝʤʳ ʠ ʪʝʦʨʝʤʳ 7 Ä 1. Ʒ 

ʉ ʣʝʜʩʪʚʠʝ 2 .  ʇʫʩʪʴ a  ï ʢʘʢʦʡ-ʣʠʙʦ ʚʝʢʪʦʨ ʝʚʢʣʠʜʦʚʘ ʧʨʦʩʪʨʘʥʩʪʚʘ V , 

ʠʤʝʶʱʝʛʦ ʨʘʟʤʝʨʥʦʩʪʴ n. ʊʦʛʜʘ ʩʦʚʦʢʫʧʥʦʩʪʴ U  ʚʩʝʭ ʚʝʢʪʦʨʦʚ, ʦʨʪʦʛʦʥʘʣʴʥʳʭ ʚʝʢʪʦʨʫ 

a, ʦʙʨʘʟʫʝʪ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦ ʨʘʟʤʝʨʥʦʩʪʠ 1n- .  

ʅʘʦʙʦʨʦʪ, ʝʩʣʠ U  ï ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦ ʨʘʟʤʝʨʥʦʩʪʠ 1n-, ʪʦ ʩʫʱʝʩʪʚʫʝʪ ʝʜʠʥʩʪʚʝʥʥʳʡ (ʩ 

ʪʦʯʥʦʩʪʴʶ ʜʦ ʯʠʩʣʦʚʦʛʦ ʤʥʦʞʠʪʝʣʷ) ʚʝʢʪʦʨ a, ʦʨʪʦʛʦʥʘʣʴʥʳʡ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʫ U . 

ƹ ʉʦʚʦʢʫʧʥʦʩʪʴ U  ʚʩʝʭ ʚʝʢʪʦʨʦʚ, ʦʨʪʦʛʦʥʘʣʴʥʳʭ ʚʝʢʪʦʨʫ a, ʦʯʝʚʠʜʥʦ ʷʚʣʷʝʪʩʷ 

ʦʨʪʦʛʦʥʘʣʴʥʳʤ ʜʦʧʦʣʥʝʥʠʝʤ ʦʜʥʦʤʝʨʥʦʛʦ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ, ʥʘʪʷʥʫʪʦʛʦ ʥʘ ʚʝʢʪʦʨ a . 

ʇʦʵʪʦʤʫ U  ï ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦ, ʠʤʝʶʱʝʝ ʚ ʩʠʣʫ ʩʣʝʜʩʪʚʠʷ 1 ʨʘʟʤʝʨʥʦʩʪʴ 1n- . 

ɽʩʣʠ U  ï ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦ ʨʘʟʤʝʨʥʦʩʪʠ 1n-, ʪʦ ʝʛʦ ʦʨʪʦʛʦʥʘʣʴʥʦʝ ʜʦʧʦʣʥʝʥʠʝ 

ʦʜʥʦʤʝʨʥʦ. ʇʦʵʪʦʤʫ ʚʩʝ ʦʨʪʦʛʦʥʘʣʴʥʳʝ U  ʚʝʢʪʦʨʳ ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʳ ʜʨʫʛ ʜʨʫʛʫ. Ʒ 

 

ʉ ʣʝʜʩʪʚʠʝ 3 .  ʇʫʩʪʴ U  ï ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦ ʝʚʢʣʠʜʦʚʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ V. ʊʦʛʜʘ 

ʢʘʞʜʳʡ ʚʝʢʪʦʨ x  ʧʨʦʩʪʨʘʥʩʪʚʘ V  ʝʜʠʥʩʪʚʝʥʥʳʤ ʦʙʨʘʟʦʤ ʤʦʞʝʪ ʙʳʪʴ ʧʨʝʜʩʪʘʚʣʝʥ ʚ ʚʠʜʝ 

ʩʫʤʤʳ: 

 
0= +x x h , (7) 

ʛʜʝ ʚʝʢʪʦʨ 
0x  ʧʨʠʥʘʜʣʝʞʠʪ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʫ U , ʘ ʚʝʢʪʦʨ h  ʦʨʪʦʛʦʥʘʣʝʥ ʵʪʦʤʫ 

ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʫ. ɺʝʢʪʦʨ 
0x  ʥʘʟʳʚʘʝʪʩʷ (ʩʤ. ʨʠʩ. 7) ʦʨʪʦʛʦʥʘʣʴʥʦʡ ʧʨʦʝʢʮʠʝʡ ʚʝʢʪʦʨʘ x  

ʥʘ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦ U , ʘ ʚʝʢʪʦʨ h  ï ʝʛʦ ʦʨʪʦʛʦʥʘʣʴʥʦʡ (ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʫ U ) 

ʩʦʩʪʘʚʣʷʶʱʝʡ. 

ɽʩʣʠ { }2, ,..., k1e e e  ï ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʳʡ 

ʙʘʟʠʩ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ U , ʪʦ ʦʨʪʦʛʦʥʘʣʴʥʫʶ 

ʧʨʦʝʢʮʠʶ ʤʦʞʥʦ ʚʳʯʠʩʣʠʪʴ ʧʦ ʬʦʨʤʫʣʝ 

( ) ( ) ( )0 2 2 ... k k= + + +1 1x xe e xe e xe e. (8) 

ƹ ʇʨʝʜʩʪʘʚʣʝʥʠʝ (7) ï ʵʪʦ ʥʝ ʯʪʦ ʠʥʦʝ, ʢʘʢ 

ʧʨʝʜʩʪʘʚʣʝʥʠʝ ʚʝʢʪʦʨʘ x  ʚ ʚʠʜʝ ʩʫʤʤʳ 

ʧʨʦʝʢʮʠʡ ʥʘ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ U  ʠ U^, 

ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʝ ʧʨʷʤʦʡ ʩʫʤʤʝ U U^Ä . 

ʌʦʨʤʫʣʘ (8) ï ʵʪʦ ʨʘʟʣʦʞʝʥʠʝ ʧʨʦʝʢʮʠʠ 
0x  ʥʘ 

.

 .
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32 Ä 2. ɽʚʢʣʠʜʦʚʳ ʧʨʦʩʪʨʘʥʩʪʚʘ 

 

ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦ U  ʧʦ ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʦʤʫ ʙʘʟʠʩʫ ʪɻʦʛʦ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ. Ʒ 

ɿ ʘʜʘʥʠʝ. ʅʘʡʜʠʪʝ ʦʨʪʦʛʦʥʘʣʴʥʫʶ ʧʨʦʝʢʮʠʶ ʧʨʦʠʟʚʦʣʴʥʦʛʦ ʚʝʢʪʦʨʘ ( )1 2 3, ,x x x=x  

ʠʟ ʧʨʦʩʪʨʘʥʩʪʚʘ 
3
 ʥʘ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦ U , ʥʘʪʷʥʫʪʦʝ ʥʘ ʚʝʢʪʦʨʳ (1,1,1) ʠ (1,-1,0). 

(ʇʦʜʩʢʘʟʢʘ: ʧʦʩʪʨʦʡʪʝ ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʳʡ ʙʘʟʠʩ { }1 2,e e  ʚ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʝ U  ʠ 

ʚʦʩʧʦʣʴʟʫʡʪʝʩʴ ʬʦʨʤʫʣʦʡ (8).) 

ʆʨʪʦʛʦʥʘʣʴʥʘʷ ʧʨʦʝʢʮʠʷ ʦʙʣʘʜʘʝʪ ʝʩʪʝʩʪʚʝʥʥʳʤ ʛʝʦʤʝʪʨʠʯʝʩʢʠʤ ʩʚʦʡʩʪʚʦʤ: 

ʧʝʨʧʝʥʜʠʢʫʣʷʨ ʝʩʪʴ ʢʨʘʪʯʘʡʰʝʝ ʨʘʩʩʪʦʷʥʠʝ ʦʪ ʪʦʯʢʠ ʜʦ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ. ʇʨʝʜʚʘʨʠʪʝʣʴʥʦ 

ʫʩʣʦʚʠʤʩʷ ʦ ʩʣʝʜʫʶʱʝʤ. 

ʆʧʨʝʜʝʣʝʥʠʝ 4  ʈʘʩʩʪʦʷʥʠʝʤ ʤʝʞʜʫ ʚʝʢʪʦʨʘʤʠ x  ʠ y  ʙʫʜʝʤ ʥʘʟʳʚʘʪʴ ʜʣʠʥʫ 

ʚʝʢʪʦʨʘ ʠʭ ʨʘʟʥʦʩʪʠ, ʪʦ ʝʩʪʴ ʚʝʣʠʯʠʥʫ -x y . ɺ ʯʘʩʪʥʦʩʪʠ, ʜʣʠʥʘ ʣʶʙʦʛʦ ʚʝʢʪʦʨʘ x  

ʷʚʣʷʝʪʩʷ ʝʛʦ ʨʘʩʩʪʦʷʥʠʝʤ ʜʦ ʥʫʣʷ 0  ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ. 

ʊʝʦʨʝʤʘ 8 .  ʇʫʩʪʴ x  ʧʨʦʠʟʚʦʣʴʥʳʡ ʚʝʢʪʦʨ, ʘ ʚʝʢʪʦʨ y  ʣʝʞʠʪ ʚ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʝ 

U . ʊʦʛʜʘ ʨʘʩʩʪʦʷʥʠʝ ʦʪ x  ʜʦ y, ʪʦ ʝʩʪʴ ʜʣʠʥʘ ʚʝʢʪʦʨʘ -x y, ʷʚʣʷʝʪʩʷ ʥʘʠʤʝʥʴʰʝʡ, ʝʩʣʠ 

ʚʝʢʪʦʨ y  ʨʘʚʝʥ ʧʨʦʝʢʮʠʠ 
0x  ʚʝʢʪʦʨʘ x  ʥʘ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦ U . ɺ ʩʚʷʟʠ ʩ ʵʪʠʤ ʜʣʠʥʫ 

ʚʝʢʪʦʨʘ 
0= -h x x  ʥʘʟʳʚʘʶʪ ʨʘʩʩʪʦʷʥʠʝʤ ʦʪ ʚʝʢʪʦʨʘ x  ʜʦ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ U . 

ˇʈʘʩʩʤʦʪʨʠʤ ʧʨʷʤʦʫʛʦʣʴʥʳʡ 

ʪʨʝʫʛʦʣʴʥʠʢ, ʩ ʚʝʨʰʠʥʘʤʠ x , 
0x  ʠ y

, ʪʦ ʝʩʪʴ ʪʨʝʫʛʦʣʴʥʠʢ, ʦʙʨʘʟʫʝʤʳʡ 

(ʩʤ. ʨʠʩ. 8) ʚʝʢʪʦʨʘʤʠ -x y , 
0-x x  ʠ 

0-x y  ʢʘʢ ʩʪʦʨʦʥʘʤʠ. ʅʘ ʷʟʳʢʝ 

ʚʝʢʪʦʨʥʦʡ ʘʣʛʝʙʨʳ ʵʪʦ ʦʟʥʘʯʘʝʪ, ʯʪʦ 

ʠʤʝʝʪ ʤʝʩʪʦ ʨʘʚʝʥʩʪʚʦ 

( )( )0 0- = - + -x y x x x y , ʧʨʠʯʝʤ 

( )( )0 0 0- - =x x x y . 

ʇʦ ʪʝʦʨʝʤʝ ʇʠʬʘʛʦʨʘ 

 

 

 

 ( )( )
22 2 2

0 0 0 0- = - + - = - + -x y x x x y x x y x . 

ʆʪʩʶʜʘ ʩʣʝʜʫʝʪ, ʯʪʦ 
2 2

0- ² -x y x x , ʧʨʠʯʝʤ ʨʘʚʝʥʩʪʚʦ ʜʦʩʪʠʛʘʝʪʩʷ ʪʦʣʴʢʦ ʧʨʠ 
0=y x . 

˅ 

ɺ ʫʩʣʦʚʠʷ ʦʩʥʦʚʥʦʡ ʪʝʦʨʝʤʳ 7 ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ U  ʠ ʝʛʦ ʦʨʪʦʛʦʥʘʣʴʥʦʝ ʜʦʧʦʣʥʝʥʠʝ U^ 

ʚʭʦʜʷʪ ʥʝʩʠʤʤʝʪʨʠʯʥʦ ʚ ʪʦʤ ʩʤʳʩʣʝ, ʯʪʦ ʚʪʦʨʦʝ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦ ʦʧʨʝʜʝʣʷʝʪʩʷ ʯʝʨʝʟ 

ʧʝʨʚʦʝ. ʆʢʘʟʳʚʘʝʪʩʷ, ʯʪʦ ʥʘ ʩʘʤʦʤ ʜʝʣʝ ʠʤʝʝʪ ʤʝʩʪʦ ʧʦʣʥʘʷ ʩʠʤʤʝʪʨʠʷ. 
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33 Ä 2. ɽʚʢʣʠʜʦʚʳ ʧʨʦʩʪʨʘʥʩʪʚʘ 

 

ɿʘʜʘʥʠʝ.  ɼʦʢʘʞʠʪʝ, ʯʪʦ ʦʨʪʦʛʦʥʘʣʴʥʦʝ ʜʦʧʦʣʥʝʥʠʝ ( )U^ ^
 ʦʨʪʦʛʦʥʘʣʴʥʦʛʦ 

ʜʦʧʦʣʥʝʥʠʷ U^ ʩʦʚʧʘʜʘʝʪ ʩ ʠʩʭʦʜʥʳʤ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦʤ U . ʊʘʢʠʤ ʦʙʨʘʟʦʤ 

ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ U ʠ U^ ʷʚʣʷʶʪʩʷ ʚʟʘʠʤʥʦ ʜʦʧʦʣʥʠʪʝʣʴʥʳʤʠ. (ʇʦʜʩʢʘʟʢʘ: ʟʘʤʝʪʴʪʝ, ʯʪʦ 

ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦ U , ʷʚʣʷʶʱʝʝʩʷ ʦʨʪʦʛʦʥʘʣʴʥʳʤ ʩʚʦʝʤʫ ʦʨʪʦʛʦʥʘʣʴʥʦʤʫ ʜʦʧʦʣʥʝʥʠʶ U^

, ʮʝʣʠʢʦʤ ʣʝʞʠʪ ʚ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ ( )U^ ^
. ʇʦʩʣʝ ʯʝʛʦ ʚʦʩʧʦʣʴʟʫʡʪʝʩʴ ʩʣʝʜʩʪʚʠʝʤ 1, 

ʧʦʢʘʟʳʚʘʶʱʠʤ, ʯʪʦ ʨʘʟʤʝʨʥʦʩʪʠ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚ U  ʠ ( )U^ ^
 ʩʦʚʧʘʜʘʶʪ.) 

4. ʂʦʦʨʜʠʥʘʪʥʳʡ ʤʝʪʦʜ ʠ ʨʝʰʝʥʠʝ ʧʨʦʩʪʳʭ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʟʘʜʘʯ 

ɼʣʷ ʨʝʰʝʥʠʷ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʟʘʜʘʯ ʤʝʪʦʜʘʤʠ ʚʝʢʪʦʨʥʦʡ ʘʣʛʝʙʨʳ ʧʨʠʥʮʠʧʠʘʣʴʥʦ 

ʚʘʞʥʳʤ ʷʚʣʷʝʪʩʷ ʚʚʝʜʝʥʠʝ ʚ ʧʨʦʩʪʨʘʥʩʪʚʦ ʜʝʢʘʨʪʦʚʦʡ ʩʠʩʪʝʤʳ ʢʦʦʨʜʠʥʘʪ. ʅʘʠʙʦʣʝʝ 

ʫʧʦʪʨʝʙʠʪʝʣʴʥʘ ʧʨʷʤʦʫʛʦʣʴʥʘʷ ʜʝʢʘʨʪʦʚʘ ʩʠʩʪʝʤʘ ʢʦʦʨʜʠʥʘʪ, ʦʩʠ ʢʦʪʦʨʦʡ X , Y  ʠ Z  

ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʳ ʜʨʫʛ ʜʨʫʛʫ (ʩʤ. ʨʠʩ. 9).  

ɺʚʝʜʝʥʠʝ ʢʘʢʦʡ-ʣʠʙʦ ʩʠʩʪʝʤʳ ʢʦʦʨʜʠʥʘʪ (ʚ ʯʘʩʪʥʦʩʪʠ, ʜʝʢʘʨʪʦʚʦʡ) ʷʚʣʷʝʪʩʷ ʦʜʥʦʡ ʠʟ 

ʦʩʥʦʚʥʳʭ ʠʜʝʝʡ ʘʥʘʣʠʪʠʯʝʩʢʦʡ ʛʝʦʤʝʪʨʠʠ, ʢʦʪʦʨʘʷ ʧʦʟʚʦʣʷʝʪ ʘʥʘʣʠʪʠʯʝʩʢʠʤʠ (ʪʦ ʝʩʪʴ 

ʘʣʛʝʙʨʘʠʯʝʩʢʠʤʠ) ʤʝʪʦʜʘʤʠ ʨʝʰʘʪʴ ʛʝʦʤʝʪʨʠʯʝʩʢʠʝ ʟʘʜʘʯʠ. ʕʪʘ ʠʜʝʷ ʟʘʢʣʶʯʘʝʪʩʷ ʚ ʪʦʤ, 

ʯʪʦ ʧʦʣʦʞʝʥʠʝ ʪʦʯʢʠ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʤʦʞʥʦ ʦʧʠʩʘʪʴ ʩ ʧʦʤʦʱʴʶ ʥʘʙʦʨʘ ʠʟ ʪʨʝʭ ʯʠʩʝʣ ï 

ʢʦʦʨʜʠʥʘʪ ʵʪʦʡ ʪʦʯʢʠ. ɹʦʣʝʝ ʧʦʜʨʦʙʥʦ ʤʝʪʦʜʳ ʘʥʘʣʠʪʠʯʝʩʢʦʡ ʛʝʦʤʝʪʨʠʠ ʨʘʩʩʤʦʪʨʝʥʳ ʚ 

Ä Ä 7-9. 

ɺ ʢʘʯʝʩʪʚʝ ʧʨʠʤʝʨʘ ʧʨʠʚʝʜʝʤ ʧʨʦʩʪʝʡʰʫʶ ʛʝʦʤʝʪʨʠʯʝʩʢʫʶ ʟʘʜʘʯʫ, ʬʦʨʤʫʣʠʨʦʚʢʘ 

ʢʦʪʦʨʦʡ ʫʞʝ ʧʨʝʜʧʦʣʘʛʘʝʪ, ʯʪʦ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʠʤʝʝʪʩʷ ʜʝʢʘʨʪʦʚʘ ʩʠʩʪʝʤʘ ʢʦʦʨʜʠʥʘʪ. 

ɻʝʦʤʝʪʨʠʯʝʩʢʘʷ ʟʘʜʘʯʘ 1. ʅʘʡʪʠ ʨʘʩʩʪʦʷʥʠʝ ʤʝʞʜʫ ʜʚʫʤʷ ʪʦʯʢʘʤʠ 

( )1 1 1 1, ,M x y z  ʠ ( )2 2 2 2, ,M x y z . 

ɺ ʵʪʦʡ ʟʘʜʘʯʝ ʧʦʣʦʞʝʥʠʷ ʪʦʯʝʢ 
1M  ʠ 

2M  ʟʘʜʘʥʳ ʠʭ 

ʜʝʢʘʨʪʦʚʳʤʠ ʢʦʦʨʜʠʥʘʪʘʤʠ. ɽʝ ʨʝʰʝʥʠʝ, ʢʘʢ ʠ 

ʨʝʰʝʥʠʷ ʜʨʫʛʠʭ ʟʘʜʘʯ, ʧʨʠʚʝʜʝʥʥʳʭ ʥʠʞʝ, 

ʦʩʥʦʚʳʚʘʝʪʩʷ ʥʘ ʧʨʦʩʪʦʤ ʛʝʦʤʝʪʨʠʯʝʩʢʦʤ ʬʘʢʪʝ. 

ʈʘʩʩʤʦʪʨʠʤ ʧʨʦʩʪʨʘʥʩʪʚʦ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʚʝʢʪʦʨʦʚ, 

ʦʪʢʣʘʜʳʚʘʝʤʳʭ ʦʪ ʮʝʥʪʨʘ O, ʢʦʪʦʨʳʡ ʧʦʤʝʱʝʥ ʚ 

ʥʘʯʘʣʦ ʢʦʦʨʜʠʥʘʪ. ɺʳʙʝʨʝʤ ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʳʡ 

ʙʘʟʠʩ, ʚʝʢʪʦʨʳ ʢʦʪʦʨʦʛʦ ʥʘʧʨʘʚʣʝʥʳ ʚʜʦʣʴ ʦʩʝʡ. ʕʪʦʪ 

ʙʘʟʠʩ ʥʘʟʳʚʘʝʪʩʷ ʜʝʢʘʨʪʦʚʳʤ ʙʘʟʠʩʦʤ. ɼʣʷ ʝʛʦ 

ʚʝʢʪʦʨʦʚ ʫʧʦʪʨʝʙʣʷʶʪʩʷ ʩʧʝʮʠʘʣʴʥʳʝ ʦʙʦʟʥʘʯʝʥʠʷ. 

ɺʝʢʪʦʨ, ʥʘʧʨʘʚʣʝʥʥʳʡ ʚʜʦʣʴ ʦʩʠ X, ʦʙʦʟʥʘʯʘʶʪ ʩʠʤʚʦʣʦʤ i , ʚʜʦʣʴ ʦʩʠ Y  ï j, ʠ ʚʜʦʣʴ 

ʦʩʠ Z  ï k  (ʩʤ. ʨʠʩ. 9). 

ʊʝʦʨʝʤʘ 9 .  ɽʩʣʠ ʪʦʯʢʘ M  ʚ ʜʝʢʘʨʪʦʚʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ ʠʤʝʝʪ ʢʦʦʨʜʠʥʘʪʳ ( ), ,x y z , 

ʪʦ ʫʢʘʟʳʚʘʶʱʠʡ ʥʘ ʥʝʝ ʛʝʦʤʝʪʨʠʯʝʩʢʠʡ ʚʝʢʪʦʨ OM  ʠʤʝʝʪ ʚ ʜʝʢʘʨʪʦʚʦʤ ʙʘʟʠʩʝ ʪʝ ʞʝ 

ʢʦʦʨʜʠʥʘʪʳ ( ), ,x y z . 
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34 Ä 2. ɽʚʢʣʠʜʦʚʳ ʧʨʦʩʪʨʘʥʩʪʚʘ 

 

ƹ ʉʦʛʣʘʩʥʦ ʪʝʦʨʝʤʝ 2 ʢʦʦʨʜʠʥʘʪʫ a ʚʝʢʪʦʨʘ OM , ʩʦʦʪʚʝʪʩʪʚʫʶʱʫʶ ʙʘʟʠʩʥʦʤʫ 

ʚʝʢʪʦʨʫ i , ʤʦʞʥʦ ʚʳʯʠʩʣʠʪʴ ʧʦ ʬʦʨʤʫʣʝ OMa= i. ʇʦʵʪʦʤʫ, ʧʦʣʴʟʫʷʩʴ ʦʧʨʝʜʝʣʝʥʠʝʤ 

ʩʢʘʣʷʨʥʦʛʦ ʧʨʦʠʟʚʝʜʝʥʠʝ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʚʝʢʪʦʨʦʚ, ʥʘʡʜʝʤ: 

 cos cosX XOM OM OMa j j= = =i i ,  

ʛʜʝ OM  ï ʜʣʠʥʘ ʚʝʢʪʦʨʘ OM, ʘ 
Xj  ï ʫʛʦʣ ʤʝʞʜʫ ʚʝʢʪʦʨʦʤ OM  ʠ ʦʩʴʶ X . 

ɼʨʫʛʠʤʠ ʩʣʦʚʘʤʠ, a ï ʜʣʠʥʘ ʦʨʪʦʛʦʥʘʣʴʥʦʡ ʧʨʦʝʢʮʠʠ ʚʝʢʪʦʨʘ OM  ʥʘ ʦʩʴ X  ʠʣʠ, ʯʪʦ 

ʪʦ ʞʝ ʩʘʤʦʝ, ʜʝʢʘʨʪʦʚʘ ʢʦʦʨʜʠʥʘʪʘ x  ʪʦʯʢʠ M . 

ɸʥʘʣʦʛʠʯʥʦ ʧʨʦʚʝʨʷʝʪʩʷ, ʯʪʦ ʦʩʪʘʣʴʥʳʝ ʢʦʦʨʜʠʥʘʪʳ b ʠ g, ʦʪʚʝʯʘʶʱʠʝ ʙʘʟʠʩʥʳʤ 

ʚʝʢʪʦʨʘʤ j  ʠ k, ʩʦʚʧʘʜʘʶʪ ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ ʩ ʜʝʢʘʨʪʦʚʳʤʠ ʢʦʦʨʜʠʥʘʪʘʤʠ y  ʠ z  ʪʦʯʢʠ 

M . Ʒ 

ɿ ʘʤʝʯʘʥʠʝ. ʅʘ ʘʣʛʝʙʨʘʠʯʝʩʢʦʤ ʷʟʳʢʝ ʪʝʦʨʝʤʘ 9 ʦʟʥʘʯʘʝʪ, ʯʪʦ ʦʪʦʙʨʘʞʝʥʠʝ, 

ʩʦʧʦʩʪʘʚʣʷʶʱʝʝ ʛʝʦʤʝʪʨʠʯʝʩʢʦʤʫ ʚʝʢʪʦʨʫ OM  ʢʦʦʨʜʠʥʘʪʳ ʪʦʯʢʠ M, ʷʚʣʷʝʪʩʷ 

ʠʟʦʤʦʨʬʠʟʤʦʤ ʤʝʞʜʫ ʧʨʦʩʪʨʘʥʩʪʚʦʤ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʚʝʢʪʦʨʦʚ ʠ ʜʝʢʘʨʪʦʚʳʤ 

ʧʨʦʩʪʨʘʥʩʪʚʦʤ 
3
. ʕʪʦʪ ʠʟʦʤʦʨʬʠʟʤ ʷʚʣʷʝʪʩʷ ʠʟʦʤʦʨʬʠʟʤʦʤ ʝʚʢʣʠʜʦʚʳʭ ʧʨʦʩʪʨʘʥʩʪʚ, 

ʪʘʢ ʢʘʢ ʧʝʨʝʚʦʜʠʪ ʜʝʢʘʨʪʦʚ ʙʘʟʠʩ ʧʨʦʩʪʨʘʥʩʪʚʘ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʚʝʢʪʦʨʦʚ ʚ ʢʘʥʦʥʠʯʝʩʢʠʡ 

ʙʘʟʠʩ ʧʨʦʩʪʨʘʥʩʪʚʘ 
3
. ʊʦ ʝʩʪʴ ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʳʡ ʙʘʟʠʩ ï ʚ ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʳʡ. 

ʈʝʰʝʥʠʝ ʟʘʜʘʯʠ 1 .  ʈʘʩʩʤʦʪʨʠʤ ʛʝʦʤʝʪʨʠʯʝʩʢʠʡ ʚʝʢʪʦʨ 1 2M M , ʥʘʯʠʥʘʶʱʠʡʩʷ 

ʚ ʪʦʯʢʝ 
1M  ʠ ʟʘʢʘʥʯʠʚʘʶʱʠʡʩʷ ʚ ʪʦʯʢʝ 

2M . ʇʦ ʩʤʳʩʣʫ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʚʝʢʪʦʨʦʚ 

ʨʘʩʩʪʦʷʥʠʝ ʤʝʞʜʫ ʪʦʯʢʘʤʠ ʨʘʚʥʦ ʜʣʠʥʝ ʵʪʦʛʦ ʚʝʢʪʦʨʘ. ʇʦʩʣʝʜʥʶʶ ʤʦʞʥʦ ʥʘʡʪʠ ʧʦ 

ʬʦʨʤʫʣʝ (4):  

 1 2 1 2 1 2M M M M M M= . 

ʏʪʦʙʳ ʚʳʯʠʩʣʠʪʴ ʩʢʘʣʷʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ ʧʦʜ ʟʥʘʢʦʤ ʢʦʨʥʷ, ʧʝʨʝʡʜʝʤ ʢ ʢʦʦʨʜʠʥʘʪʥʦʡ 

ʬʦʨʤʝ ʵʪʦʛʦ ʩʦʦʪʥʦʰʝʥʠʷ. ʇʦ ʪʦʣʴʢʦ ʯʪʦ ʜʦʢʘʟʘʥʥʦʡ ʪʝʦʨʝʤʝ 9 1 1 1 1( , , )OM x y z= , 

2 2 2 2( , , )OM x y z=  ʠ ʪʦʛʜʘ 

 1 2 2 1 2 1 2 1 2 1( , , )M M OM OM x x y y z z= - = - - -. 

ʇʦʵʪʦʤʫ 

 ( ) ( ) ( )
2 2 2

1 2 1 2 1 2 2 1 2 1 2 1M M M M M M x x y y z z= = - + - + -. 

ʍʦʪʷ ʵʪʦʪ ʨʝʟʫʣʴʪʘʪ ʚʨʷʜ ʣʠ ʧʦʢʘʞʝʪʩʷ ʥʝʦʞʠʜʘʥʥʳʤ, ʦʥ ʜʝʤʦʥʩʪʨʠʨʫʝʪ ʩʫʱʥʦʩʪʴ 

ʢʦʦʨʜʠʥʘʪʥʦʛʦ ʤʝʪʦʜʘ, ʩ ʧʦʤʦʱʴʶ ʢʦʪʦʨʦʛʦ ʤʦʞʥʦ ʨʝʰʘʪʴ ʠ ʙʦʣʝʝ ʩʣʦʞʥʳʝ ʟʘʜʘʯʠ. 

ɻʝʦʤʝʪʨʠʯʝʩʢʘʷ ʟʘʜʘʯʘ 2 .  ʅʘʡʪʠ ʚʩʝ ʫʛʣʳ ʪʨʝʫʛʦʣʴʥʠʢʘ ʩ ʚʝʨʰʠʥʘʤʠ 

( )1 1 1 1, ,M x y z , ( )2 2 2 2, ,M x y z  ʠ ( )3 3 3 3, ,M x y z . 

ʈ ʝʰʝʥʠʝ. ʅʘʡʜʝʤ ʪʦʣʴʢʦ ʦʜʠʥ ʫʛʦʣ ʧʨʠ ʚʝʨʰʠʥʝ 
1M . ʆʩʪʘʣʴʥʳʝ ʫʛʣʳ ʥʘʡʜʠʪʝ 

ʩʘʤʦʩʪʦʷʪʝʣʴʥʦ. 

ʈʘʩʩʤʦʪʨʠʤ ʚʝʢʪʦʨʳ ( )1 2 2 1 2 1 2 1, ,M M x x y y z z= - - - ʠ ( )1 3 3 1 3 1 3 1, ,M M x x y y z z= - - -. 

ʋʛʦʣ ʤʝʞʜʫ ʥʠʤʠ ʠ ʝʩʪʴ ʠʩʢʦʤʳʡ ʫʛʦʣ. ʇʦʵʪʦʤʫ ʧʦ ʬʦʨʤʫʣʝ (5): 
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 1 2 1 3

1 2 1 2

arccos
M M M M

M M M M
j= = 

 
( )( )( )( )( )( )

( ) ( ) ( ) ( ) ( ) ( )

2 1 3 1 2 1 3 1 2 1 3 1

2 2 2 2 2 2

2 1 2 1 2 1 3 1 3 1 2 1

arccos
x x x x y y y y z z z z

x x y y z z x x y y z z

- - + - - + - -
=

- + - + - - + - + -

 

ɿ ʘʤʝʯʘʥʠʝ. ʕʪʫ ʬʦʨʤʫʣʫ, ʢʘʢ ʠ ʚʦʦʙʱʝ ʬʦʨʤʫʣʳ ʚ ʢʦʦʨʜʠʥʘʪʥʦʤ ʚʠʜʝ, ʥʠ ʚ ʢʦʝʤ 

ʩʣʫʯʘʝ ʥʝ ʩʣʝʜʫʝʪ ʟʘʧʦʤʠʥʘʪʴ. ʇʨʦʠʟʚʦʜʷ ʢʦʥʢʨʝʪʥʳʝ ʚʳʯʠʩʣʝʥʠʷ, ʥʫʞʥʦ ʧʦʤʥʠʪʴ ʪʦʣʴʢʦ 

ʦʙʱʠʝ ʬʦʨʤʫʣʳ, ʚ ʜʘʥʥʦʤ ʩʣʫʯʘʝ ʬʦʨʤʫʣʫ (5). 

ʇʨʦʘʥʘʣʠʟʠʨʫʝʤ ʨʝʰʝʥʠʝ ʟʘʜʘʯ 1 ʠ 2. ʇʝʨʚʳʤ ʜʝʣʦʤ ʦʥʠ ʙʳʣʠ ʧʝʨʝʬʦʨʤʫʣʠʨʦʚʘʥʳ ʚ 

ʪʝʨʤʠʥʘʭ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʚʝʢʪʦʨʦʚ. ɺ ʟʘʜʘʯʝ 1 ʨʘʩʩʪʦʷʥʠʝ ʤʝʞʜʫ ʟʘʜʘʥʥʳʤʠ ʪʦʯʢʘʤʠ 

ʙʳʣʦ ʟʘʤʝʥʝʥʦ ʜʣʠʥʦʡ ʚʝʢʪʦʨʘ, ʩʦʝʜʠʥʷʶʱʝʛʦ ʵʪʠ ʪʦʯʢʠ. ɺ ʟʘʜʘʯʝ 2 ʫʛʦʣ ʤʝʞʜʫ ʜʚʫʤʷ 

ʩʪʦʨʦʥʘʤʠ ʪʨʝʫʛʦʣʴʥʠʢʘ ʙʳʣ ʟʘʤʝʥʝʥ ʫʛʣʦʤ ʤʝʞʜʫ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʤʠ ʚʝʢʪʦʨʘʤʠ. ɼʘʣʝʝ 

ʤʳ ʧʨʠʤʝʥʠʣʠ ʩʪʘʥʜʘʨʪʥʳʡ ʧʨʠʝʤ ï ʚ ʧʦʣʫʯʝʥʥʳʭ ʩʦʦʪʥʦʰʝʥʠʷʭ ʜʣʷ ʜʣʠʥʳ ʚʝʢʪʦʨʘ ʠ 

ʚʝʣʠʯʠʥʳ ʫʛʣʘ, ʧʝʨʝʰʣʠ ʢ ʢʦʦʨʜʠʥʘʪʥʦʡ ʬʦʨʤʝ. 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ ʛʝʦʤʝʪʨʠʯʝʩʢʠʝ ʚʝʢʪʦʨʳ ʷʚʣʷʶʪʩʷ ʧʦʩʨʝʜʥʠʢʘʤʠ ʤʝʞʜʫ 

ʛʝʦʤʝʪʨʠʯʝʩʢʠʤʠ ʠ ʘʣʛʝʙʨʘʠʯʝʩʢʠʤʠ ʩʦʦʪʥʦʰʝʥʠʷʤʠ. ʍʦʪʷ ʛʝʦʤʝʪʨʠʯʝʩʢʠʝ ʚʝʢʪʦʨʳ ʥʝ 

ʬʠʛʫʨʠʨʫʶʪ ʥʠ ʚ ʧʦʩʪʘʥʦʚʢʝ ʨʘʩʩʤʦʪʨʝʥʥʳʭ ʟʘʜʘʯ, ʥʠ ʚ ʠʭ ʦʪʚʝʪʘʭ, ʦʙʨʘʱʝʥʠʝ ʢ ʥʠʤ 

ʧʦʟʚʦʣʠʣʦ ʥʘʡʪʠ ʨʘʩʩʪʦʷʥʠʝ ʤʝʞʜʫ ʪʦʯʢʘʤʠ ʠ ʚʝʣʠʯʠʥʫ ʫʛʣʘ ʪʨʝʫʛʦʣʴʥʠʢʘ 

ʠʩʢʣʶʯʠʪʝʣʴʥʦ ʩ ʧʦʤʦʱʴʶ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʦʧʝʨʘʮʠʡ ʥʘʜ ʯʠʩʣʘʤʠ. 

ʆʧʠʩʘʥʠʝ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʩʦʦʪʥʦʰʝʥʠʡ ʚ ʪʝʨʤʠʥʘʭ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʚʝʢʪʦʨʦʚ ʠ 

ʧʦʩʣʝʜʫʶʱʠʡ ʧʝʨʝʭʦʜ ʦʪ ʚʝʢʪʦʨʥʳʭ ʩʦʦʪʥʦʰʝʥʠʡ ʢ ʠʭ ʢʦʦʨʜʠʥʘʪʥʦʡ ʬʦʨʤʝ 

ʧʨʝʜʩʪʘʚʣʷʪʁ ʩʦʙʦʡ ʩʫʪʴ ʤʝʪʦʜʘ ʨʝʰʝʥʠʷ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʟʘʜʘʯ ʩ ʧʦʤʦʱʴʶ ʚʝʢʪʦʨʥʦʡ 

ʘʣʛʝʙʨʳ.  

ʆʪʤʝʪʠʤ ʚ ʵʪʦʡ ʩʭʝʤʝ ʨʦʣʴ ʪʝʦʨʝʤʳ 9. ɺʦʦʙʱʝ ʧʝʨʝʭʦʜ ʢ ʢʦʦʨʜʠʥʘʪʥʦʡ ʬʦʨʤʝ ʤʦʞʥʦ 

ʦʩʫʱʝʩʪʚʠʪʴ, ʚʳʙʨʘʚ ʣʶʙʦʡ ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʳʡ ʙʘʟʠʩ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ 

ʚʝʢʪʦʨʦʚ. ʆʜʥʘʢʦ ʧʨʠ ʵʪʦʤ ʚʦʟʥʠʢʘʝʪ ʪʨʫʜʦʝʤʢʘʷ ʟʘʜʘʯʘ ʨʘʟʣʦʞʝʥʠʷ ʟʘʜʘʥʥʦʛʦ 

ʛʝʦʤʝʪʨʠʯʝʩʢʦʛʦ ʚʝʢʪʦʨʘ ʧʦ ʚʳʙʨʘʥʥʦʤʫ ʙʘʟʠʩʫ. ʊʝʦʨʝʤʘ 9 ʧʦʢʘʟʳʚʘʝʪ, ʯʪʦ 

ʠʩʧʦʣʴʟʦʚʘʥʠʝ ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʦʛʦ ʙʘʟʠʩʘ, ʩʦʛʣʘʩʦʚʘʥʥʦʛʦ ʩ ʜʝʢʘʨʪʦʚʦʡ ʩʠʩʪʝʤʦʡ 

ʢʦʦʨʜʠʥʘʪ, ʜʝʣʘʝʪ ʵʪʫ ʟʘʜʘʯʫ ʘʙʩʦʣʶʪʥʦ ʧʨʦʩʪʦʡ. ʅʠʯʝʛʦ ʚʳʯʠʩʣʷʪʴ ʥʝ ʥʫʞʥʦ ï 

ʢʦʦʨʜʠʥʘʪʳ ʣʶʙʦʛʦ ʚʝʢʪʦʨʘ OM  ʚ ʵʪʦʤ ʙʘʟʠʩʝ ʩʦʚʧʘʜʘʶʪ ʩ ʢʦʦʨʜʠʥʘʪʘʤʠ ʪʦʯʢʠ M . 

ʈʘʩʩʤʦʪʨʠʤ ʝʱʝ ʜʚʝ ʧʨʦʩʪʳʭ ʟʘʜʘʯʠ, ʨʝʰʝʥʠʝ ʢʦʪʦʨʳʭ ʦʩʥʦʚʘʥʦ ʥʘ ʧʨʠʤʝʥʝʥʠʠ 

ʤʝʪʦʜʦʚ ʚʝʢʪʦʨʥʦʡ ʘʣʛʝʙʨʳ. 

ɻʝʦʤʝʪʨʠʯʝʩʢʘʷ ʟʘʜʘʯʘ 3 .  ʅʘʡʪʠ ʨʘʩʩʪʦʷʥʠʝ d ʤʝʞʜʫ ʪʦʯʢʦʡ ( )3 1,2,3M  ʠ 

ʧʨʷʤʦʡ, ʧʨʦʭʦʜʷʱʝʡ ʯʝʨʝʟ ʪʦʯʢʠ ( )1 2,1,3M  ʠ ( )2 3,1,2M . 

ʈ ʝʰʝʥʠʝ. ʏʪʦʙʳ ʚʦʩʧʦʣʴʟʦʚʘʪʴʩʷ ʪʝʦʨʝʤʦʡ 8, ʨʘʩʩʤʦʪʨʠʤ ʥʘʧʨʘʚʣʝʥʥʳʡ ʚʜʦʣʴ 

ʧʨʷʤʦʡ 
1 2M M  ʝʜʠʥʠʯʥʳʡ ʚʝʢʪʦʨ 

 
( )

( )
( )1 2

22 2
1 2

1,0, 1 1
1,0, 1

21 0 1

M M

M M

-
= = = -

+ + -
1

e , 

ʠ ʚʝʢʪʦʨ  

 ( )1 3 1,1,0M M= = -x . 



36 Ä 2. ɽʚʢʣʠʜʦʚʳ ʧʨʦʩʪʨʘʥʩʪʚʘ 

 

ʊʦʛʜʘ ʧʨʦʝʢʮʠʷ 
0x  ʚʝʢʪʦʨʘ x  ʥʘ ʧʨʷʤʫʶ 

1 2M M , ʪʦ ʝʩʪʴ ʥʘ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦ ʩ 

ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʳʤ ʙʘʟʠʩʦʤ{}1e , ʧʦ ʬʦʨʤʫʣʝ (8) ʨʘʚʥʘ: 

 ( ) ( ) ( )( ) ( ) ( )0

1 1 1
1 1 1 0 0 1 1,0, 1 1,0,1

22 2

å õ
= = - Ö + Ö + Ö - - = -æ ö

ç ÷
1 1x xe e . 

ʆʨʪʦʛʦʥʘʣʴʥʘʷ ʩʦʩʪʘʚʣʷʶʱʘʷ ʚʝʢʪʦʨʘx  ʨʘʚʥʘ:  

 0

1 1 1 1
( 1 ,1 0,0 ) ,1,

2 2 2 2

å õ
= - = - + - + = -æ ö

ç ÷
h x x . 

ʅʘʢʦʥʝʮ, ʠʩʢʦʤʦʝ ʨʘʩʩʪʦʷʥʠʝ d ʩʦʚʧʘʜʘʝʪ ʩ ʜʣʠʥʦʡ ʚʝʢʪʦʨʘ h . ʊʦ ʝʩʪʴ 

 

2 2

21 1 3
1

2 2 2
d

å õ å õ
= = - + + =æ ö æ ö

ç ÷ ç ÷
h . 

ɿ ʘʜʘʥʠʝ. ʅʘʡʜʠʪʝ ʨʘʩʩʪʦʷʥʠʝ ʦʪ ʪʦʯʢʠ ( )4 1,2,3M  ʜʦ ʧʣʦʩʢʦʩʪʠ, ʚ ʢʦʪʦʨʦʡ ʣʝʞʘʪ 

ʪʦʯʢʠ ( )1 2,3,1M , ( )2 3,1,2M  ʠ ( )3 0,0,0M . 

ɻ ʝʦʤʝʪʨʠʯʝʩʢʘʷ ʟʘʜʘʯʘ 4 .  ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʧʘʨʘʣʣʝʣʦʛʨʘʤʤʘ, ʠʤʝʶʱʝʛʦ 

ʚʝʨʰʠʥʳ ʚ ʪʦʯʢʘʭ ( )0,0O , ( )1 1 1,M x y  ʠ ( )2 2 2,M x y . ʀʥʘʯʝ ʛʦʚʦʨʷ, ï ʧʘʨʘʣʣʝʣʦʛʨʘʤʤʘ, 

ʧʦʩʪʨʦʝʥʥʦʛʦ ʥʘ ʚʝʢʪʦʨʘʭ ( )1 1 1,x y=f  ʠ ( )2 2 2,x y=f  ʢʘʢ ʥʘ ʩʪʦʨʦʥʘʭ. 

ʈʝʰʝʥʠʝ. ɺʳʙʝʨʝʤ ʚ ʢʘʯʝʩʪʚʝ ʦʩʥʦʚʘʥʠʷ ʧʘʨʘʣʣʝʣʦʛʨʘʤʤʘ ʚʝʢʪʦʨ 
2f . ʊʦʛʜʘ 

ʚʳʩʦʪʦʡ ʩʣʫʞʠʪ ʦʨʪʦʛʦʥʘʣʴʥʘʷ ʢ 
2f  ʩʦʩʪʘʚʣʷʶʱʘʷ ʚʝʢʪʦʨʘ 

1f , ʪʦ ʝʩʪʴ ʚʝʢʪʦʨ 

2 2
1 1

2 2

å õ
= -æ öæ ö

ç ÷

f f
h f f

f f
. ʇʣʦʱʘʜʴ ʧʘʨʘʣʣʝʣʦʛʨʘʤʤʘ S ʨʘʚʥʘ ʧʨʦʠʟʚʝʜʝʥʠʶ ʜʣʠʥ ʵʪʠʭ ʚʝʢʪʦʨʦʚ. 

ʇʦʵʪʦʤʫ ʥʘʡʜʝʤ ʩʥʘʯʘʣʘ ʜʣʠʥʫ ʚʝʢʪʦʨʘ h : 

 

2 2 2 2

2 2 22 2 2 2 2
1 1 1 1 1 1 1

2 2 2 2 2

2
å õå õ å õ å õ å õ

= = - = - + = -æ öæ ö æ ö æ ö æ öæ ö æ ö æ ö æ öæ ö
ç ÷ ç ÷ ç ÷ ç ÷ç ÷

f f f f f
h hh f f f f f f f

f f f f f
. 

ʊʝʧʝʨʴ 

 ( )

2

2 2 2 2 2 2 22 2
2 1 1 2 1 2 1 2

2

S
å õå õ
æ ö= = - = -æ öæ öæ öç ÷ç ÷

f
h f f f f f f f f

f
. 

ʇʦʩʣʝ ʪʦʛʦ, ʢʘʢ ʚʳʨʘʞʝʥʠʝ ʜʣʷ 
2S  ʥʘʡʜʝʥʦ ʚ ʥʘʠʙʦʣʝʝ ʧʨʦʩʪʦʤ ʚʝʢʪʦʨʥʦʤ ʚʠʜʝ, 

ʧʝʨʝʡʜʝʤ ʢ ʢʦʦʨʜʠʥʘʪʥʦʡ ʬʦʨʤʝ: ( )( )( )
22 2 2 2 2

1 1 2 2 1 2 1 2S x y x y x x y y= + + - + . ʈʘʩʢʨʳʚʘʷ ʩʢʦʙʢʠ 

ʠ ʧʨʠʚʦʜʷ ʧʦʜʦʙʥʳʝ ʯʣʝʥʳ, ʧʦʣʫʯʠʤ, ʯʪʦ ( )
22

1 2 2 1S x y x y= - , ʠʣʠ  

 1 2 2 1S x y x y= - . 

ɿ ʘʤʝʯʘʥʠʝ. ʌʦʨʤʫʣʘ ʜʣʷ ʦʙʲʝʤʘ ʧʘʨʘʣʣʝʣʝʧʠʧʝʜʘ, ʧʦʩʪʨʦʝʥʥʦʛʦ ʥʘ ʪʨʝʭ ʟʘʜʘʥʥʳʭ 

ʚʝʢʪʦʨʘʭ ʢʘʢ ʥʘ ʨʝʙʨʘʭ, ʪʘʢʞʝ, ʢʘʢ ʠ ʝʝ ʚʳʚʦʜ ʫʢʘʟʘʥʥʳʤ ʚʳʰʝ ʩʧʦʩʦʙʦʤ, ʷʚʣʷʶʪʩʷ 

ʟʥʘʯʠʪʝʣʴʥʦ ʙʦʣʝʝ ʛʨʦʤʦʟʜʢʠʤʠ. ɺ Ä 4 ʬʦʨʤʫʣʘ ʜʣʷ ʦʙʲʝʤʘ ʧʘʨʘʣʣʝʣʝʧʠʧʝʜʘ ʙʫʜʝʪ 

ʧʦʣʫʯʝʥʘ ʩ ʧʦʤʦʱʴʶ ʫʥʠʚʝʨʩʘʣʴʥʦʛʦ ʤʝʪʦʜʘ, ʧʦʟʚʦʣʷʶʱʝʛʦ ʚʳʯʠʩʣʷʪʴ ʦʙʲʝʤʳ ʜʘʞʝ ʚ 

ʤʥʦʛʦʤʝʨʥʳʭ ʧʨʦʩʪʨʘʥʩʪʚʘʭ. 



37 Ä 2. ɽʚʢʣʠʜʦʚʳ ʧʨʦʩʪʨʘʥʩʪʚʘ 

 

ʈʘʩʩʤʦʪʨʝʥʥʳʝ ʟʜʝʩʴ ʧʨʦʩʪʳʝ ʛʝʦʤʝʪʨʠʯʝʩʢʠʝ ʟʘʜʘʯʠ ʤʦʞʥʦ ʨʝʰʠʪʴ ʠ ʛʝʦʤʝʪʨʠʯʝʩʢʠʤʠ 

ʤʝʪʦʜʘʤʠ, ʥʦ ʚʝʢʪʦʨʥʘʷ ʘʣʛʝʙʨʘ ʧʦʟʚʦʣʷʝʪ ʵʪʦ ʩʜʝʣʘʪʴ ʙʳʩʪʨʝʝ ʠ, ʛʣʘʚʥʦʝ, ʚ 

ʧʨʦʩʪʨʘʥʩʪʚʘʭ ʣʶʙʦʡ ʨʘʟʤʝʨʥʦʩʪʠ. 

ɹʦʣʝʝ ʩʣʦʞʥʳʝ ʛʝʦʤʝʪʨʠʯʝʩʢʠʝ ʟʘʜʘʯʠ ʙʫʜʫʪ ʨʝʰʝʥʳ ʚ ʜʘʣʴʥʝʡʰʝʤ ʚ Ä Ä 7-9. 
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Ä 3. ʃʠʥʝʡʥʳʝ ʦʪʦʙʨʘʞʝʥʠ ̫

ʃʠʥʝʡʥʳʝ ʦʪʦʙʨʘʞʝʥʠʷ ʷʚʣʷʶʪʩʷ ʩʘʤʳʤ ʧʨʦʩʪʳʤ ʢʣʘʩʩʦʤ ʦʪʦʙʨʘʞʝʥʠʡ ʠ ʧʦʪʦʤʫ ʦʯʝʥʴ 

ʰʠʨʦʢʦ ʠʩʧʦʣʴʟʫʶʪʩʷ ʚʦ ʚʩʝʭ ʦʙʣʘʩʪʷʭ ʤʘʪʝʤʘʪʠʢʠ. 

1. ʆʩʥʦʚʥʳʝ ʦʧʨʝʜʝʣʝʥʠʷ 

ʆʪʦʙʨʘʞʝʥʠʝ ï ʩʠʥʦʥʠʤ ʩʣʦʚʘ ʬʫʥʢʮʠʷ ï ʫʧʦʪʨʝʙʣʷʝʪʩʷ ʚ ʩʣʫʯʘʷʭ, ʢʦʛʜʘ ʦʙʣʘʩʪʠ 

ʦʧʨʝʜʝʣʝʥʠʷ ʠ ʟʥʘʯʝʥʠʷ ʷʚʣʷʶʪʩʷ ʙʦʣʝʝ ʦʙʱʠʤʠ ʩʪʨʫʢʪʫʨʘʤʠ, ʯʝʤ ʯʠʩʣʦʚʘʷ ʦʩʴ. 

ʆʪʦʙʨʘʞʝʥʠʝ ʦʟʥʘʯʘʝʪ ʟʘʢʦʥ ʠʣʠ ʧʨʘʚʠʣʦ, ʧʦ ʢʦʪʦʨʦʤʫ ʢʘʞʜʦʡ ʪʦʯʢʝ ʦʜʥʦʛʦ ʤʥʦʞʝʩʪʚʘ 

ʩʦʧʦʩʪʘʚʣʷʝʪʩʷ ʪʦʯʢʘ ʜʨʫʛʦʛʦ ʤʥʦʞʝʩʪʚʘ. ɺ ʥʘʰʝʤ ʩʣʫʯʘʝ ʨʘʩʩʤʘʪʨʠʚʘʶʪʩʷ ʦʪʦʙʨʘʞʝʥʠʷ 

ʦʜʥʦʛʦ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ V  ʚ ʜʨʫʛʦʝ ʚʝʢʪʦʨʥʦʝ ʧʨʦʩʪʨʘʥʩʪʚʦ W. ʊʦʪ ʬʘʢʪ, ʯʪʦ A 

ʷʚʣʷʝʪʩʷ ʪʘʢʠʤ ʦʪʦʙʨʘʞʝʥʠʝ, ʦʙʦʟʥʘʯʘʶʪ ʪʘʢ: :A V W­ . 

ʆ ʧʨʝʜʝʣʝʥʠʝ 1 .  ʆʪʦʙʨʘʞʝʥʠʝ :A V W­  ʦʜʥʦʛʦ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ ʚ 

ʜʨʫʛʦʝ ʥʘʟʳʚʘʝʪʩʷ ʣʠʥʝʡʥʳʤ, ʝʩʣʠ ʚʳʧʦʣʥʝʥʳ ʩʣʝʜʫʶʱʠʝ ʫʩʣʦʚʠʷ: 

1. ( ) ( ) ( )1 2 1 2A A A+ = +x x x x   ʜʣʷ ʣʶʙʳʭ ʚʝʢʪʦʨʦʚ 
1x  ʠ 

2x  ʧʨʦʩʪʨʘʥʩʪʚʘ V ; 

2. ( ) ()A Al l=x x   ʜʣʷ ʣʶʙʦʛʦ ʚʝʢʪʦʨʘ x  ʧʨʦʩʪʨʘʥʩʪʚʘ V  ʠ ʣʶʙʦʛʦ ʯʠʩʣʘ l; 

ʏʪʦʙʳ ʧʦʜʯʝʨʢʥʫʪʴ, ʯʪʦ ʦʪʦʙʨʘʞʝʥʠʝ ʣʠʥʝʡʥʦʝ, ʚʤʝʩʪʦ ()A x  ʧʠʰʫʪ Ax . 

ɿ ʘʜʘʥʠʝ. ʇʦʢʘʞʠʪʝ, ʯʪʦ A =0 0. 

ʇ ʨʠʤʝʨ r 1 .  

1. ɺ ʧʨʦʩʪʨʘʥʩʪʚʝ V  ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʚʝʢʪʦʨʦʚ ʨʘʩʩʤʦʪʨʠʤ ʦʪʦʙʨʘʞʝʥʠʝ :A V Vj ­ , 

ʩʦʩʪʦʷʱʝʝ ʚ ʧʦʚʦʨʦʪʝ ʢʘʞʜʦʛʦ ʚʝʢʪʦʨʘ ʚʦʢʨʫʛ ʥʝʢʦʪʦʨʦʡ ʦʩʠ, ʧʨʦʭʦʜʷʱʝʡ ʯʝʨʝʟ ʮʝʥʪʨ 

O, ʥʘ ʫʛʦʣ j. 

2. ʈʘʩʩʤʦʪʨʠʤ ʦʪʦʙʨʘʞʝʥʠʝ : nAS ­ , ʩʦʧʦʩʪʘʚʣʷʶʱʝʝ ʪʦʯʢʝ ( )1 2, ,..., na a a=x  

ʧʨʦʩʪʨʘʥʩʪʚʘ 
n
 ʪʦʯʢʫ ( )1 2 ... na a a= + + +y  ʧʨʦʩʪʨʘʥʩʪʚʘ . 

3. ʇʫʩʪʴ 
nP  ʠ 

1nP+  ï ʧʨʦʩʪʨʘʥʩʪʚʘ ʤʥʦʛʦʯʣʝʥʦʚ ʩʪʝʧʝʥʠ ʥʝ ʚʳʰʝ n  ʠ 1n+  

ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ. ʈʘʩʩʤʦʪʨʠʤ ʦʪʦʙʨʘʞʝʥʠʝ 
1:x n nA P P+­ , ʩʦʩʪʦʷʱʝʝ ʚ ʫʤʥʦʞʝʥʠʠ 

ʢʘʞʜʦʛʦ ʤʥʦʛʦʯʣʝʥʘ ʠʟ ʧʨʦʩʪʨʘʥʩʪʚʘ 
nP  ʥʘ ʥʝʟʘʚʠʩʠʤʫʶ ʧʝʨʝʤʝʥʥʫʁ  x . 

4. ɺ ʧʨʦʠʟʚʦʣʴʥʦʤ ʚʝʢʪʦʨʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ V, ʠʤʝʶʱʝʤ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦ U , 

ʨʘʩʩʤʦʪʨʠʤ ʦʪʦʙʨʘʞʝʥʠʝ :P V U­ , ʢʦʪʦʨʦʝ ʩʦʧʦʩʪʘʚʣʷʝʪ ʢʘʞʜʦʤʫ ʚʝʢʪʦʨʫ ʝʛʦ 

ʦʨʪʦʛʦʥʘʣʴʥʫʶ ʧʨʦʝʢʮʠʶ ʥʘ U . ʊʘʢʦʝ ʧʨʝʦʙʨʘʟʦʚʘʥʠʝ P  ʥʘʟʳʚʘʝʪʩʷ ʦʨʪʦʛʦʥʘʣʴʥʦ 

ʧʨʦʝʢʪʠʨʫʶʱʠʤ ʧʨʝʦʙʨʘʟʦʚʘʥʠʝʤ (ʠʣʠ, ʢʨʘʪʢʦ, ʦʨʪʦʧʨʦʝʢʪʦʨʦʤ). 

5. ʀʟʦʤʦʨʬʠʟʤ ʚʝʢʪʦʨʥʳʭ ʧʨʦʩʪʨʘʥʩʪʚ :I V W­ (ʩʤ. Ä 1 ʦʧʨʝʜʝʣʝʥʠʝ 5). 

ɿʘʜʘʥʠʝ 1 .  ʇʨʦʚʝʨʴʪʝ, ʯʪʦ ʚʩʝ ʵʪʠ ʦʪʦʙʨʘʞʝʥʠʷ ʣʠʥʝʡʥʳ. (ʇʦʜʩʢʘʟʢʘ ʜʣʷ ʧʨʠʤʝʨʘ 5: 

ʚʝʨʥʠʪʝʩʴ ʢ ʪʝʦʨʝʤʝ 3 Ä 1.) 

ʆʧʨʝʜʝʣʝʥʠʝ 2 .  ʄʥʦʞʝʩʪʚʦ ʟʥʘʯʝʥʠʡ ʦʪʦʙʨʘʞʝʥʠʷ :A V W­ , ʪʦ ʝʩʪʴ ʤʥʦʞʝʩʪʚʦ 

ʚʩʝʭ ʚʝʢʪʦʨʦʚ y, ʪʘʢʠʭ ʯʪʦ A=y x  ʜʣʷ ʥʝʢʦʪʦʨʦʛʦ ʚʝʢʪʦʨʘ x  ʠʟ V, ʥʘʟʳʚʘʝʪʩʷ ʦʙʨʘʟʦʤ 

ʵʪʦʛʦ ʦʪʦʙʨʘʞʝʥʠʷ ʠ ʦʙʦʟʥʘʯʘʝʪʩʷ ʯʝʨʝʟ ImA. 



39 Ä 3. ʃʠʥʝʡʥʳʝ ʦʪʦʙʨʘʞʝʥʠʷ 

 

ʄʥʦʞʝʩʪʚʦ ʚʝʢʪʦʨʦʚ x, ʪʘʢʠʭ ʯʪʦ A =x 0, ʥʘʟʳʚʘʝʪʩʷ ʷʜʨʦʤ ʦʪʦʙʨʘʞʝʥʠʷ A ʠ 

ʦʙʦʟʥʘʯʘʝʪʩʷ ʯʝʨʝʟ Ker A. 

ɿ ʘʜʘʥʠʝ 2. ʇʦʢʘʞʠʪʝ, ʯʪʦ Ker A ʠ ImA ï ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ ʚʝʢʪʦʨʥʳʭ ʧʨʦʩʪʨʘʥʩʪʚ 

V  ʠ W  ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ. ʅʘʡʜʠʪʝ ʵʪʠ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ ʜʣʷ ʦʪʦʙʨʘʞʝʥʠʡ ʠʟ ʧʨʠʤʝʨʦʚ 1 ï 4. 

ʉʣʝʜʫʶʱʘʷ ʧʨʦʩʪʘʷ ʪʝʦʨʝʤʘ ʠʤʝʝʪ ʦʛʨʦʤʥʦʝ ʯʠʩʣʦ ʧʨʠʣʦʞʝʥʠʡ ʠ ʧʦʢʘʟʳʚʘʝʪ ʥʘʩʢʦʣʴʢʦ 

ʣʠʥʝʡʥʳʝ ʦʪʦʙʨʘʞʝʥʠʷ ʧʨʦʱʝ ʚʩʝʭ ʦʩʪʘʣʴʥʳʭ. 

ʊʝʦʨʝʤʘ 1 .  ɽʩʣʠ 
0x  ï ʨʝʰʝʥʠʝ ʫʨʘʚʥʝʥʠʷ A =x y, ʪʦ ʣʶʙʦʝ ʜʨʫʛʦʝ ʨʝʰʝʥʠʝ ʵʪʦʛʦ 

ʫʨʘʚʥʝʥʠʷ ʠʤʝʝʪ ʚʠʜ 
0= +x x z, ʛʜʝ z  ï ʚʝʢʪʦʨ, ʧʨʠʥʘʜʣʝʞʘʱʠʡ ʷʜʨʫ ʦʪʦʙʨʘʞʝʥʠʷ A. ɹʦʣʝʝ 

ʪʦʛʦ, ʣʶʙʦʡ ʚʝʢʪʦʨ ʪʘʢʦʛʦ ʚʠʜʘ ʷʚʣʷʝʪʩʷ ʨʝʰʝʥʠʝʤ ʫʨʘʚʥʝʥʠʷ A =x y . 

ƹ ɽʩʣʠ x  ï ʨʝʰʝʥʠʝ, ʪʦ ( )0 0A A A A= - = - = - =z x x x x y y 0, ʠ ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʚʝʢʪʦʨ z  

ʧʨʠʥʘʜʣʝʞʠʪ ʷʜʨʫ. ʅʘʦʙʦʨʦʪ, ʝʩʣʠ ʚʝʢʪʦʨ ʠʤʝʝʪ ʚʠʜ 
0= +x x z, ʛʜʝ z  ʧʨʠʥʘʜʣʝʞʠʪ ʷʜʨʫ, ʪʦ 

( )0 0A A A A= + = + = + =x x z x z y 0 y. ˅  

ʊ ʝʦʨʝʤʘ 2. ʋʨʘʚʥʝʥʠʝ A =x y  ʠʤʝʝʪ ʨʝʰʝʥʠʝ ʚ ʪʦʤ ʠ ʪʦʣʴʢʦ ʚ ʪʦʤ ʩʣʫʯʘʝ, ʝʩʣʠ 

ʚʝʢʪʦʨ y  ʣʝʞʠʪ ʚ ʦʙʨʘʟʝ ʦʪʦʙʨʘʞʝʥʠʷ A. ʕʪʦ ʨʝʰʝʥʠʝ ʝʜʠʥʩʪʚʝʥʥʦ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, 

ʢʦʛʜʘ ʷʜʨʦ ʩʦʜʝʨʞʠʪ ʪʦʣʴʢʦ ʥʫʣʴ: {}Ker A=0 . 

ˇ ʇʝʨʚʦʝ ʫʪʚʝʨʞʜʝʥʠʝ ʩʦʚʧʘʜʘʝʪ ʩ ʦʧʨʝʜʝʣʝʥʠʝʤ ʦʙʨʘʟʘ ʦʪʦʙʨʘʞʝʥʠʷ A, ʚʪʦʨʦʝ ʩʣʝʜʫʝʪ 

ʠʟ ʪʝʦʨʝʤʳ 1. ˅ 

ʆ ʧʨʝʜʝʣʝʥʠʝ 3 .ʆʪʦʙʨʘʞʝʥʠʝ :A V W­  (ʥʝ ʦʙʷʟʘʪʝʣʴʥʦ ʣʠʥʝʡʥʦʝ) ʥʘʟʳʚʘʝʪʩʷ 

ʚʟʘʠʤʥʦ ʦʜʥʦʟʥʘʯʥʳʤ, ʝʩʣʠ ʜʣʷ ʢʘʞʜʦʛʦ ʚʝʢʪʦʨʘ y  ʠʟ W  ʥʘʡʜʝʪʩʷ ʦʜʠʥ ʠ ʪʦʣʴʢʦ ʦʜʠʥ 

ʚʝʢʪʦʨ x  ʠʟ V, ʪʘʢʦʡ ʯʪʦ A =x y. ɼʨʫʛʠʤʠ ʩʣʦʚʘʤʠ, ʦʪʦʙʨʘʞʝʥʠʝ A ʚʟʘʠʤʥʦ ʦʜʥʦʟʥʘʯʥʦ, 

ʝʩʣʠ ʫʨʘʚʥʝʥʠʝ A =x y  ʧʨʠ ʣʶʙʦʤ y  ʠʤʝʝʪ ʝʜʠʥʩʪʚʝʥʥʦʝ ʨʝʰʝʥʠʝ. 

ʀʟ ʪʝʦʨʝʤʳ 2 ʩʨʘʟʫ ʞʝ ʚʳʪʝʢʘʝʪ ʩʣʝʜʫʶʱʠʡ ʧʨʠʟʥʘʢ ʚʟʘʠʤʥʦʡ ʦʜʥʦʟʥʘʯʥʦʩʪʠ, 

ʩʬʦʨʤʫʣʠʨʦʚʘʥʥʳʡ ʚ ʪʝʨʤʠʥʘʭ ʷʜʨʘ ʠ ʦʙʨʘʟʘ ʦʪʦʙʨʘʞʝʥʠʷ. 

ʊʝʦʨʝʤʘ 3 .  ʃʠʥʝʡʥʦʝ ʦʪʦʙʨʘʞʝʥʠʝ :A V W­  ʷʚʣʷʝʪʩʷ ʚʟʘʠʤʥʦ ʦʜʥʦʟʥʘʯʥʳʤ ʚ ʪʦʤ ʠ 

ʪʦʣʴʢʦ ʚ ʪʦʤ ʩʣʫʯʘʝ, ʝʩʣʠ ʚʳʧʦʣʥʷʶʪʩʷ ʜʚʘ ʫʩʣʦʚʠʷ: 

1. Im A W= ; 

2. {}Ker A=0 . 

ɿ ʘʜʘʥʠʝ. ʉ ʧʦʤʦʱʴʶ ʪʝʦʨʝʤʳ 3 ʦʧʨʝʜʝʣʠʪʝ, ʢʘʢʠʝ ʦʪʦʙʨʘʞʝʥʠʷ ʠʟ ʧʨʠʤʝʨʦʚ 1ï5 

ʷʚʣʷʶʪʩʷ ʚʟʘʠʤʥʦ ʦʜʥʦʟʥʘʯʥʳʤʠ. (ʆʪʚʝʪ: ʚ ʧʨʠʤʝʨʘʭ 1 ʠ 5.) 

ʉʬʦʨʤʫʣʠʨʫʝʤ ʜʦʢʘʟʘʥʥʳʝ ʫʪʚʝʨʞʜʝʥʠʷ ʚ ʪʝʨʤʠʥʘʭ ʙʘʟʠʩʘ ʧʨʦʩʪʨʘʥʩʪʚʘ V . 

ʇʨʝʜʚʘʨʠʪʝʣʴʥʦ ʜʦʢʘʞʝʤ ʚʩʧʦʤʦʛʘʪʝʣʴʥʳʝ ʫʪʚʝʨʞʜʝʥʠʷ, ʧʝʨʚʦʝ ʠʟ ʢʦʪʦʨʳʭ ʫʩʪʘʥʘʚʣʠʚʘʝʪ 

ʧʨʦʩʪʦʡ, ʥʦ ʦʯʝʥʴ ʚʘʞʥʳʡ ʬʘʢʪ ï ʣʠʥʝʡʥʳʝ ʦʪʦʙʨʘʞʝʥʠʷ ʧʦʣʥʦʩʪʴʶ ʦʧʨʝʜʝʣʷʶʪʩʷ ʩʚʦʠʤʠ 

ʟʥʘʯʝʥʠʷʤʠ ʥʘ ʚʝʢʪʦʨʘʭ ʢʘʢʦʛʦ-ʣʠʙʦ ʙʘʟʠʩʘ. 

ʇʫʩʪʴ { }1 2, ,..., nE=e e e  ï ʙʘʟʠʩ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ V, ʠ :A V W­  ï ʣʠʥʝʡʥʦʝ 

ʦʪʦʙʨʘʞʝʥʠʝ. ʈʘʩʩʤʦʪʨʠʤ ʩʠʩʪʝʤʫ ʚʝʢʪʦʨʦʚ { }1 2, ,..., nAE A A A= e e e , ʥʘʟʳʚʘʝʤʫʶ ʦʙʨʘʟʦʤ 

ʙʘʟʠʩʘ E  ʧʨʠ ʦʪʦʙʨʘʞʝʥʠʠ A. 



40 Ä 3. ʃʠʥʝʡʥʳʝ ʦʪʦʙʨʘʞʝʥʠʷ 

 

ʃʝʤʤʘ 1 .ʆʙʨʘʟ AE ʙʘʟʠʩʘ E  ʧʨʠ ʦʪʦʙʨʘʞʝʥʠʠ A ʦʜʥʦʟʥʘʯʥʳʤ ʦʙʨʘʟʦʤ ʟʘʜʘʝʪ 

ʣʠʥʝʡʥʦʝ ʦʪʦʙʨʘʞʝʥʠʝ A. 

ƹɼʣʷ ʣʶʙʦʛʦ ʚʝʢʪʦʨʘ 
1 1 2 2 ... n na a a= + + +x e e e  ʧʨʦʩʪʨʘʥʩʪʚʘ V  ʚ ʩʠʣʫ ʣʠʥʝʡʥʦʩʪʠ 

ʦʪʦʙʨʘʞʝʥʠʷ A ʚʳʧʦʣʥʝʥʦ 

 ( )1 1 2 2 1 1 2 2... ...n n n nA A A A Aa a a a a a= + + + = + + +x e e e e e e. (9) 

ʇʦʵʪʦʤʫ ʯʪʦʙʳ ʥʘʡʪʠ Ax  ʧʦ ʟʘʜʘʥʥʦʤʫ x, ʜʦʩʪʘʪʦʯʥʦ ʟʥʘʪʴ ʚʝʢʪʦʨʘ 
1 2, ,..., nA A Ae e e . 

ʅʘʦʙʦʨʦʪ, ʝʩʣʠ AE ʧʨʦʠʟʚʦʣʴʥʘʷ ʩʠʩʪʝʤʘ n  ʚʝʢʪʦʨʦʚ ʠʟ ʧʨʦʩʪʨʘʥʩʪʚʘ W, ʪʦ ʦʪʦʙʨʘʞʝʥʠʝ 

A, ʦʧʨʝʜʝʣʝʥʥʦʝ ʬʦʨʤʫʣʦʡ (9), ʷʚʣʷʝʪʩʷ ʣʠʥʝʡʥʳʤ. Ʒ 

ʃ ʝʤʤʘ 2 .ʉʧʨʘʚʝʜʣʠʚʳ ʩʣʝʜʫʶʱʠʝ ʫʪʚʝʨʞʜʝʥʠʷ: 

1. ʃʠʥʝʡʥʘʷ ʦʙʦʣʦʯʢʘ ( )L AE  ʦʙʨʘʟʘ ʙʘʟʠʩʘ AE ʩʦʚʧʘʜʘʝʪ ʩ ʦʙʨʘʟʦʤ ʦʪʦʙʨʘʞʝʥʠʷ A. 

2. ʉʠʩʪʝʤʘ ʚʝʢʪʦʨʦʚ AE ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʘ ʚ ʪʦʤ ʠ ʪʦʣʴʢʦ ʚ ʪʦʤ ʩʣʫʯʘʝ, ʝʩʣʠ 

{}Ker A=0 . 

ˇ ɼ ʦʢʘʞʝʤ ʧʝʨʚʦʝ ʫʪʚʝʨʞʜʝʥʠʝ. ʀʟ ʩʦʦʪʥʦʰʝʥʠʷ (9) ʩʣʝʜʫʝʪ, ʯʪʦ ʢʘʞʜʳʡ 

ʚʝʢʪʦʨ ʚʠʜʘ Ax  ʧʨʝʜʩʪʘʚʠʤ ʚ ʚʠʜʝ ʣʠʥʝʡʥʦʡ ʢʦʤʙʠʥʘʮʠʠ ʚʝʢʪʦʨʦʚ ʠʟ ʩʠʩʪʝʤʳ AE. ʀ 

ʥʘʦʙʦʨʦʪ, ʣʶʙʘʷ ʣʠʥʝʡʥʘʷ ʢʦʤʙʠʥʘʮʠʷ ʚʝʢʪʦʨʦʚ ʠʟ AE ʠʤʝʝʪ ʚʠʜ Ax, ʛʜʝ x  ï ʚʝʢʪʦʨ ʩ 

ʢʦʦʨʜʠʥʘʪʘʤʠ, ʨʘʚʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤ ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʡ ʣʠʥʝʡʥʦʡ ʢʦʤʙʠʥʘʮʠʠ. ʕʪʦ ʠ 

ʦʟʥʘʯʘʝʪ, ʯʪʦ ( ) ImL AE A= . 

ɼ ʦʢʘʞʝʤ ʚʪʦʨʦʝ ʫʪʚʝʨʞʜʝʥʠʝ. ɼʣʷ ʜʦʢʘʟʘʪʝʣʴʩʪʚʘ ʣʠʥʝʡʥʦʡ ʥʝʟʘʚʠʩʠʤʦʩʪʠ 

ʩʠʩʪʝʤʳ ʚʝʢʪʦʨʦʚ AE ʚʦʩʧʦʣʴʟʫʝʤʩʷ ʣʝʤʤʦʡ 1 Ä 1. 

ʇʫʩʪʴ ʣʠʥʝʡʥʘʷ ʢʦʤʙʠʥʘʮʠʷ 
1 1 2 2 ... n nA A Aa a a+ + +e e e  ʚʝʢʪʦʨʦʚ ʠʟ ʩʠʩʪʝʤʳ AE ʨʘʚʥʘ 

ʥʫʣʶ. ɺ ʩʠʣʫ ʨʘʚʝʥʩʪʚʘ (9) ʵʪʦ ʦʟʥʘʯʘʝʪ, ʯʪʦ ʚʝʢʪʦʨ 
1 1 2 2 ... n na a a= + + +x e e e  ʩ ʢʦʦʨʜʠʥʘʪʘʤʠ, 

ʩʦʚʧʘʜʘʶʱʠʤʠ ʩ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʵʪʦʡ ʣʠʥʝʡʥʦʡ ʢʦʤʙʠʥʘʮʠʠ, ʧʨʠʥʘʜʣʝʞʠʪ ʷʜʨʫ 

ʦʪʦʙʨʘʞʝʥʠʷ A. ʇʦʵʪʦʤʫ, ʝʩʣʠ ʷʜʨʦ ʩʦʩʪʦʠʪ ʪʦʣʴʢʦ ʠʟ ʥʫʣʷ, ʪʦ =x 0  ʠ ʚʩʝ ʝʛʦ ʢʦʦʨʜʠʥʘʪʳ, 

ʪʦ ʝʩʪʴ ʢʦʵʬʬʠʮʠʝʥʪʳ ʣʠʥʝʡʥʦʡ ʢʦʤʙʠʥʘʮʠʠ, ʨʘʚʥʳ ʥʫʣʶ. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʝʩʣʠ {}Ker A=0 , 

ʪʦ ʩʠʩʪʝʤʘ ʚʝʢʪʦʨʦʚ AE ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʘ. 

ʅʘʦʙʦʨʦʪ, ʨʘʚʝʥʩʪʚʦ 0A =x  ʜʣʷ ʥʝʢʦʪʦʨʦʛʦ ʚʝʢʪʦʨʘ 
1 1 2 2 ... n na a a= + + +x e e e  ʩʦʛʣʘʩʥʦ 

ʩʦʦʪʥʦʰʝʥʠʶ (9) ʚʦʟʤʦʞʥʦ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʣʠʥʝʡʥʘʷ ʢʦʤʙʠʥʘʮʠʷ ʚ ʧʨʘʚʦʡ ʯʘʩʪʠ ʵʪʦʛʦ 

ʩʦʦʪʥʦʰʝʥʠʷ ʨʘʚʥʘ ʥʫʣʶ. ʇʦʵʪʦʤʫ, ʝʩʣʠ ʩʠʩʪʝʤʘ AE ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʘ, ʪʦ ʚʩʝ 

ʢʦʵʬʬʠʮʠʝʥʪʳ ʣʠʥʝʡʥʦʡ ʢʦʤʙʠʥʘʮʠʠ ʨʘʚʥʳ ʥʫʣʶ. ɿʥʘʯʠʪ ʚʝʢʪʦʨ x, ʜʣʷ ʢʦʪʦʨʦʛʦ ʵʪʠ 

ʢʦʵʬʬʠʮʠʝʥʪʳ ʷʚʣʷʶʪʩʷ ʢʦʦʨʜʠʥʘʪʘʤʠ, ʨʘʚʝʥ ʥʫʣʶ. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʝʩʣʠ ʩʠʩʪʝʤʘ ʚʝʢʪʦʨʦʚ 

AE ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʘ, ʪʦ {}Ker A=0 . ˅  

ʉʣʝʜʫʶʱʘʷ ʪʝʦʨʝʤʘ ʜʘʝʪ ʧʨʠʟʥʘʢ ʚʟʘʠʤʥʦʡ ʦʜʥʦʟʥʘʯʥʦʩʪʠ ʣʠʥʝʡʥʦʛʦ ʦʪʦʙʨʘʞʝʥʠʷ ʠ, ʚ 

ʯʘʩʪʥʦʩʪʠ, ʧʦʢʘʟʳʚʘʝʪ, ʯʪʦ ʚʟʘʠʤʥʦ ʦʜʥʦʟʥʘʯʥʦʝ ʦʪʦʙʨʘʞʝʥʠʝ ʤʦʞʝʪ ʙʳʪʴ ʪʦʣʴʢʦ ʤʝʞʜʫ 

ʚʝʢʪʦʨʥʳʤʠ ʧʨʦʩʪʨʘʥʩʪʚʘʤʠ ʦʜʥʦʡ ʠ ʪʦʡ ʞʝ ʨʘʟʤʝʨʥʦʩʪʠ. 

ʊʝʦʨʝʤʘ 4 .  ʃʠʥʝʡʥʦʝ ʦʪʦʙʨʘʞʝʥʠʝ :A V W­  ʚʟʘʠʤʥʦ ʦʜʥʦʟʥʘʯʥʦ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ 

ʪʦʛʜʘ, ʢʦʛʜʘ ʦʙʨʘʟ ʙʘʟʠʩʘ { }1 2, ,..., nAE A A A= e e e  ʷʚʣʷʝʪʩʷ ʙʘʟʠʩʦʤ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ 

W . 

ˇ ʕʪʦ ʫʪʚʝʨʞʜʝʥʠʝ ʩʣʝʜʫʝʪ ʠʟ ʪʝʦʨʝʤʳ 3, ʪʘʢ ʢʘʢ ʚ ʩʠʣʫ ʣʝʤʤʳ 2 ʧʦʣʥʦʪʘ ʩʠʩʪʝʤʳ AE 

ʵʢʚʠʚʘʣʝʥʪʥʘ ʫʩʣʦʚʠʶ Im A W= , ʘ ʝʝ ʣʠʥʝʡʥʘʷ ʥʝʟʘʚʠʩʠʤʦʩʪʴ ï ʫʩʣʦʚʠʶ {}Ker A=0 . ˅  



41 Ä 3. ʃʠʥʝʡʥʳʝ ʦʪʦʙʨʘʞʝʥʠʷ 

 

ʉʣʝʜʩʪʚʠʝ 1 .  ʃʁ ʙʦʝ ʣʠʥʝʡʥʦʝ ʚʟʘʠʤʥʦ ʦʜʥʦʟʥʘʯʥʦʝ ʦʪʦʙʨʘʞʝʥʠʝ :A V W­  

ʷʚʣʷʝʪʩʷ ʠʟʦʤʦʨʬʠʟʤʦʤ ʚʝʢʪʦʨʥʳʭ ʧʨʦʩʪʨʘʥʩʪʚ V  ʠ W. ʅʘʦʙʦʨʦʪ, ʢʘʞʜʳʡ ʠʟʦʤʦʨʬʠʟʤ 

ʵʪʠʭ ʧʨʦʩʪʨʘʥʩʪʚ ʷʚʣʷʝʪʩʷ ʣʠʥʝʡʥʳʤ ʚʟʘʠʤʥʦ ʦʜʥʦʟʥʘʯʥʳʤ ʦʪʦʙʨʘʞʝʥʠʝʤ. 

ˇ ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʝʩʣʠ A ï ʚʟʘʠʤʥʦ ʦʜʥʦʟʥʘʯʥʦʝ ʦʪʦʙʨʘʞʝʥʠʝ, ʪʦ ʧʦ ʪʝʦʨʝʤʝ 4 ʩʠʩʪʝʤʘ 

AE ʷʚʣʷʝʪʩʷ ʙʘʟʠʩʦʤ. ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʢʦʦʨʜʠʥʘʪʳ ʚʝʢʪʦʨʘ x  ʚ ʙʘʟʠʩʝ E  ʠ ʢʦʦʨʜʠʥʘʪʳ 

ʚʝʢʪʦʨʘ Ax  ʚ ʙʘʟʠʩʝ AE ʩʦʚʧʘʜʘʶʪ. ʊʦ ʝʩʪʴ ʦʪʦʙʨʘʞʝʥʠʝ A ʷʚʣʷʝʪʩʷ ʠʟʦʤʦʨʬʠʟʤʦʤ 

ʚʝʢʪʦʨʥʳʭ ʧʨʦʩʪʨʘʥʩʪʚ. 

ʅʘʦʙʦʨʦʪ, ʝʩʣʠ ʦʪʦʙʨʘʞʝʥʠʝ A ï ʠʟʦʤʦʨʬʠʟʤ, ʪʦ ʝʛʦ ʣʠʥʝʡʥʦʩʪʴ ʫʩʪʘʥʦʚʣʝʥʘ ʚ ʟʘʜʘʥʠʠ 1, 

ʘ ʚʟʘʠʤʥʘʷ ʦʜʥʦʟʥʘʯʥʦʩʪʴ, ʝʩʣʠ ʫʯʝʩʪʴ ʪʝʦʨʝʤʫ 3, ï ʚ ʟʘʜʘʥʠʠ 2. (ɽʩʣʠ ʚʳ ʥʝ ʚʳʧʦʣʥʠʣʠ ʵʪʠ 

ʟʘʜʘʥʠʷ, ʪʦ ʩʜʝʣʘʡʪʝ ʵʪʦ ʩʝʡʯʘʩ.) ˅ 

ʉʣʝʜʩʪʚʠʝ 2 .  ɼʣʷ ʣʶʙʦʛʦ ʣʠʥʝʡʥʦʛʦ ʦʪʦʙʨʘʞʝʥʠʷ :A V W­  ʩʫʤʤʘ ʨʘʟʤʝʨʥʦʩʪʝʡ 

ʧʦʜʧʨʦʩʪʨʘʥʩʪʚ KerA ʠ ImA ʨʘʚʥʘ ʨʘʟʤʝʨʥʦʩʪʠ ʧʨʦʩʪʨʘʥʩʪʚʘ V : 

 dimKer dimIm dimA A V+ = . 

ƹ ʇʫʩʪʴ U  ï ʢʘʢʦʝ-ʣʠʙʦ ʜʦʧʦʣʥʠʪʝʣʴʥʦʝ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦ ʢ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʫ KerA, ʪʘʢ 

ʯʪʦ ʧʨʦʩʪʨʘʥʩʪʚʦ V  ʨʘʩʧʘʜʘʝʪʩʷ ʚ ʧʨʷʤʫʶ ʩʫʤʤʫ ʵʪʠʭ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚ. ʉʦʛʣʘʩʥʦ ʪʝʦʨʝʤʝ 7 

Ä 1 ʩʫʤʤʘ ʠʭ ʨʘʟʤʝʨʥʦʩʪʝʡ ʩʦʚʧʘʜʘʝʪ ʩ ʨʘʟʤʝʨʥʦʩʪʴʶ ʚʩʝʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ: 

dimKer dim dimA U V+ = . ʆʩʪʘʝʪʩʷ ʧʨʦʚʝʨʠʪʴ, ʨʘʚʝʥʩʪʚʦ dim dimImU A= . ɼʣʷ ʵʪʦʛʦ 

ʨʘʩʩʤʦʪʨʠʤ ʣʠʥʝʡʥʦʝ ʦʪʦʙʨʘʞʝʥʠʝ : ImUA U A­ , ʩʦʚʧʘʜʘʶʱʝʝ ʩ ʦʪʦʙʨʘʞʝʥʠʝʤ A ʥʘ 

ʤʥʦʞʝʩʪʚʝ U , ʠ ʧʦʢʘʞʝʤ, ʯʪʦ ʦʥʦ ʚʟʘʠʤʥʦ ʦʜʥʦʟʥʘʯʥʦ. ʊʦʛʜʘ ʥʫʞʥʦʝ ʨʘʚʝʥʩʪʚʦ ʙʫʜʝʪ 

ʩʣʝʜʦʚʘʪʴ ʠʟ ʪʝʦʨʝʤʳ 4, ʧʦʢʘʟʳʚʘʶʱʝʡ, ʯʪʦ ʚʟʘʠʤʥʦ ʦʜʥʦʟʥʘʯʥʦʝ ʧʨʝʦʙʨʘʟʦʚʘʥʠʝ ʤʦʞʝʪ 

ʙʳʪʴ ʪʦʣʴʢʦ ʤʝʞʜʫ ʧʨʦʩʪʨʘʥʩʪʚʘʤʠ ʦʜʥʦʡ ʠ ʪʦʡ ʞʝ ʨʘʟʤʝʨʥʦʩʪʠ. 

ʊʘʢ ʢʘʢ ʣʶʙʦʡ ʚʝʢʪʦʨ x  ʧʨʦʩʪʨʘʥʩʪʚʘ V  ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ ʩʫʤʤʳ ʧʨʦʝʢʮʠʡ 

0= +x x u  ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ ʥʘ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ KerA ʠ U , ʪʦ 0A A A A= + =x x u u. ʆʪʩʶʜʘ 

ʩʣʝʜʫʝʪ, ʯʪʦ Im ImUA A= . ʇʦ ʦʧʨʝʜʝʣʝʥʠʶ ʧʨʷʤʦʡ ʩʫʤʤʳ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦ U  ʥʝ ʤʦʞʝʪ 

ʩʦʜʝʨʞʘʪʴ ʥʝʥʫʣʝʚʳʭ ʚʝʢʪʦʨʦʚ ʠʟ KerA. ʇʦʵʪʦʤʫ {}Ker UA =0 , ʠ ʧʦ ʪʝʦʨʝʤʝ 3 ʦʪʦʙʨʘʞʝʥʠʝ 

UA  ʚʟʘʠʤʥʦ ʦʜʥʦʟʥʘʯʥʦ. Ʒ 

ɽʩʣʠ :A V W­  ï ʚʟʘʠʤʥʦ ʦʜʥʦʟʥʘʯʥʦʝ ʦʪʦʙʨʘʞʝʥʠʝ, ʪʦ ʦʧʨʝʜʝʣʝʥʦ ʦʙʨʘʪʥʦʝ 

ʦʪʦʙʨʘʞʝʥʠʝ 
1 :A W V- ­ , ʩʦʧʦʩʪʘʚʣʷʶʱʝʝ ʣʶʙʦʤʫ ʚʝʢʪʦʨʫ y  ʨʝʰʝʥʠʝ ʫʨʘʚʥʝʥʠʷ A =x y . 

ʀʥʘʯʝ ʛʦʚʦʨʷ, ʦʙʨʘʪʥʦʝ ʦʪʦʙʨʘʞʝʥʠʝ ï ʵʪʦ ʪʘʢʦʝ ʦʪʦʙʨʘʞʝʥʠʝ, ʯʪʦ 1( )A A- =x x  ʜʣʷ ʣʶʙʦʛʦ x  

ʠʟ ʧʨʦʩʪʨʘʥʩʪʚʘ V, ʠ ( )1A A- =y y  ʜʣʷ ʣʶʙʦʛʦ y  ʠʟ ʧʨʦʩʪʨʘʥʩʪʚʘ W . 

ɿ ʘʜʘʥʠʝ. ɼʦʢʘʞʠʪʝ, ʯʪʦ ʫ ʚʟʘʠʤʥʦ ʦʜʥʦʟʥʘʯʥʦʛʦ ʣʠʥʝʡʥʦʛʦ ʦʪʦʙʨʘʞʝʥʠʷ :A V W­  

ʦʙʨʘʪʥʦʝ ʦʪʦʙʨʘʞʝʥʠʝ ʪʦʞʝ ʣʠʥʝʡʥʦ ʠ ʚʟʘʠʤʥʦ ʦʜʥʦʟʥʘʯʥʦ. (ʇʦʜʩʢʘʟʢʘ: ʦʙʨʘʪʥʦʝ 

ʦʪʦʙʨʘʞʝʥʠʝ, ʢʘʢ ʠ ʧʨʷʤʦʝ ʦʪʦʙʨʘʞʝʥʠʝ, ʷʚʣʷʝʪʩʷ ʠʟʦʤʦʨʬʠʟʤʦʤ ʚʝʢʪʦʨʥʳʭ ʧʨʦʩʪʨʘʥʩʪʚ V  

ʠ W .) 

ɿ ʘʜʘʥʠʝ. ʅʘʡʜʠʪʝ ʦʙʨʘʪʥʦʝ ʦʪʦʙʨʘʞʝʥʠʝ ʜʣʷ ʧʝʨʚʦʛʦ ʦʪʦʙʨʘʞʝʥʠʷ ʠʟ ʧʨʠʤʝʨʘ 1. 

2. ʄʘʪʨʠʮʳ ʣʠʥʝʡʥʳʭ ʦʪʦʙʨʘʞʝʥʠʡ 

ɽʩʣʠ ʚʳʙʨʘʪʴ ʙʘʟʠʩ ʚ ʚʝʢʪʦʨʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ, ʪʦ ʢʘʞʜʳʡ ʚʝʢʪʦʨ ʭʘʨʘʢʪʝʨʠʟʫʝʪʩʷ ʥʘʙʦʨʦʤ 

ʯʠʩʝʣ ï ʩʦʚʦʢʫʧʥʦʩʪʴʶ ʝʛʦ ʢʦʦʨʜʠʥʘʪ ʚ ʵʪʦʤ ʙʘʟʠʩʝ. ɸʥʘʣʦʛʠʯʥʳʤ ʩʚʦʡʩʪʚʦʤ ʦʙʣʘʜʘʶʪ 

ʣʠʥʝʡʥʳʝ ʦʪʦʙʨʘʞʝʥʠʷ. 



42 Ä 3. ʃʠʥʝʡʥʳʝ ʦʪʦʙʨʘʞʝʥʠʷ 

 

ʇʫʩʪʴ :A V W­  ï ʣʠʥʝʡʥʦʝ ʦʪʦʙʨʘʞʝʥʠʝ n -ʤʝʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ V  ʚ m -ʤʝʨʥʦʝ 

ʧʨʦʩʪʨʘʥʩʪʚʦ W . ɺʳʙʝʨʝʤ ʚ ʧʝʨʚʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ ʙʘʟʠʩ { }2, ,..., nE= 1e e e  ʠ ʙʘʟʠʩ 

{ }1 2, ,..., mF = f f f  ï ʚʦ ʚʪʦʨʦʤ. ʈʘʩʩʤʦʪʨʠʤ ʩʦʚʦʢʫʧʥʦʩʪʴ ʚʝʢʪʦʨʦʚ { }1 2, ,..., nAE A A A= e e e , 

ʢʦʪʦʨʘʷ ʩʦʛʣʘʩʥʦ ʣʝʤʤʝ 1 ʚʟʘʠʤʥʦ ʦʜʥʦʟʥʘʯʥʦ ʦʧʨʝʜʝʣʷʝʪ ʦʪʦʙʨʘʞʝʥʠʝ A. 

ʂʘʞʜʳʡ ʚʝʢʪʦʨ 
kAe  ʨʘʟʣʦʞʠʤ ʚ ʙʘʟʠʩʝ ʧʨʦʩʪʨʘʥʩʪʚʘ W : 

 
1 1 2 2 ...k k k mk mA a a a= + + +e f f f  

ʅʘʙʦʨ ʯʠʩʝʣ { }: 1,2,..., , 1,2,...,ska s m k n= =  ʦʜʥʦʟʥʘʯʥʦ ʦʧʨʝʜʝʣʷʝʪ ʚʝʢʪʦʨʘ 
kAe  ʠ, ʟʥʘʯʠʪ, 

ʦʪʦʙʨʘʞʝʥʠʝ A. ɽʛʦ ʧʨʠʥʷʪʦ ʟʘʧʠʩʳʚʘʪʴ ʚ ʚʠʜʝ ʪʘʙʣʠʮʳ,  

 
ʈʠʩ. 1 

ʚ ʢʦʪʦʨʦʡ k -ʪʳʤ ʩʪʦʣʙʮʦʤ ʷʚʣʷʶʪʩʷ ʢʦʦʨʜʠʥʘʪʳ ʚʝʢʪʦʨʘ 
kAe . ʊʘʢʠʝ ʪʘʙʣʠʮʳ ʥʘʟʳʚʘʶʪ 

ʤʘʪʨʠʮʘʤʠ. ɺ ʜʘʥʥʦʤ ʩʣʫʯʘʝ ï ʵʪʦ ʤʘʪʨʠʮʘ, ʦʪʚʝʯʘʶʱʘʷ ʦʪʦʙʨʘʞʝʥʠʶ A. ʆʥʘ, 

ʝʩʪʝʩʪʚʝʥʥʦ, ʟʘʚʠʩʠʪ ʦʪ ʚʳʙʦʨʘ ʙʘʟʠʩʦʚ ʚ ʧʨʦʩʪʨʘʥʩʪʚʘʭ Vʠ W . ɽʝ ʨʘʟʤʝʨʥʦʩʪʴ m n³  

(ʯʠʪʘʝʪʩʷ mʥʘ n), ʯʪʦ ʦʟʥʘʯʘʝʪ ʥʘʣʠʯʠʝ m  ʩʪʨʦʢ ʠ n  ʩʪʦʣʙʮʦʚ.  

ʇʦʜʳʪʦʞʠʤ ʩʢʘʟʘʥʥʦʝ. 

ʃʝʤʤʘ 3 .  ɽʩʣʠ ʟʘʬʠʢʩʠʨʦʚʘʪʴ ʙʘʟʠʩʳ ʚ ʧʨʦʩʪʨʘʥʩʪʚʘʭ V  ʠ W, ʪʦ ʢʘʞʜʦʤʫ ʣʠʥʝʡʥʦʤʫ 

ʦʪʦʙʨʘʞʝʥʠʶ :A V W­  ʦʪʚʝʯʘʝʪ ʤʘʪʨʠʮʘ ʨʘʟʤʝʨʥʦʩʪʠ m n³ , ʛʜʝ n  ʠ m  ï ʨʘʟʤʝʨʥʦʩʪʠ 

ʧʨʦʩʪʨʘʥʩʪʚ V  ʠ W  ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ. ʕʪʦ ʩʦʦʪʚʝʪʩʪʚʠʝ ʤʝʞʜʫ ʣʠʥʝʡʥʳʤʠ ʦʪʦʙʨʘʞʝʥʠʷʤʠ 

ʧʨʦʩʪʨʘʥʩʪʚʘ V  ʚ ʧʨʦʩʪʨʘʥʩʪʚʦ W  ʠ ʤʘʪʨʠʮʘʤʠ ʨʘʟʤʝʨʥʦʩʪʠ m n³  ʷʚʣʷʝʪʩʷ ʚʟʘʠʤʥʦ 

ʦʜʥʦʟʥʘʯʥʳʤ. 

ʆʙʨʘʪʠʤ ʚʥʠʤʘʥʠʝ ʥʘ ʠʥʜʝʢʩʘʮʠʶ ʵʣʝʤʝʥʪʦʚ 

ʤʘʪʨʠʮʳ (ʩʤ. ʨʠʩ. 1). ʇʝʨʚʳʡ ʠʥʜʝʢʩ ʦʧʨʝʜʝʣʷʝʪ 

ʩʪʨʦʢʫ, ʚ ʢʦʪʦʨʦʡ ʥʘʭʦʜʠʪʩʷ ʵʣʝʤʝʥʪ 
ska , ʘ ʚʪʦʨʦʡ ï 

ʩʪʦʣʙʝʮ. ʏʪʦʙʳ ʵʪʦ ʟʘʧʦʤʥʠʪʴ, ʤʦʞʥʦ ʚʦʩʧʦʣʴʟʦʚʘʪʴʩʷ 

ʩʣʝʜʫʶʱʠʤ ʤʥʝʤʦʥʠʯʝʩʢʠʤ ʧʨʘʚʠʣʦʤ. ʇʨʝʜʩʪʘʚʴʪʝ 

ʩʝʙʝ ʢʠʥʦʟʘʣ, ʪʘʢʦʡ ʢʘʢ ʠʟʦʙʨʘʞʝʥ ʥʘ ʨʠʩ. 2. ɿʨʠʪʝʣʴ 

ʧʦ ʩʚʦʝʤʫ ʙʠʣʝʪʫ ʠʱʝʪ ʩʥʘʯʘʣʘ ʨʷʜ (ʧʝʨʚʳʡ ʠʥʜʝʢʩ), 

ʧʦʪʦʤ ʤʝʩʪʦ (ʚʪʦʨʦʡ ʠʥʜʝʢʩ). 

ɺʦʧʨʦʩ: ʛʜʝ ʥʘʭʦʜʠʪʩʷ ʵʣʝʤʝʥʪ 
23a ? 

ʅʝʧʣʦʭʦʡ ʦʪʚʝʪ: ʚʪʦʨʦʡ ʨʷʜ, ʪʨʝʪʴʝ ʤʝʩʪʦ. 

ʆʪʣʠʯʥʳʡ ʦʪʚʝʪ: ʥʘ ʧʝʨʝʩʝʯʝʥʠʠ ʚʪʦʨʦʡ 

ʩʪʨʦʢʠ ʠ ʪʨʝʪʴʝʛʦ ʩʪʦʣʙʮʘ. 
ʈʠʩ. 2 



43 Ä 3. ʃʠʥʝʡʥʳʝ ʦʪʦʙʨʘʞʝʥʠʷ 

 

ʄʘʪʨʠʮʫ, ʠʤʝʶʱʫʶ n  ʩʪʦʣʙʮʦʚ ʠ m  ʩʪʨʦʢ ʜʣʷ ʢʨʘʪʢʦʩʪʠ ʦʙʦʟʥʘʯʘʶʪ ʪʘʢ: ( )
1... , 1...sk s m k n

a
= =

, 

ʠʣʠ ( )sk m n
a

³
, ʠʣʠ ʧʨʦʩʪʦ ( )ska .  

ʂʨʦʤʝ ʪʦʛʦ, ʝʩʣʠ ʤʘʪʨʠʮʘ ( )ska  ʦʪʚʝʯʘʝʪ ʦʪʦʙʨʘʞʝʥʠʶ A, ʪʦ ʫʜʦʙʥʦ ʵʪʦʡ ʞʝ ʙʫʢʚʦʡ 

ʦʙʦʟʥʘʯʘʪʴ ʠ ʤʘʪʨʠʮʫ, ʪʦ ʝʩʪʴ ʧʠʩʘʪʴ ( )skA a= . 

 

ɿ ʘʜʘʥʠʝ. 

1. ɺʳʙʨʘʚ ʧʦʜʭʦʜʷʱʠʝ ʙʘʟʠʩʳ, ʥʘʡʜʠʪʝ ʤʘʪʨʠʮʳ, ʦʪʚʝʯʘʶʱʠʝ ʣʠʥʝʡʥʳʤ ʦʪʦʙʨʘʞʝʥʠʷʤ 

ʠʟ ʧʨʠʤʝʨʦʚ 1. (ʋʢʘʟʘʥʠʝ: ʥʘʠʙʦʣʝʝ ʧʨʦʩʪʦ ʵʪʦ ʩʜʝʣʘʪʴ, ʝʩʣʠ ʚʳʙʨʘʪʴ ʚ ʧʨʦʩʪʨʘʥʩʪʚʘʭ 

ʦʧʨʝʜʝʣʝʥʠʷ ʠ ʟʥʘʯʝʥʠʡ ʩʣʝʜʫʶʱʠʝ ʙʘʟʠʩʳ:  

ʧ. 1. ʚ ʦʙʦʠʭ ʧʨʦʩʪʨʘʥʩʪʚʘʭ ï ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʳʡ ʨʝʧʝʨ, ʦʜʠʥ ʠʟ ʚʝʢʪʦʨʦʚ ʢʦʪʦʨʦʛʦ 

ʥʘʧʨʘʚʣʝʥ ʚʜʦʣʴ ʦʩʠ ʚʨʘʱʝʥʠʷ; 

ʧ. 2. ʢʘʥʦʥʠʯʝʩʢʠʝ ʙʘʟʠʩʳ (ʩʤ. ʟʘʜʘʥʠʝ 3 ʧ. 2 Ä 1) ʚ ʦʙʦʠʭ ʧʨʦʩʪʨʘʥʩʪʚʘʭ; 

ʧ. 3. ʚ ʦʙʦʠʭ ʧʨʦʩʪʨʘʥʩʪʚʘʭ ʩʪʝʧʝʥʠ ʥʝʟʘʚʠʩʠʤʦʡ ʧʝʨʝʤʝʥʥʦʡ, ʪʦ ʝʩʪʴ 21, , ,...x x ; 

ʧ. 4. ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ U  ï ʧʨʦʠʟʚʦʣʴʥʳʡ ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʳʡ ʙʘʟʠʩ, ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ V  ï 

ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʳʡ ʙʘʟʠʩ, ʜʦʧʦʣʥʷʶʱʠʡ ʙʘʟʠʩ ʧʨʦʩʪʨʘʥʩʪʚʘ U ; 

ʧ. 5. ʚ ʦʙʦʠʭ ʧʨʦʩʪʨʘʥʩʪʚʘʭ ʪʝ ʙʘʟʠʩʳ, ʩ ʧʦʤʦʱʴʶ ʢʦʪʦʨʳʭ ʦʧʨʝʜʝʣʝʥ ʠʟʦʤʦʨʬʠʟʤ (ʩʤ. 

Ä 1 ʦʧʨʝʜʝʣʝʥʠʝ 5) 

2. ʇʫʩʪʴ ʚ ʧʨʦʩʪʨʘʥʩʪʚʘʭ 3
 ʠ 

2
 ʟʘʬʠʢʩʠʨʦʚʘʥʳ ʢʘʥʦʥʠʯʝʩʢʠʝ ʙʘʟʠʩʳ (ʩʤ. ʟʘʜʘʥʠʝ 3 

ʧ. 2 Ä 1). ʆʧʠʰʠʪʝ, ʢʘʢ ʜʝʡʩʪʚʫʝʪ ʦʪʦʙʨʘʞʝʥʠʝ 
3 2:A ­ , ʝʩʣʠ ʦʥʦ ʚ ʵʪʠʭ ʙʘʟʠʩʘʭ 

ʟʘʜʘʥʦ ʤʘʪʨʠʮʝʡ 

 a) 
1 0 0

0 1 0

å õ
æ ö
ç ÷

, b) 
1 0 0

0 1 1

å õ
æ ö
-ç ÷

 , c) 
1 1 1

1 1 1

å õ
æ ö
ç ÷

. 

(ʇʦʜʩʢʘʟʢʘ: ʧʨʦʱʝ ʚʩʝʛʦ ʧʨʝʜʩʪʘʚʠʪʴ ʩʝʙʝ ʜʝʡʩʪʚʠʝ ʪʦʛʦ ʠʣʠ ʠʥʦʛʦ ʦʪʦʙʨʘʞʝʥʠʷ, 

ʧʦʩʤʦʪʨʝʚ, ʢʘʢ ʦʥʦ ʜʝʡʩʪʚʫʝʪ ʥʘ ʙʘʟʠʩʥʳʝ ʚʝʢʪʦʨʳ). 

ʈʘʩʩʤʦʪʨʠʤ ʩʦʚʦʢʫʧʥʦʩʪʴ ( ),H V W  ʚʩʝʭ ʣʠʥʝʡʥʳʭ ʦʪʦʙʨʘʞʝʥʠʡ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ 

V  ʚ ʚʝʢʪʦʨʥʦʝ ʧʨʦʩʪʨʘʥʩʪʚʦ W. ɼʣʷ ʦʪʦʙʨʘʞʝʥʠʡ ʠʟ ʵʪʦʡ ʩʦʚʦʢʫʧʥʦʩʪʠ ʦʧʨʝʜʝʣʠʤ 

ʦʧʝʨʘʮʠʶ ʩʣʦʞʝʥʠʷ ʠ ʫʤʥʦʞʝʥʠʷ ʥʘ ʯʠʩʣʦ: 

 ( )A B A B+ = +x x x , 

 ( )A Al l=x x  

ʜʣʷ ʚʩʝʭ x  ʠʟ ʧʨʦʩʪʨʘʥʩʪʚʘ V . 

ʋʞʝ ʧʨʦʚʝʨʝʥʦ (ʩʤ. ʧʨʠʤʝʨ 5 Ä 1.), ʯʪʦ ʚʚʝʜʝʥʥʳʝ ʦʧʝʨʘʮʠʠ ʧʨʝʚʨʘʱʘʶʪ ʩʦʚʦʢʫʧʥʦʩʪʴ 

( ),H V W  ʚ ʚʝʢʪʦʨʥʦʝ ʧʨʦʩʪʨʘʥʩʪʚʦ. 

ʊʝʦʨʝʤʘ 5 .  ʇʨʠ ʩʣʦʞʝʥʠʠ ʦʪʦʙʨʘʞʝʥʠʡ ʠʟ ( ),H V W  ʠ ʫʤʥʦʞʝʥʠʠ ʠʭ ʥʘ ʯʠʩʣʦ 

ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʝ ʠʤ ʤʘʪʨʠʮʳ ʩʢʣʘʜʳʚʘʶʪʩʷ ʠ ʫʤʥʦʞʘʶʪʩʷ ʧʦʢʦʤʧʦʥʝʥʪʥʳʤ ʦʙʨʘʟʦʤ: 

 
( ) ( ) ( )

( ) ( )

,sk sk sk sk

sk sk

A a B b A B a b

A a A al l

= = Ý + = +

= Ý =
, 

ɿ ʘʜʘʥʠʝ. ɼʦʢʘʞʠʪʝ ʵʪʫ ʪʝʦʨʝʤʫ ʩʘʤʦʩʪʦʷʪʝʣʴʥʦ. 

ʉʦʚʦʢʫʧʥʦʩʪʴ ʚʩʝʭ ʤʘʪʨʠʮ ʨʘʟʤʝʨʥʦʩʪʠ m n³  ʤʦʞʥʦ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʢʘʢ ʧʨʦʩʪʨʘʥʩʪʚʦ 
mn

. ʊʦ ʝʩʪʴ ʤʦʞʥʦ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʢʘʞʜʫʶ ʤʘʪʨʠʮʫ ʢʘʢ ʫʧʦʨʷʜʦʯʝʥʥʳʡ ʥʘʙʦʨ mn ʯʠʩʝʣ. 



44 Ä 3. ʃʠʥʝʡʥʳʝ ʦʪʦʙʨʘʞʝʥʠʷ 

 

ʊʝʦʨʝʤʘ 5 ʧʦʢʘʟʳʚʘʝʪ, ʯʪʦ ʚʟʘʠʤʥʦ ʦʜʥʦʟʥʘʯʥʦʝ ʩʦʦʪʚʝʪʩʪʚʠʝ ʤʝʞʜʫ ʚʝʢʪʦʨʥʳʤ 

ʧʨʦʩʪʨʘʥʩʪʚʦʤ ( ),H V W  ʠ ʝʚʢʣʠʜʦʚʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʦʤ 
mn

 ʷʚʣʷʝʪʩʷ ʣʠʥʝʡʥʳʤ. ʉʦʛʣʘʩʥʦ 

ʩʣʝʜʩʪʚʠʶ 1 ï ʵʪʦ ʠʟʦʤʦʨʬʠʟʤ ʚʝʢʪʦʨʥʳʭ ʧʨʦʩʪʨʘʥʩʪʚ. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʩʚʷʟʴ ʤʝʞʜʫ 

ʣʠʥʝʡʥʳʤʠ ʦʪʦʙʨʘʞʝʥʠʷʤʠ ʠ ʤʘʪʨʠʮʘʤʠ ʪʦʯʥʦ ʪʘʢʘʷ ʞʝ, ʢʘʢ ʤʝʞʜʫ ʚʝʢʪʦʨʘʤʠ ʠ 

ʥʘʙʦʨʘʤʠ ʠʭ ʢʦʦʨʜʠʥʘʪ. 

ɿ ʘʜʘʥʠʝ: ɺʳʷʩʥʠʪʝ, ʯʝʤʫ ʨʘʚʥʘ, ʨʘʟʤʝʨʥʦʩʪʴ ʧʨʦʩʪʨʘʥʩʪʚʘ ( ),H V W . (ʆʪʚʝʪ: mn). 

ʇʦʢʘ ʦʩʪʘʝʪʩʷ ʥʝʷʩʥʳʤ, ʧʦʯʝʤʫ ʤʘʪʨʠʮʫ ʥʝ ʟʘʧʠʩʳʚʘʶʪ ʚ ʦʜʥʫ ʩʪʨʦʢʫ, ʢʘʢ ʵʪʦ ʜʝʣʘʝʪʩʷ 

ʜʣʷ ʢʦʦʨʜʠʥʘʪ ʚʝʢʪʦʨʘ. ʆʪʚʝʪ ʥʘ ʵʪʦ ʜʘʝʪ ʨʝʰʝʥʠʝ ʩʣʝʜʫʶʱʝʡ ʨʫʪʠʥʥʦʡ (ʪʦ ʝʩʪʴ 

ʚʩʪʨʝʯʘʶʱʝʡʩʷ ʥʘ ʢʘʞʜʦʤ ʰʘʛʫ) ʟʘʜʘʯʠ. 

ɿʘʜʘʯʘ.  ʅʘʡʪʠ ʢʦʦʨʜʠʥʘʪʳ ʚʝʢʪʦʨʘ A=y x, ʝʩʣʠ ʠʟʚʝʩʪʥʳ ʢʦʦʨʜʠʥʘʪʳ ʚʝʢʪʦʨʘ 

( )1 2, ,..., na a a=x  ʠ ʤʘʪʨʠʮʘ ʣʠʥʝʡʥʦʛʦ ʦʪʦʙʨʘʞʝʥʠʷ ( )sk m n
A a

³
= . ʇʨʝʜʧʦʣʘʛʘʝʪʩʷ, ʯʪʦ A 

ʦʪʦʙʨʘʞʘʝʪ ʧʨʦʩʪʨʘʥʩʪʚʦ V  ʚ ʧʨʦʩʪʨʘʥʩʪʚʦ W, ʠ ʚ ʵʪʠʭ ʧʨʦʩʪʨʘʥʩʪʚʘʭ ʟʘʬʠʢʩʠʨʦʚʘʥʳ 

ʙʘʟʠʩʳ { }2, ,..., n1e e e  ʠ { }1 2, ,..., mf f f  ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ. 

ʈʝʰʝʥʠʝ. ʇʦ ʫʩʣʦʚʠʶ 
1 1 2 2 ... n na a a= + + +x e e e. ʇʦʵʪʦʤʫ 

 ( )1 1 2 2 1 1 2 2... ...n n n nA A A A Aa a a a a a= + + + = + + +x e e e e e e. 

ɽʩʣʠ 
1 1 2 2 ... m mA b b b= + + +x f f f , ʪʦ 

 
1 1 2 2 ...k k k n kna a ab a a a= + + + . 

(ʅʘʧʦʤʥʠʤ, ʯʪʦ k -ʪʘʷ ʢʦʦʨʜʠʥʘʪʘ ʚʝʢʪʦʨʘ 
1Ae  ʝʩʪʴ 

1ka , ʚʝʢʪʦʨʘ 2Ae  ï 
2ka , ʠ ʪʘʢ ʜʘʣʝʝ.) 

ʕʪʫ ʬʦʨʤʫʣʫ ʪʨʫʜʥʦ ʟʘʧʦʤʥʠʪʴ, ʧʦʵʪʦʤʫ ʝʩʪʴ ʩʣʝʜʫʶʱʝʝ ʤʥʝʤʦʥʠʯʝʩʢʦʝ ʧʨʘʚʠʣʦ. 

ɿʘʧʠʰʝʤ ʢʦʦʨʜʠʥʘʪʳ ʚʝʢʪʦʨʘ x  ʚ ʚʠʜʝ ʤʘʪʨʠʮʳ, ʩʦʩʪʦʷʱʝʡ ʠʟ ʦʜʥʦʛʦ ʩʪʦʣʙʮʘ, ʩʧʨʘʚʘ ʦʪ 

ʤʘʪʨʠʮʳ ʦʪʦʙʨʘʞʝʥʠʷ A: 

 

11 12 1 1

21 22 2 2

1 2

...

...
...

...

n

n

m m mn n

a a a

a a a

a a a

a

a

a

å õå õ
æ öæ ö
æ öæ ö=
æ öæ ö- - - - --
æ öæ ö
ç ÷ç ÷

 

ʏʪʦʙʳ ʧʦʣʫʯʠʪʴ ʧʨʘʚʠʣʴʥʳʡ ʨʝʟʫʣʴʪʘʪ, ʥʫʞʥʦ çʫʤʥʦʞʠʪʴè ʩʪʨʦʢʫ ʚ ʣʝʚʦʡ ʤʘʪʨʠʮʝ ʥʘ 

ʩʪʦʣʙʝʮ ʚ ʧʨʘʚʦʡ ʤʘʪʨʠʮʝ ʠ ʨʝʟʫʣʴʪʘʪ ʟʘʧʠʩʘʪʴ ʚ ʪʦʡ ʞʝ ʩʪʨʦʢʝ. ʋʤʥʦʞʝʥʠʝ ʩʪʨʦʢʠ ʥʘ 

ʩʪʦʣʙʝʮ ʩʦʚʧʘʜʘʝʪ ʩ ʚʳʯʠʩʣʝʥʠʝʤ ʩʢʘʣʷʨʥʦʛʦ ʧʨʦʠʟʚʝʜʝʥʠʷ ʚʝʢʪʦʨ-ʩʪʨʦʢʠ ʥʘ ʚʝʢʪʦʨ-

ʩʪʦʣʙʝʮ: 

 

11 1 12 2 1

21 1 22 2 2

1 1 2 2

...

...
...

...

n n

n n

m m mn n

a a a

a a a

a a a

a a a

a a a

a a a

+ + +å õ
æ ö

+ + +æ ö=
æ ö
æ ö

+ + +ç ÷

. 

ʕʪʦ ʧʨʘʚʠʣʦ ʥʘʟʳʚʘʝʪʩʷ ʫʤʥʦʞʝʥʠʝʤ ʤʘʪʨʠʮ, ʚ ʜʘʥʥʦʤ ʩʣʫʯʘʝ ʤʘʪʨʠʮʳ ʨʘʟʤʝʨʥʦʩʪʠ 

m n³  ʥʘ ʤʘʪʨʠʮʫ ʨʘʟʤʝʨʥʦʩʪʠ 1n³ . 

ʇ ʨʠʤʝʨ. 

 

1 2 3 10 1 10 2 11 3 12 68

4 5 6 11 4 10 5 11 6 12 167

7 8 9 12 7 10 8 11 9 12 266

Ö + Ö + Öå õå õ å õ å õ
æ öæ ö æ ö æ ö

= Ö + Ö + Ö =æ öæ ö æ ö æ ö
æ öæ ö æ ö æ öÖ + Ö + Öç ÷ç ÷ ç ÷ ç ÷

. 



45 Ä 3. ʃʠʥʝʡʥʳʝ ʦʪʦʙʨʘʞʝʥʠʷ 

 

ʋʤʥʦʞʝʥʠʝ ʤʘʪʨʠʮ ʠʤʝʝʪ ʟʥʘʯʠʪʝʣʴʥʦ ʙʦʣʝʝ ʦʙʱʠʡ ʩʤʳʩʣ. ʇʫʩʪʴ :A V U­  ʠ 

:B U W­  ï ʣʠʥʝʡʥʳʝ ʦʪʦʙʨʘʞʝʥʠʷ. ɺʦʟʥʠʢʘʝʪ ʩʢʚʦʟʥʦʝ ʦʪʦʙʨʘʞʝʥʠʝ V W­ . ɽʛʦ 

ʦʙʦʟʥʘʯʘʶʪ ʯʝʨʝʟ BA. ɼʨʫʛʠʤʠ ʩʣʦʚʘʤʠ, ʦʪʦʙʨʘʞʝʥʠʝ :BA V W­  ʦʧʨʝʜʝʣʷʝʪʩʷ ʬʦʨʤʫʣʦʡ 

( ) ( )BA B A=x x , ʩʧʨʘʚʝʜʣʠʚʦʡ ʜʣʷ ʢʘʞʜʦʛʦ ʚʝʢʪʦʨʘ x  ʠʟ ʧʨʦʩʪʨʘʥʩʪʚʘ V . 

ɿʘʤʝʪʴʪʝ, ʯʪʦ ʢ ʚʝʢʪʦʨʫ x  ʩʥʘʯʘʣʘ ʧʨʠʤʝʥʷʝʪʩʷ ʦʪʦʙʨʘʞʝʥʠʝ A, ʘ ʟʘʪʝʤ ʢ ʨʝʟʫʣʴʪʘʪʫ ï 

ʦʪʦʙʨʘʞʝʥʠʝ B . ʇʦʵʪʦʤʫ ʥʝ ʧʫʪʘʡʪʝ: ʠʤʝʥʥʦ BA, ʘ ʥʝ AB. ʆʪʦʙʨʘʞʝʥʠʝ AB ʥʝ 

ʦʧʨʝʜʝʣʝʥʦ! 

ʊʝʦʨʝʤʘ 6 .  ɽʩʣʠ ( )srA a=  ʠ ( )rkB b=  ʚ ʥʝʢʦʪʦʨʳʭ ʬʠʢʩʠʨʦʚʘʥʥʳʭ ʙʘʟʠʩʘʭ 

ʚʝʢʪʦʨʥʳʭ ʧʨʦʩʪʨʘʥʩʪʚ V , U  ʠ W, ʪʦ ʤʘʪʨʠʮʫ ʦʪʦʙʨʘʞʝʥʠʷ AB ʤʦʞʥʦ ʥʘʡʪʠ ʧʦ ʧʨʘʚʠʣʫ: 

ʫʤʥʦʞʘʝʤ ʩʪʨʦʢʫ ʤʘʪʨʠʮʳ A ʥʘ ʩʪʦʣʙʝʮ ʤʘʪʨʠʮʳ B  ʠ ʧʦʤʝʱʘʝʤ ʨʝʟʫʣʴʪʘʪ ʚ ʤʘʪʨʠʮʫ 

AB ʥʘ ʧʝʨʝʩʝʯʝʥʠʠ ʩʪʨʦʢʠ ʠ ʩʪʦʣʙʮʘ ʩ ʪʝʤʠ ʞʝ ʥʦʤʝʨʘʤʠ, ʯʪʦ ʠ ʫ ʧʝʨʝʤʥʦʞʘʝʤʳʭ ʩʪʨʦʢʠ 

ʠ ʩʪʦʣʙʮʘ. 

ʇ ʨʠʤʝʨ.  

 

7 8
1 2 3 1 7 2 9 3 11 1 8 2 10 3 12 58 64

9 10
4 5 6 4 7 5 9 6 11 4 8 5 10 6 12 139 154

11 12

å õ
Ö + Ö + Ö Ö + Ö + Öå õ å õ å õæ ö

= =æ ö æ ö æ öæ ö Ö + Ö + Ö Ö + Ö + Öç ÷ ç ÷ ç ÷æ ö
ç ÷

 

ˇ ʇʫʩʪʴ { }2, ,..., n1e e e  ï ʙʘʟʠʩ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ V. ʄʘʪʨʠʮʘ BA ʧʦ ʦʧʨʝʜʝʣʝʥʠʶ ʩʦʩʪʦʠʪ ʠʟ 

ʩʪʦʣʙʮʦʚ, k -ʪʳʡ ʠʟ ʢʦʪʦʨʳʭ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʨʘʟʣʦʞʝʥʠʝ ʚʝʢʪʦʨʘ 
kBAe  ʚ ʙʘʟʠʩʝ 

ʧʨʦʩʪʨʘʥʩʪʚʘ W . ʂʘʢ ʫʞʝ ʚʳʷʩʥʝʥʦ, ʯʪʦʙʳ ʧʦʣʫʯʠʪʴ ʵʪʦʪ ʚʝʢʪʦʨ, ʥʫʞʥʦ ʫʤʥʦʞʠʪʴ ʤʘʪʨʠʮʫ 

B  ʥʘ ʤʘʪʨʠʮʫ-ʩʪʦʣʙʝʮ 
kAe . ʊʦ ʝʩʪʴ s -ʪʘʷ ʢʦʦʨʜʠʥʘʪʘ ʚʝʢʪʦʨʘ 

kBAe  ʧʦʣʫʯʘʝʪʩʷ 

ʫʤʥʦʞʝʥʠʝʤ s -ʪʦʡ ʩʪʨʦʢʠ ʤʘʪʨʠʮʳ B  ʥʘ ʚʝʢʪʦʨ-ʩʪʦʣʙʝʮ 
kAe . ʆʩʪʘʝʪʩʷ ʟʘʤʝʪʠʪʴ, ʯʪʦ kAe  ï

k -ʪʳʡ ʩʪʦʣʙʝʮ ʤʘʪʨʠʮʳ A.˅ 

ɿ ʘʤʝʯʘʥʠʝ. ʂʘʢ ʚʳʪʝʢʘʝʪ ʠʟ ʧʨʘʚʠʣʘ ʫʤʥʦʞʝʥʠʷ ʤʘʪʨʠʮ, ʵʪʘ ʦʧʝʨʘʮʠʷ ʦʧʨʝʜʝʣʝʥʘ 

ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʢʦʣʠʯʝʩʪʚʦ ʩʪʦʣʙʮʦʚ ʧʝʨʚʦʛʦ ʩʦʤʥʦʞʠʪʝʣʷ ʨʘʚʥʷʝʪʩʷ ʢʦʣʠʯʝʩʪʚʫ ʩʪʨʦʢ 

ʚʪʦʨʦʛʦ. (ʂʦʥʝʯʥʦ, ʵʪʦ ʩʚʷʟʘʥʦ ʩ ʪʝʤ, ʯʪʦ ʜʣʷ ʦʜʥʦʛʦ ʠʟ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʭ ʵʪʠʤ ʤʘʪʨʠʮʘʤ 

ʧʨʝʦʙʨʘʟʦʚʘʥʠʡ ʧʨʦʤʝʞʫʪʦʯʥʦʝ ʚʝʢʪʦʨʥʦʝ ʧʨʦʩʪʨʘʥʩʪʚʦ ʷʚʣʷʝʪʩʷ ʦʙʣʘʩʪʴʶ ʟʥʘʯʝʥʠʡ, ʘ ʜʣʷ 

ʜʨʫʛʦʛʦ ï ʦʙʣʘʩʪʴʶ ʦʧʨʝʜʝʣʝʥʠʷ.) ʄʘʪʨʠʮʘ, ʧʦʣʫʯʝʥʥʘʷ ʚ ʨʝʟʫʣʴʪʘʪʝ ʫʤʥʦʞʝʥʠʷ ʠʤʝʝʪ 

ʩʪʦʣʴʢʦ ʞʝ ʩʪʨʦʢ, ʩʢʦʣʴʢʦ ʫ ʧʝʨʚʦʛʦ ʩʦʤʥʦʞʠʪʝʣʷ, ʠ ʩʪʦʣʴʢʦ ʞʝ ʩʪʦʣʙʮʦʚ, ʢʘʢ ʫ ʚʪʦʨʦʛʦ. 

ʏʪʦʙʳ ʵʪʦ ʟʘʧʦʤʥʠʪʴ, ʧʦʩʤʦʪʨʠʪʝ ʥʘ ʨʠʩʫʥʦʢ. 

 
ʈʠʩ. 8 

3. ʉʠʩʪʝʤʳ ʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ 

ʈʘʩʩʤʦʪʨʠʤ ʩʠʩʪʝʤʫ m  ʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ ʦʪʥʦʩʠʪʝʣʴʥʦ n  ʥʝʠʟʚʝʩʪʥʳʭ: 
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a x a x a x f

a x a x a x f

a x a x a x f

+ + + =ë
î

+ + + =î
ì
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î + + + =í

 (10) 

ɿʜʝʩʴ ʧʝʨʚʳʡ ʠʥʜʝʢʩ ʢʦʵʬʬʠʮʠʝʥʪʘ 
ska  ʦʟʥʘʯʘʝʪ, ʯʪʦ ʵʪʦʪ ʢʦʵʬʬʠʮʠʝʥʪ ʧʨʠʥʘʜʣʝʞʠʪ s -

ʪʦʤʫ ʫʨʘʚʥʝʥʠʶ, ʘ ʚʪʦʨʦʡ ï ʯʪʦ ʦʥ ʩʪʦʠʪ ʧʨʠ k -ʪʦʤ ʥʝʠʟʚʝʩʪʥʦʤ. 

ɿʘʜʘʥʠʝ. ʇʨʦʚʝʨʴʪʝ, ʯʪʦ, ʧʦʣʴʟʫʷʩʴ ʧʨʘʚʠʣʦʤ ʧʝʨʝʤʥʦʞʝʥʠʷ ʤʘʪʨʠʮ, ʵʪʫ ʩʠʩʪʝʤʫ 

ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʚ ʚʠʜʝ 

 

11 12 1 1 1

21 22 2 2 2

1 2

...

...

...

n

n

m m mn n m

a a a x f

a a a x f

a a a x f

å õå õ å õ
æ öæ ö æ ö
æ öæ ö æ ö=
æ öæ ö æ ö- - - - - -
æ öæ ö æ ö
ç ÷ç ÷ ç ÷

. 

ʈʘʩʩʤʦʪʨʠʤ ʤʘʪʨʠʮʫ-ʩʪʦʣʙʝʮ ʥʝʠʟʚʝʩʪʥʳʭ ʢʘʢ ʚʝʢʪʦʨ x  ʧʨʦʩʪʨʘʥʩʪʚʘ 
n
, ʘ ʤʘʪʨʠʮʫ-

ʩʪʦʣʙʝʮ ʧʨʘʚʳʭ ʯʘʩʪʝʡ ï ʢʘʢ ʚʝʢʪʦʨ f  ʧʨʦʩʪʨʘʥʩʪʚʘ 
m
. ɺʳʙʝʨʝʤ ʚ ʵʪʠʭ ʧʨʦʩʪʨʘʥʩʪʚʘʭ 

ʢʘʥʦʥʠʯʝʩʢʠʝ ʙʘʟʠʩʳ (ʩʤ. ʟʘʜʘʥʠʝ 3 ʧ. 2 Ä 1), ʙʣʘʛʦʜʘʨʷ ʯʝʤʫ ʚ ʢʘʞʜʦʤ ʠʟ ʵʪʠʭ ʧʨʦʩʪʨʘʥʩʪʚ 

ʣʶʙʦʡ ʚʝʢʪʦʨ ʩʦʚʧʘʜʘʝʪ ʩʦ ʩʚʦʠʤ ʥʘʙʦʨʦʤ ʢʦʦʨʜʠʥʘʪ. ʇʨʠ ʪʘʢʦʤ ʚʳʙʦʨʝ ʙʘʟʠʩʦʚ ʤʘʪʨʠʮʝ 

ʢʦʵʬʬʠʮʠʝʥʪʦʚ ( )sk m n
A a

³
=  ʦʪʚʝʯʘʝʪ ʣʠʥʝʡʥʦʝ ʦʪʦʙʨʘʞʝʥʠʷ :

n mA ­ , ʪʘʢ ʯʪʦ ʩʠʩʪʝʤʫ 

ʫʨʘʚʥʝʥʠʡ (10) ʤʦʞʥʦ ʢʨʘʪʢʦ ʟʘʧʠʩʘʪʴ ʚ ʚʝʢʪʦʨʥʦʡ ʬʦʨʤʝ: 

 A =x f . 

ɺʦʧʨʦʩ. ɹʫʜʝʪ ʣʠ ʧʦʣʫʯʝʥʥʦʝ ʚʝʢʪʦʨʥʦʝ ʫʨʘʚʥʝʥʠʝ ʵʢʚʠʚʘʣʝʥʪʥʦ ʩʠʩʪʝʤʝ ʫʨʘʚʥʝʥʠʡ 

(10), ʝʩʣʠ ʙʳ ʙʳʣʠ ʚʳʙʨʘʥʳ ʢʘʢʠʝ-ʪʦ ʜʨʫʛʠʝ, ʥʝ ʢʘʥʦʥʠʯʝʩʢʠʝ, ʙʘʟʠʩʳ ʚ ʧʨʦʩʪʨʘʥʩʪʚʘʭ 
n
 ʠ 

m
? (ʆʪʚʝʪ: ʥʝʪ.) 

ʄʘʪʨʠʮʫ A ʥʘʟʳʚʘʶʪ ʤʘʪʨʠʮʝʡ ʩʠʩʪʝʤʳ ʫʨʘʚʥʝʥʠʡ (10), ʘ ʤʘʪʨʠʮʫ 

 

11 12 1 1

21 22 2 2

1 2

...

...

...

n

n

m m mn m

a a a f

a a a f

a a a f

å õ
æ ö
æ ö
æ ö- - - - -
æ ö
ç ÷

, 

ʧʦʣʫʯʝʥʥʫʶ ʠʟ ʤʘʪʨʠʮʳ ʩʠʩʪʝʤʳ ʜʦʙʘʚʣʝʥʠʝʤ ʩʪʦʣʙʮʘ ʩʚʦʙʦʜʥʳʭ ʯʣʝʥʦʚ, ï ʨʘʩʰʠʨʝʥʥʦʡ 

ʤʘʪʨʠʮʝʡ ʩʠʩʪʝʤʳ ʫʨʘʚʥʝʥʠʡ (10). 

ʆʧʨʝʜʝʣʝʥʠʝ 4 .  ʈʘʥʛʦʤ ʤʘʪʨʠʮʳ ʥʘʟʳʚʘʝʪʩʷ ʤʘʢʩʠʤʘʣʴʥʦʝ ʢʦʣʠʯʝʩʪʚʦ ʩʪʦʣʙʮʦʚ, 

ʦʙʨʘʟʫʶʱʠʭ ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʫʶ ʩʠʩʪʝʤʫ. . 

ɺ ʩʣʝʜʫʶʱʝʤ ʧʨʝʜʣʦʞʝʥʠʠ ʚʳʷʩʥʷʝʪʩʷ ʛʝʦʤʝʪʨʠʯʝʩʢʠʡ ʩʤʳʩʣ ʨʘʥʛʘ ʤʘʪʨʠʮʳ. 

ʃʝʤʤʘ 4 .  ʈʘʥʛ ʤʘʪʨʠʮʳ A ï ʵʪʦ ʨʘʟʤʝʨʥʦʩʪʴ dimImA ʦʙʨʘʟʘ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʛʦ ʝʡ 

ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ : n mA ­ .  

ƹ ʃʠʥʝʡʥʘʷ ʦʙʦʣʦʯʢʘ ʩʪʦʣʙʮʦʚ, ʨʘʩʩʤʘʪʨʠʚʘʝʤʳʭ ʢʘʢ ʚʝʢʪʦʨʳ ʧʨʦʩʪʨʘʥʩʪʚʘ 
m

, 

ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ImA ï ʦʙʨʘʟ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ A. ʇʦʵʪʦʤʫ ʤʘʢʩʠʤʘʣʴʥʘʷ ʣʠʥʝʡʥʦ 

ʥʝʟʘʚʠʩʠʤʘʷ ʩʠʩʪʝʤʘ, ʩʦʩʪʦʷʱʘʷ ʠʟ ʩʪʦʣʙʮʦʚ ʤʘʪʨʠʮʳA, ʷʚʣʷʝʪʩʷ ʙʘʟʠʩʦʤ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ 

ImA. Ʒ 
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ʇʦʥʷʪʠʝ ʨʘʥʛʘ ʤʘʪʨʠʮʳ ʧʦʟʚʦʣʷʝʪ ʧʝʨʝʬʦʨʤʫʣʠʨʦʚʘʪʴ ʪʝʦʨʝʤʫ 2 ʦʙ ʫʩʣʦʚʠʷʭ 

ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʠ ʝʜʠʥʩʪʚʝʥʥʦʩʪʠ ʨʝʰʝʥʠʡ ʩʠʩʪʝʤʳ ʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ ʚ ʪʝʨʤʠʥʘʭ ʩʘʤʦʡ 

ʤʘʪʨʠʮʳ ʩʠʩʪʝʤʳ. 

ʊʝʦʨʝʤʘ 7  (ʂʨʦʥʝʢʝʨʘïʂʘʧʝʣʣʠ) .  ʉʠʩʪʝʤʘ ʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ (10) 

ʠʤʝʝʪ ʨʝʰʝʥʠʝ ʚ ʪʦʤ ʠ ʪʦʣʴʢʦ ʚ ʪʦʤ ʩʣʫʯʘʝ, ʝʩʣʠ ʨʘʥʛ ʝʝ ʤʘʪʨʠʮʳ ʩʦʚʧʘʜʘʝʪ ʩ ʨʘʥʛʦʤ ʝʝ 

ʨʘʩʰʠʨʝʥʥʦʡ ʤʘʪʨʠʮʳ. 

ˇ ʇʝʨʝʡʜʝʤ ʢ ʚʝʢʪʦʨʥʦʡ ʬʦʨʤʝ ʩʠʩʪʝʤʳ (10), ʪʦ ʝʩʪʴ ʢ ʫʨʘʚʥʝʥʠʶ A =x f . ʉʦʛʣʘʩʥʦ 

ʧʝʨʚʦʤʫ ʫʪʚʝʨʞʜʝʥʠʶ ʣʝʤʤʳ 2 ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦ ImA ï ʦʙʨʘʟ ʦʪʦʙʨʘʞʝʥʠʷ A, ʷʚʣʷʝʪʩʷ 

ʣʠʥʝʡʥʦʡ ʦʙʦʣʦʯʢʦʡ ʩʪʦʣʙʮʦʚ ʤʘʪʨʠʮʳ ʩʠʩʪʝʤʳ. ʇʦʵʪʦʤʫ, ʝʩʣʠ ʩʠʩʪʝʤʘ ʠʤʝʝʪ ʨʝʰʝʥʠʝ, ʪʦ 

ʚʝʢʪʦʨ f  ʧʨʠʥʘʜʣʝʞʠʪ ImA ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʷʚʣʷʝʪʩʷ ʣʠʥʝʡʥʦʡ ʢʦʤʙʠʥʘʮʠʝʡ ʵʪʠʭ 

ʩʪʦʣʙʮʦʚ. ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʨʘʥʛ ʨʘʩʰʠʨʝʥʥʦʡ ʤʘʪʨʠʮʳ ʨʘʚʝʥ ʨʘʥʛʫ ʤʘʪʨʠʮʳ ʩʠʩʪʝʤʳ. ɽʩʣʠ ʞʝ 

ʩʠʩʪʝʤʘ ʥʝ ʠʤʝʝʪ ʨʝʰʝʥʠʷ, ʪʦ ʚʝʢʪʦʨ f  ʥʝ ʧʨʠʥʘʜʣʝʞʠʪ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʫ ImA, ʠ ʣʶʙʫʶ 

ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʫʶ ʩʠʩʪʝʤʫ ʚʝʢʪʦʨʦʚ ʚ ImA ʤʦʞʥʦ ʧʦʧʦʣʥʠʪʴ ʚʝʢʪʦʨʦʤ f . ɺ ʵʪʦʤ ʩʣʫʯʘʝ 

ʨʘʥʛ ʨʘʩʰʠʨʝʥʥʦʡ ʤʘʪʨʠʮʳ ʧʨʝʚʦʩʭʦʜʠʪ ʨʘʥʛ ʤʘʪʨʠʮʳ ʩʠʩʪʝʤʳ. ˅ 

ɿ ʘʤʝʯʘʥʠʝ. ʅʘʭʦʞʜʝʥʠʝ ʨʘʥʛʦʚ ʤʘʪʨʠʮʳ ʩʠʩʪʝʤʳ ʠ ʨʘʩʰʠʨʝʥʥʦʡ ʤʘʪʨʠʮʳ ʩʠʩʪʝʤʳ ʚ 

ʦʙʱʝʤ ʩʣʫʯʘʝ ʷʚʣʷʝʪʩʷ ʟʘʜʘʯʝʡ, ʧʦ ʩʣʦʞʥʦʩʪʠ ʩʨʘʚʥʠʤʦʡ ʩ ʨʝʰʝʥʠʝʤ ʩʠʩʪʝʤʳ. ʇʦʵʪʦʤʫ 

ʪʝʦʨʝʤʘ ʂʨʦʥʝʢʝʨʘïʂʘʧʝʣʣʠ ʠʤʝʝʪ ʙʦʣʴʰʝ ʪʝʦʨʝʪʠʯʝʩʢʫʶ ʮʝʥʥʦʩʪʴ, ʥʝʞʝʣʠ ʧʨʘʢʪʠʯʝʩʢʫʶ. 

ʅʘʠʙʦʣʝʝ ʵʬʬʝʢʪʠʚʥʡr ʩʧʦʩʦʙ ʦʧʨʝʜʝʣʝʥʠʷ ʨʘʥʛʦʚ ʙʫʜʝʪ ʜʘʥ ʚ Ä 6. 

ʉʠʩʪʝʤʫ ʫʨʘʚʥʝʥʠʡ (10) ʥʘʟʳʚʘʶʪ ʦʜʥʦʨʦʜʥʦʡ, ʝʩʣʠ ʝʝ ʧʨʘʚʘʷ ʯʘʩʪʴ ʨʘʚʥʘ ʥʫʣʶ. ʅʘʨʷʜʫ ʩ 

ʢʘʞʜʦʡ ʩʠʩʪʝʤʦʡ A =x f  ʙʫʜʝʤ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʩʦʦʪʚʝʪʩʪʚʫʶʱʫʶ ʝʡ ʦʜʥʦʨʦʜʥʫʶ ʩʠʩʪʝʤʫ 

A =x 0. 

ʊ ʝʦʨʝʤʘ 8 (ʌʨʝʜʛʦʣʴʤʘ). ʉʠʩʪʝʤʘ (10) ʠʤʝʝʪ ʨʝʰʝʥʠʝ ʧʨʠ ʣʶʙʦʡ ʧʨʘʚʦʡ 

ʯʘʩʪʠ ʚ ʪʦʤ ʠ ʪʦʣʴʢʦ ʚ ʪʦʤ ʩʣʫʯʘʝ, ʝʩʣʠ ʨʘʥʛ ʝʝ ʤʘʪʨʠʮʳ ʨʘʚʝʥ m. ʕʪʦ ʨʝʰʝʥʠʝ ʝʜʠʥʩʪʚʝʥʥʦ 

ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʩʦʦʪʚʝʪʩʪʚʫʶʱʘʷ ʦʜʥʦʨʦʜʥʘʷ ʩʠʩʪʝʤʘ ʥʝ ʠʤʝʝʪ ʥʝʥʫʣʝʚʳʭ 

ʨʝʰʝʥʠʡ. 

ˇ ʇʝʨʚʦʝ ʫʩʣʦʚʠʝ, ʩʦʩʪʦʷʱʝʝ ʚ ʪʦʤ, ʯʪʦ ʨʘʥʛ ʤʘʪʨʠʮʳ ʩʠʩʪʝʤʳ ʨʘʚʝʥ m, ʥʘ ʷʟʳʢʝ 

ʚʝʢʪʦʨʥʦʛʦ ʫʨʘʚʥʝʥʠʷ A =x f , ʦʟʥʘʯʘʝʪ , ʯʪʦ ImA ʩʦʚʧʘʜʘʝʪ ʩʦ ʚʩʝʤ ʧʨʦʩʪʨʘʥʩʪʚʦʤ 
m

. 

ɺʪʦʨʦʝ ʫʩʣʦʚʠʝ ʦʙ ʦʪʩʫʪʩʪʚʠʠ ʥʝʥʫʣʝʚʳʭ ʨʝʰʝʥʠʡ ʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ï ʩ ʪʝʤ, ʯʪʦ 

{}Ker A=0 . ʇʦʵʪʦʤʫ ʜʦʢʘʟʳʚʘʝʤʘʷ ʪʝʦʨʝʤʘ ï ʵʪʦ ʧʨʦʩʪʦ ʪʝʦʨʝʤʘ 2, ʧʝʨʝʬʦʨʤʫʣʠʨʦʚʘʥʥʘʷ 

ʜʣʷ ʩʠʩʪʝʤ ʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ. ˅ 

ʉʣʝʜʫʶʱʠʝ ʜʚʘ ʫʪʚʝʨʞʜʝʥʠʷ ʧʨʝʜʩʪʘʚʣʷʶʪ ʩʦʙʦʡ ʪʝʦʨʝʤʫ 1 ʠ ʩʣʝʜʩʪʚʠʝ 2 ʪʝʦʨʝʤʳ 4, ʪʦʞʝ 

ʩʬʦʨʤʫʣʠʨʦʚʘʥʥʳʝ ʜʣʷ ʩʠʩʪʝʤ ʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ. 

ʊʝʦʨʝʤʘ 9  (ʆ ʩʪʨʫʢʪʫʨʝ ʨʝʰʝʥʠʡ ʩʠʩʪʝʤʳ ʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ). 

ɽʩʣʠ ( )1 2, ,..., nx x x=x ï ʨʝʰʝʥʠʝ ʩʠʩʪʝʤʳ ʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ (10), ʪʦ ʣʶʙʦʝ ʜʨʫʛʦʝ 

ʨʝʰʝʥʠʝ ( )1 2, ,..., nx x x=x  ʠʤʝʝʪ ʚʠʜ = +x x x, ʛʜʝ ( )1 2, ,..., nx x x=x  ï ʨʝʰʝʥʠʝ 

ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʛʦ ʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ. ɹʦʣʝʝ ʪʦʛʦ ʣʶʙʦʝ ʚʝʢʪʦʨ ʪʘʢʦʛʦ ʚʠʜʘ ʷʚʣʷʝʪʩʷ 

ʨʝʰʝʥʠʝʤ ʩʠʩʪʝʤʳ (10). 

ʈʝʰʝʥʠʝ x  ʥʘʟʳʚʘʶʪ ʯʘʩʪʥʳʤ ʨʝʰʝʥʠʝʤ, ʘ ʬʦʨʤʫʣʫ = +x x x  ï ʦʙʱʠʤ ʨʝʰʝʥʠʝʤ. ʆʥʘ ʚ 

ʩʠʣʫ ʪʝʦʨʝʤʳ 9 ʜʘʝʪ ʚʩʝ ʨʝʰʝʥʠʷ ʩʠʩʪʝʤʳ, ʝʩʣʠ x  ʧʨʦʙʝʛʘʝʪ ʚʩʶ ʩʦʚʦʢʫʧʥʦʩʪʴ ʨʝʰʝʥʠʝ 

ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʡ ʦʜʥʦʨʦʜʥʦʡ ʩʠʩʪʝʤʳ. 



48 Ä 3. ʃʠʥʝʡʥʳʝ ʦʪʦʙʨʘʞʝʥʠʷ 

 

ʊʝʦʨʝʤʘ 1 0 .  ʇʫʩʪʴ ʩʠʩʪʝʤʘ ʫʨʘʚʥʝʥʠʡ ʦʪʥʦʩʠʪʝʣʴʥʦ n  ʥʝʠʟʚʝʩʪʥʳʭ (10) ʠʤʝʝʪ 

ʤʘʪʨʠʮʫ ʨʘʥʛʘ rk A, ʠ ʧʫʩʪʴ X  ï ʧʨʦʩʪʨʘʥʩʪʚʦ ʨʝʰʝʥʠʡ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʛʦ ʦʜʥʦʨʦʜʥʦʛʦ 

ʫʨʘʚʥʝʥʠʷ. ʊʦʛʜʘ  

 dim rkX A n+ =. 

4. ʃʠʥʝʡʥʳʝ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ 

ʃʠʥʝʡʥʳʝ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ ʦʪʣʠʯʘʶʪʩʷ ʦʪ ʣʠʥʝʡʥʳʭ ʦʪʦʙʨʘʞʝʥʠʡ ʪʦʣʴʢʦ ʪʝʤ, ʯʪʦ ʦʥʠ 

ʦʧʨʝʜʝʣʝʥʳ ʠ ʧʨʠʥʠʤʘʶʪ ʟʥʘʯʝʥʠʷ ʚ ʦʜʥʦʤ ʠ ʪʦʤ ʞʝ ʚʝʢʪʦʨʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ. ʊʦ ʝʩʪʴ ʣʶʙʦʝ 

ʣʠʥʝʡʥʦʝ ʦʪʦʙʨʘʞʝʥʠʝ ʚʠʜʘ :A V V­  ʥʘʟʳʚʘʝʪʩʷ ʧʨʝʦʙʨʘʟʦʚʘʥʠʝʤ. ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʛʦʚʦʨʷʪ, 

ʯʪʦ A ï ʣʠʥʝʡʥʦʝ ʧʨʝʦʙʨʘʟʦʚʘʥʠʝ ʧʨʦʩʪʨʘʥʩʪʚʘ V. ʂʘʟʘʣʦʩʴ ʙʳ, ʪʘʢʦʝ ʥʝʚʠʥʥʦʝ 

ʜʦʧʦʣʥʝʥʠʝ ʤʘʣʦ ʯʪʦ ʤʝʥʷʝʪ. ʆʜʥʘʢʦ ʵʪʦ ʥʝ ʪʘʢ. ʅʘʯʥʝʤ ʩ ʧʨʠʤʝʨʦʚ. 

ʇʨʠʤʝʨʳ 2 .  ʇʫʩʪʴ { }2, ,..., nE= 1e e e  ï ʙʘʟʠʩ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ V. ʆʧʨʝʜʝʣʠʤ 

ʣʠʥʝʡʥʳʝ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ ʩ ʧʦʤʦʱʴʶ ʩʣʝʜʫʶʱʠʭ ʩʦʦʪʥʦʰʝʥʠʡ: 

1. 
k k kA l=e e, ʛʜʝ kl ï ʯʠʩʣʘ; 

2. 
kA =e 0 ʧʨʠ k m¢ , ʠ 

k kA =e e  ʧʨʠ k m> ; 

3. 
1k kA +=e e  ʧʨʠ 1k n¢ -, ʠ 1nA =e e. 

ʇʨʠ ʩʦʧʦʩʪʘʚʣʝʥʠʠ ʧʨʝʦʙʨʘʟʦʚʘʥʠʡ ʠ ʤʘʪʨʠʮ ʦʙʳʯʥʦ ʧʦʣʴʟʫʶʪʩʷ ʚʩʝʛʦ ʦʜʥʠʤ ʙʘʟʠʩʦʤ 

ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ V, ʢʦʪʦʨʳʡ ʨʘʩʩʤʘʪʨʠʚʘʝʪʩʷ ʦʜʥʦʚʨʝʤʝʥʥʦ ʢʘʢ ʙʘʟʠʩ ʧʨʦʩʪʨʘʥʩʪʚʘ 

ʦʧʨʝʜʝʣʝʥʠʷ ʠ ʢʘʢ ʙʘʟʠʩ ʧʨʦʩʪʨʘʥʩʪʚʘ ʟʥʘʯʝʥʠʡ. 

ɿʘʜʘʥʠʝ. ʅʘʡʜʠʪʝ ʤʘʪʨʠʮʳ, ʦʪʚʝʯʘʶʱʠʝ ʵʪʠʤ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷʤ ʚ ʙʘʟʠʩʝ E. ɿʘʤʝʪʴʪʝ, 

ʯʪʦ ʦʥʠ ʢʚʘʜʨʘʪʥʳʝ, ʪʦ ʝʩʪʴ ʯʠʩʣʦ ʩʪʨʦʢ ʩʦʚʧʘʜʘʝʪ ʩ ʯʠʩʣʦʤ ʩʪʦʣʙʮʦʚ. 

ʇʝʨʚʦʝ ʦʪʣʠʯʠʝ ʧʨʝʦʙʨʘʟʦʚʘʥʠʡ ʦʪ ʦʪʦʙʨʘʞʝʥʠʡ. 

ɺ ʧ. 2 ʜʣʷ ʣʠʥʝʡʥʳʭ ʦʪʦʙʨʘʞʝʥʠʡ ʦʧʨʝʜʝʣʝʥʳ ʦʧʝʨʘʮʠʠ ʩʣʦʞʝʥʠʷ ʠ ʫʤʥʦʞʝʥʠʷ ʥʘ ʯʠʩʣʦ, 

ʘ ʪʘʢʞʝ ʩʢʚʦʟʥʦʝ ʦʪʦʙʨʘʞʝʥʠʝ, ʝʩʣʠ ʧʨʦʩʪʨʘʥʩʪʚʦ ʟʥʘʯʝʥʠʡ ʦʜʥʦʛʦ ʦʪʦʙʨʘʞʝʥʠʷ ʩʦʚʧʘʜʘʝʪ ʩ 

ʧʨʦʩʪʨʘʥʩʪʚʦʤ ʦʧʨʝʜʝʣʝʥʠʷ ʜʨʫʛʦʛʦ. ɼʣʷ ʜʚʫʭ ʧʨʝʦʙʨʘʟʦʚʘʥʠʡ ʧʨʦʩʪʨʘʥʩʪʚʘ V  ʧʦʩʣʝʜʥʝʝ 

ʫʩʣʦʚʠʝ ʚʩʝʛʜʘ ʚʳʧʦʣʥʝʥʦ. ʇʦʵʪʦʤʫ ʚ ʩʦʚʦʢʫʧʥʦʩʪʠ ()H V  ʚʩʝʭ ʧʨʝʦʙʨʘʟʦʚʘʥʠʡ ʚʝʢʪʦʨʥʦʛʦ 

ʧʨʦʩʪʨʘʥʩʪʚʘ V  ʦʧʨʝʜʝʣʝʥʘ ʦʧʝʨʘʮʠʷ, ʩʦʧʦʩʪʘʚʣʷʶʱʘʷ ʢʘʞʜʦʡ ʧʘʨʝ ʧʨʝʦʙʨʘʟʦʚʘʥʠʡ ʠʭ 

ʩʢʚʦʟʥʦʝ ʧʨʝʦʙʨʘʟʦʚʘʥʠʝ. ʕʪʫ ʦʧʝʨʘʮʠʶ ʥʘʟʳʚʘʶʪ ʫʤʥʦʞʝʥʠʝʤ, ʘ ʨʝʟʫʣʴʪʘʪ ʫʤʥʦʞʝʥʠʷ 

ʜʚʫʭ ʧʨʝʦʙʨʘʟʦʚʘʥʠʡ A ʠ B  ï ʠʭ ʧʨʦʠʟʚʝʜʝʥʠʝʤ, ʠ ʦʙʦʟʥʘʯʘʶʪ, ʢʘʢ ʠ ʨʘʥʝʝ, ʯʝʨʝʟ AB. ʇʨʠ 

ʵʪʦʤ ʚʘʞʥʦ, ʯʪʦ ʦʪʦʙʨʘʞʝʥʠʝ AB ʧʦʣʫʯʘʝʪʩʷ, ʝʩʣʠ ʩʥʘʯʘʣʘ ʜʝʡʩʪʚʫʝʪ ʦʪʦʙʨʘʞʝʥʠʝ B, ʘ 

ʟʘʪʝʤ A! ɽʩʣʠ ʧʦʨʷʜʦʢ ʜʨʫʛʦʡ, ʪʦ ʧʠʰʫʪ BA.  

ʆʧʝʨʘʮʠʷ ʫʤʥʦʞʝʥʠʷ ʣʠʥʝʡʥʳʭ ʧʨʝʦʙʨʘʟʦʚʘʥʠʡ ʫʜʦʚʣʝʪʚʦʨʷʝʪ ʦʯʝʚʠʜʥʳʤ ʩʚʦʡʩʪʚʘʤ: 

1. ( ) ( )AB C A BC=    (ʘʩʩʦʮʠʘʪʠʚʥʦʩʪʴ); 

2. ʩʫʱʝʩʪʚʫʝʪ ʝʜʠʥʠʯʥʦʝ ʦʪʦʙʨʘʞʝʥʠʝ I , ʪʦ ʝʩʪʴ ʪʘʢʦʝ, ʯʪʦ IA AI A= =; 

3. ( )A B C AC BC+ = +   (ʣʝʚʘʷ ʜʠʩʪʨʠʙʫʪʠʚʥʦʩʪʴ); 

4. ( )C A B CA CB+ = +   (ʧʨʘʚʘʷ ʜʠʩʪʨʠʙʫʪʠʚʥʦʩʪʴ); 

5. ( ) ( )A B ABl l=    (ʘʩʩʦʮʠʘʪʠʚʥʦʩʪʴ ʫʤʥʦʞʝʥʠʷ ʥʘ ʯʠʩʣʦ); 

6. ( ) ( )A B ABl l=    (ʘʩʩʦʮʠʘʪʠʚʥʦʩʪʴ ʫʤʥʦʞʝʥʠʷ ʥʘ ʯʠʩʣʦ). 



49 Ä 3. ʃʠʥʝʡʥʳʝ ʦʪʦʙʨʘʞʝʥʠʷ 

 

ɿʘʜʘʥʠʝ. ʇʨʦʚʝʨʴʪʝ ʚʳʧʦʣʥʝʥʠʝ ʵʪʠʭ ʩʚʦʡʩʪʚ. (ʇʦʜʩʢʘʟʢʘ ʜʣʷ ʜʦʢʘʟʘʪʝʣʴʩʪʚʘ ʚʪʦʨʦʛʦ 

ʩʚʦʡʩʪʚʘ: I  ï ʪʦʞʜʝʩʪʚʝʥʥʦʝ ʦʪʦʙʨʘʞʝʥʠʝ, ʪʦ ʝʩʪʴ ʦʪʦʙʨʘʞʝʥʠʝ, ʦʩʪʘʚʣʷʶʱʝʝ ʣʶʙʦʡ ʚʝʢʪʦʨ 

x  ʥʘ ʤʝʩʪʝ: I =x x .) 

ɸʣʛʝʙʨʦʡ (ʚ ʫʟʢʦʤ ʩʤʳʩʣʝ ʵʪʦʛʦ ʩʣʦʚʘ) ʥʘʟʳʚʘʝʪʩʷ ʚʝʢʪʦʨʥʦʝ ʧʨʦʩʪʨʘʥʩʪʚʦ, ʚ ʢʦʪʦʨʦʤ 

ʜʦʧʦʣʥʠʪʝʣʴʥʦ ʚʚʝʜʝʥʘ ʦʧʝʨʘʮʠʷ ʧʨʦʠʟʚʝʜʝʥʠʷ, ʩʦʧʦʩʪʘʚʣʷʶʱʘʷ ʢʘʞʜʦʡ ʧʘʨʝ ʚʝʢʪʦʨʦʚ 

ʥʝʢʦʪʦʨʳʡ ʚʝʢʪʦʨ, ʥʘʟʳʚʘʝʤʳʡ ʠʭ ʧʨʦʠʟʚʝʜʝʥʠʝʤ. (ʅʝ ʧʫʪʘʡʪʝ ʩʦ ʩʢʘʣʷʨʥʳʤ 

ʧʨʦʠʟʚʝʜʝʥʠʝʤ, ʨʝʟʫʣʴʪʘʪ ʢʦʪʦʨʦʛʦ ʝʩʪʴ ʯʠʩʣʦ, ʘ ʥʝ ʚʝʢʪʦʨ ʪʦʛʦ ʞʝ ʧʨʦʩʪʨʘʥʩʪʚʘ!) ʕʪʘ 

ʦʧʝʨʘʮʠʷ ʜʦʣʞʥʘ ʫʜʦʚʣʝʪʚʦʨʷʪʴ ʧʨʠʚʝʜʝʥʥʳʤ ʚʳʰʝ ʫʩʣʦʚʠʷʤ, ʯʘʩʪʴ ʠʟ ʢʦʪʦʨʳʭ (1 ʠ 2) 

ʷʚʣʷʶʪʩʷ ʝʝ ʩʦʙʩʪʚʝʥʥʳʤʠ ʩʚʦʡʩʪʚʘʤʠ, ʘ ʯʘʩʪʴ ʩʦʛʣʘʩʫʝʪ ʦʧʝʨʘʮʠʶ ʫʤʥʦʞʝʥʠʷ ʩ 

ʦʧʝʨʘʮʠʷʤʠ ʩʣʦʞʝʥʠʷ (3 ʠ 4) ʠ ʫʤʥʦʞʝʥʠʷ ʥʘ ʩʢʘʣʷʨ (5 ʠ 6). 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ ʩʦʚʦʢʫʧʥʦʩʪʴ ()H V  ï ʚʩʝʭ ʧʨʝʦʙʨʘʟʦʚʘʥʠʡ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ V , 

ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʘʣʛʝʙʨʫ. ʉʦʛʣʘʩʥʦ ʪʝʦʨʝʤʝ 6 ʧʨʦʠʟʚʝʜʝʥʠʶ ʜʚʫʭ ʧʨʝʦʙʨʘʟʦʚʘʥʠʡ ʠʟ 

()H V  ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʧʨʦʠʟʚʝʜʝʥʠʝ ʠʭ ʤʘʪʨʠʮ. ʇʦʵʪʦʤʫ ʩʦʚʦʢʫʧʥʦʩʪʴ ʚʩʝʭ ʤʘʪʨʠʮ 

ʨʘʟʤʝʨʥʦʩʪʠ n n³ , ʛʜʝ dimn V= , ʪʦʞʝ ʫʜʦʚʣʝʪʚʦʨʷʝʪ ʧʨʠʚʝʜʝʥʥʳʤ ʚʳʰʝ ʫʩʣʦʚʠʷʤ ʠ 

ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʘʣʛʝʙʨʫ, ʛʜʝ ʦʧʝʨʘʮʠʝʡ ʫʤʥʦʞʝʥʠʷ ʷʚʣʷʝʪʩʷ ʧʨʦʠʟʚʝʜʝʥʠʝ ʤʘʪʨʠʮ. ʆʙʝ 

ʪɻʠ ʘʣʛʝʙʨʳ ʠʟʦʤʦʨʬʥʳ, ʠ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʤ ʠʟʦʤʦʨʬʠʟʤʦʤ ʚ ʩʠʣʫ ʪʝʦʨʝʤ  5 ʠ 6 ʷʚʣʷʝʪʩʷ 

ʚʟʘʠʤʥʦ ʦʜʥʦʟʥʘʯʥʦʝ ʩʦʦʪʚʝʪʩʪʚʠʝ ʤʝʞʜʫ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷʤʠ ʠ ʠʭ ʤʘʪʨʠʮʘʤʠ ʚ 

ʬʠʢʩʠʨʦʚʘʥʥʦʤ ʙʘʟʠʩʝ ʧʨʦʩʪʨʘʥʩʪʚʘ V . 

ɿʘʤʝʪʠʤ, ʯʪʦ ʯʠʩʣʘ ʩ ʦʙʳʯʥʳʤʠ ʦʧʝʨʘʮʠʷʤʠ ʩʣʦʞʝʥʠʷ ʠ ʫʤʥʦʞʝʥʠʷ ʪʦʞʝ ʧʨʝʜʩʪʘʚʣʷʶʪ 

ʩʦʙʦʡ ʘʣʛʝʙʨʫ. ʇʦʵʪʦʤʫ ʩʚʦʡʩʪʚʘ 1 ï 6. ʣʝʛʢʦ ʟʘʧʦʤʥʠʪʴ. ʆʜʥʘʢʦ ʘʣʛʝʙʨʘ ʧʨʝʦʙʨʘʟʦʚʘʥʠʡ 

ʠʣʠ, ʯʪʦ ʪʦʞʝ ʩʘʤʦʝ, ʘʣʛʝʙʨʘ ʤʘʪʨʠʮ ʦʯʝʥʴ ʩʠʣʴʥʦ ʦʪʣʠʯʘʝʪʩʷ ʦʪ ʧʨʠʚʳʯʥʦʡ ʘʣʛʝʙʨʳ ʯʠʩʝʣ. 

ʕʪʦʤʫ ʝʩʪʴ ʜʚʝ ʧʨʠʯʠʥʳ. 

ɺʦ- ʧʝʨʚʳʭ. ɺ ʘʣʛʝʙʨʝ ʧʨʝʦʙʨʘʟʦʚʘʥʠʡ (ʤʘʪʨʠʮ) ʦʪʩʫʪʩʪʚʫʝʪ ʢʦʤʤʫʪʘʪʠʚʥʦʩʪʴ. ʊʦ 

ʝʩʪʴ ʨʘʚʝʥʩʪʚʦ AB BA=  ʚʳʧʦʣʥʷʝʪʩʷ ʥʝ ʚʩʝʛʜʘ. ɺ ʵʪʦʤ ʣʝʛʢʦ ʫʙʝʜʠʪʴʩʷ, ʧʝʨʝʤʥʦʞʠʚ, 

ʥʘʧʨʠʤʝʨ, ʚ ʨʘʟʥʳʭ ʧʦʨʷʜʢʘʭ ʤʘʪʨʠʮʳ ʧʨʝʦʙʨʘʟʦʚʘʥʠʡ ʠʟ ʧ. 1 ʠ ʧ. 3 ʧʨʠʤʝʨʘ 2. (ɼʣʷ 

ʧʨʦʩʪʦʪʳ ʧʦʣʦʞʠʪʝ 2n= .) ʆʪʩʫʪʩʪʚʠʝʤ ʩʚʦʡʩʪʚʘ ʢʦʤʤʫʪʘʪʠʚʥʦʩʪʠ ʦʙʲʷʩʥʷʝʪʩʷ ʪʦ, ʯʪʦ 

ʩʚʦʡʩʪʚʘ 3 ʠ 4 , ʘ ʪʘʢʞʝ 5 ʠ 6 ʧʨʠʩʫʪʩʪʚʫʶʪ ʚ ʦʧʨʝʜʝʣʝʥʠʠ ʘʣʛʝʙʨʳ ʚ çʣʝʚʦʤè ʠ çʧʨʘʚʦʤè 

ʚʘʨʠʘʥʪʘʭ. 

ɺʦ- ʚʪʦʨʳʭ. ɺ ʘʣʛʝʙʨʝ ʧʨʝʦʙʨʘʟʦʚʘʥʠʡ (ʤʘʪʨʠʮ), ʦʙʨʘʪʥʳʡ ʵʣʝʤʝʥʪ
1A-  (ʪʦ ʝʩʪʴ ʪʘʢʦʡ, 

ʯʪʦ 
1 1AA A A I- -= =) ʧʦ ʦʧʨʝʜʝʣʝʥʠʶ ʠʤʝʝʪʩʷ ʪʦʣʴʢʦ ʫ ʚʟʘʠʤʥʦ ʦʜʥʦʟʥʘʯʥʳʭ 

ʧʨʝʦʙʨʘʟʦʚʘʥʠʡ A. ʇʦʵʪʦʤʫ ʚʘʞʥʳʤ ʚʦʧʨʦʩʦʤ ʷʚʣʷʝʪʩʷ ʦʧʨʝʜʝʣʝʥʠʝ ʫʩʣʦʚʠʡ, ʧʨʠ ʢʦʪʦʨʳʭ 

ʦʙʨʘʪʥʳʡ ʵʣʝʤʝʥʪ ʩʫʱʝʩʪʚʫʝʪ. ʕʪʦʪ ʚʦʧʨʦʩ ʦʙʩʫʞʜʘʣʩʷ ʚ ʧ. 1, ʘ ʧʦʣʫʯʝʥʥʳʝ ʨʝʟʫʣʴʪʘʪʳ 

ʙʳʣʠ ʠʩʧʦʣʴʟʦʚʘʥʳ ʧʨʠ ʜʦʢʘʟʘʪʝʣʴʩʪʚʝ ʪʝʦʨʝʤ ʂʨʦʥʝʢʝʨʘïʂʘʧʝʣʣʠ ʠ ʌʨʝʜʛʦʣʴʤʘ (ʧ.  3) ʜʣʷ 

ʩʠʩʪʝʤ ʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ. ʆʙʩʫʞʜʝʥʠʝ ʵʪʦʛʦ ʚʦʧʨʦʩʘ ʙʫʜʝʪ ʧʨʦʜʦʣʞʝʥʦ ʠ ʚ ʵʪʦʤ ʧʫʥʢʪʝ. 

ʆʪʩʫʪʩʪʚʠʝ ʦʙʨʘʪʥʦʛʦ ʵʣʝʤʝʥʪʘ ʧʨʠʚʦʜʠʪ ʢ ʜʦʚʦʣʴʥʦ ʩʪʨʘʥʥʳʤ ʥʘ ʧʝʨʚʳʡ ʚʟʛʣʷʜ 

ʩʦʦʪʥʦʰʝʥʠʷʤ. ʅʘʧʨʠʤʝʨ, PP P=  ʧʨʠ P I̧  ʠ 0P¸ . ʀʣʠ 1 2 0PP=  ʧʨʠ 
1 0P¸  ʠ 

2 0P ¸ . 

ɿ ʘʜʘʥʠʝ. ʇʨʦʚʝʨʴʪʝ, ʯʪʦ ʧʝʨʚʦʤʫ ʩʦʦʪʥʦʰʝʥʠʶ ʫʜʦʚʣʝʪʚʦʨʷʝʪ ʧʨʝʦʙʨʘʟʦʚʘʥʠʝ ʠʟ ʧ. 2 

ʧʨʠʤʝʨʘ 2, ʠ ʧʦʩʣʝ ʵʪʦʛʦ ʧʨʠʜʫʤʘʡʪʝ ʧʨʠʤʝʨ ʦʪʦʙʨʘʞʝʥʠʷ, ʫʜʦʚʣʝʪʚʦʨʷʶʱʝʛʦ ʚʪʦʨʦʤʫ 

ʩʦʦʪʥʦʰʝʥʠʶ. 

ɺʪʦʨʦʝ ʦʪʣʠʯʠʝ ʧʨʝʦʙʨʘʟʦʚʘʥʠʡ ʦʪ ʦʪʦʙʨʘʞʝʥʠʡ. 

ʊʝʦʨʝʤʘ 3 ʧʦʢʘʟʳʚʘʝʪ, ʯʪʦ ʜʣʷ ʚʟʘʠʤʥʦʡ ʦʜʥʦʟʥʘʯʥʦʩʪʠ ʣʠʥʝʡʥʦʛʦ ʦʪʦʙʨʘʞʝʥʠʷ 

:A V W­  ʥʫʞʥʦ, ʯʪʦʙʳ ʦʜʥʦʚʨʝʤʝʥʥʦ ʚʳʧʦʣʥʷʣʠʩʴ ʜʚʘ ʫʩʣʦʚʠʷ: ImA V=  ʠ {}Ker A=0 . 

ɼʣʷ ʧʨʝʦʙʨʘʟʦʚʘʥʠʡ ʵʪʠ ʫʩʣʦʚʠʷ ʵʢʚʠʚʘʣʝʥʪʥʳ, ʪʦ ʝʩʪʴ, ʝʩʣʠ ʚʳʧʦʣʥʝʥʦ ʦʜʥʦ ʠʟ ʥʠʭ, ʪʦ 
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ʚʳʧʦʣʥʝʥʦ ʠ ʜʨʫʛʦʝ. ʇʦʵʪʦʤʫ ʢʘʞʜʦʝ ʠʟ ʵʪʠʭ ʫʩʣʦʚʠʡ ʚ ʦʪʜʝʣʴʥʦʩʪʠ ʚʣʝʯʝʪ ʟʘ ʩʦʙʦʡ 

ʚʟʘʠʤʥʫʶ ʦʜʥʦʟʥʘʯʥʦʩʪʴ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ A. 

ʊ ʝʦʨʝʤʘ 1 1 .  ɼʣʷ ʣʠʥʝʡʥʦʛʦ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ A ʧʨʦʩʪʨʘʥʩʪʚʘ V  ʫʩʣʦʚʠʷ ImA V=  ʠ 

{}Ker A=0  ʵʢʚʠʚʘʣʝʥʪʥʳ 

ˇ ʕʪʦ ʥʝʤʝʜʣʝʥʥʦ ʚʳʪʝʢʘʝʪ ʠʟ ʨʘʚʝʥʩʪʚʘ dimKer dimIm dimA A V+ = , ʫʩʪʘʥʦʚʣʝʥʥʦʛʦ ʚ 

ʩʣʝʜʩʪʚʠʠ 2 ʪʝʦʨʝʤʳ 4. ʅʫʞʥʦ ʪʦʣʴʢʦ ʟʘʤʝʪʠʪʴ, ʯʪʦ ʨʘʚʝʥʩʪʚʦ ImA V=  ʵʢʚʠʚʘʣʝʥʪʥʦ 

ʨʘʚʝʥʩʪʚʫ dimIm dimA V= , ʘ ʨʘʚʝʥʩʪʚʦ {}Ker A=0  ï ʨʘʚʝʥʩʪʚʫ dimKer 0A= . Ʒ 

ɼʣʷ ʫʜʦʙʩʪʚʘ ʚʩʝ ʧʨʠʟʥʘʢʠ ʚʟʘʠʤʥʦʡ ʦʜʥʦʟʥʘʯʥʦʩʪʠ ʣʠʥʝʡʥʦʛʦ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ :A V V­  

ʠʣʠ, ʯʪʦ ʪʦ ʞʝ ʩʘʤʦʝ, ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʦʙʨʘʪʥʦʛʦ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ 
1A-, ʩʦʙʝʨʝʤ ʚ ʦʜʥʦʡ 

ʪʝʦʨʝʤʝ. 

ʊʝʦʨʝʤʘ 1 2 .  ʇʫʩʪʴ A ï ʣʠʥʝʡʥʦʝ ʧʨʝʦʙʨʘʟʦʚʘʥʠʝ ʧʨʦʩʪʨʘʥʩʪʚʘ V. ʊʦʛʜʘ 

ʩʣʝʜʫʶʱʠʝ ʫʪʚʝʨʞʜʝʥʠʷ ʵʢʚʠʚʘʣʝʥʪʥʳ: 

1. ʉʫʱʝʩʪʚʫʝʪ ʦʙʨʘʪʥʦʝ ʧʨʝʦʙʨʘʟʦʚʘʥʠʝ 1A- ; 

2. ImA V= ; 

3. {}Ker A=0 ; 

4. ʆʙʨʘʟ ʙʘʟʠʩʘ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ V  ʧʨʠ ʧʨʝʦʙʨʘʟʦʚʘʥʠʠ A ʪʦʞʝ ʷʚʣʷʝʪʩʷ ʙʘʟʠʩʦʤ 

ʵʪʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ. 

ʃʠʥʝʡʥʳʝ ʦʪʦʙʨʘʞʝʥʠʷ, ʜʣʷ ʢʦʪʦʨʳʭ ʚʳʧʦʣʥʝʥʦ ʫʩʣʦʚʠʝ ʧ. 3 ʵʪʦʡ ʪʝʦʨʝʤʳ, ʯʘʩʪʦ 

ʥʘʟʳʚʘʶʪ ʥʝʚʳʨʦʞʜʝʥʥʳʤʠ. ʊʘʢ ʯʪʦ ʜʣʷ ʣʠʥʝʡʥʳʭ ʧʨʝʦʙʨʘʟʦʚʘʥʠʡ ʥʝʚʳʨʦʞʜʝʥʥʦʩʪʴ ʠ 

ʚʟʘʠʤʥʘʷ ʦʜʥʦʟʥʘʯʥʦʩʪʴ ï ʦʜʥʦ ʠ ʪʦ ʞʝ. 

ʉʠʩʪʝʤʳ ʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ. ʇʨʦʜʦʣʞʝʥʠʝ. 

ʇʨʠʤʝʥʠʤ ʧʦʣʫʯʝʥʥʳʝ ʟʥʘʥʠʷ ʢ ʩʠʩʪʝʤʘʤ n  ʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ ʩ ʪʝʤ ʞʝ ʢʦʣʠʯʝʩʪʚʦʤ 

ʥʝʠʟʚʝʩʪʥʳʭ. ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʦʪʦʙʨʘʞʝʥʠʝ A ʠʟ ʫʨʘʚʥʝʥʠʷ A =x f , ʷʚʣʷʶʱʝʛʦʩʷ ʚʝʢʪʦʨʥʦʡ 

ʬʦʨʤʦʡ ʩʠʩʪʝʤʳ, ʦʯʝʚʠʜʥʦ, ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʧʨʝʦʙʨʘʟʦʚʘʥʠʝ ʧʨʦʩʪʨʘʥʩʪʚʘ 
n
. 

ʊ ʝʦʨʝʤʘ 1 3  (ɸʣʴʪʝʨʥʘʪʠʚʘ ʌʨʝʜʛʦʣʴʤʘ).  ʇʨʠ m n=  ʜʣʷ ʩʠʩʪʝʤʳ 

ʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ (10) ʠʤʝʶʪʩʷ ʚʩʝʛʦ ʜʚʝ ʚʦʟʤʦʞʥʦʩʪʠ: 

1. ʣʠʙʦ ʩʠʩʪʝʤʘ (10) ʠʤʝʝʪ ʨʝʰʝʥʠʝ ʧʨʠ ʣʶʙʦʡ ʧʨʘʚʦʡ ʯʘʩʪʠ, 

2. ʣʠʙʦ ʩʦʦʪʚʝʪʩʪʚʫʶʱʘʷ ʦʜʥʦʨʦʜʥʘʷ ʩʠʩʪʝʤʘ ʫʨʘʚʥʝʥʠʡ ʠʤʝʝʪ ʥʝʥʫʣʝʚʳʝ ʨʝʰʝʥʠʷ. 

ƹ ʕʪʦ ʧʨʦʩʪʦ ʜʨʫʛʘʷ ʬʦʨʤʫʣʠʨʦʚʢʘ ʪʝʦʨʝʤʳ 10. Ʒ 

ʄʝʪʦʜʳ ʨʝʰʝʥʠʷ ʩʠʩʪʝʤ ʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ ʙʫʜʫʪ ʨʘʩʩʤʦʪʨʝʥʳ ʚ Ä 6. 
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ʀʟ ʰʢʦʣʴʥʦʛʦ ʢʫʨʩʘ ʤʘʪʝʤʘʪʠʢʠ ʠʟʚʝʩʪʥʦ, ʯʝʤʫ ʨʘʚʝʥ ʦʙʲʝʤ ʰʘʨʘ, ʧʘʨʘʣʣʝʣʝʧʠʧʝʜʘ, 

ʢʦʥʫʩʘ ʠ ʜʨʫʛʠʭ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʪʝʣ. ʆʜʥʘʢʦ ʥʝ ʠʟʚʝʩʪʥʦ, ʯʪʦ ʪʘʢʦʝ ʩʘʤ ʦʙʲʝʤ. ʊʦ ʞʝ 

ʦʪʥʦʩʠʪʩʷ ʢ ʧʣʦʱʘʜʠ ʠ ʜʘʞʝ ʜʣʠʥʝ. ɺ ʵʪʦʤ ʧʫʥʢʪʝ ʦʧʨʝʜʝʣʷʝʪʩʷ ʦʙʲʝʤ ʪʝʣ ʚ n -ʤʝʨʥʦʤ 

ʝʚʢʣʠʜʦʚʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ. ʇʨʠ 1n=  ʵʪʦ ï ʜʣʠʥʘ, ʧʨʠ 2n=  ï ʧʣʦʱʘʜʴ, ʠ ʧʨʠ 3n=  ï

ʩʦʙʩʪʚʝʥʥʦ ʦʙʲʝʤ. ɼʣʷ ʧʨʦʩʪʨʘʥʩʪʚ ʙʦʣʴʰʝʡ ʨʘʟʤʝʨʥʦʩʪʠ ʩʧʝʮʠʘʣʴʥʳʭ ʥʘʟʚʘʥʠʡ ʥʝʪ. 

ʇʦʪʦʤʫ ʧʦʣʴʟʫʶʪʩʷ ʪʝʤ ʞʝ ʪʝʨʤʠʥʦʤ çʦʙʲʝʤè, ʫʢʘʟʳʚʘʷ, ʝʩʣʠ ʤʦʛʫʪ ʚʦʟʥʠʢʥʫʪʴ 

ʥʝʜʦʨʘʟʫʤʝʥʠʷ, ʝʛʦ ʨʘʟʤʝʨʥʦʩʪʴ. 

1. ʆʧʨʝʜʝʣʝʥʠʝ ʦʙʲʝʤʘ. 

ʆʧʨʝʜʝʣʠʤ ʥʘʠʙʦʣʝʝ ʧʨʦʩʪʦʝ n -ʤʝʨʥʦʝ ʛʝʦʤʝʪʨʠʯʝʩʢʦʝ ʪʝʣʦ. 

ʇʫʩʪʴ { }1 2, ,...,n nG =g g g  ï ʢʘʢʦʡ-ʣʠʙʦ ʙʘʟʠʩ ʝʚʢʣʠʜʦʚʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ 
n
. ʄʥʦʞʝʩʪʚʦ 

ʪʦʯʝʢ ʚʠʜʘ 
1 1 2 2 ... n na a a= + + +x g g g, ʛʜʝ ʢʦʵʬʬʠʮʠʝʥʪʳ ʫʜʦʚʣʝʪʚʦʨʷʶʪ ʥʝʨʘʚʝʥʩʪʚʘʤ 

0 1ka¢ ¢ ʥʘʟʳʚʘʶʪ n -ʤʝʨʥʳʤ ʧʘʨʘʣʣʝʣʝʧʠʧʝʜʦʤ, ʧʦʩʪʨʦʝʥʥʳʤ ʥʘ ʚʝʢʪʦʨʘʭ 
1 2, ,..., ng g g  

(ʢʘʢ ʥʘ ʨʝʙʨʘʭ) ʠ ʦʙʦʟʥʘʯʘʶʪ ʪʝʤ ʞʝ ʩʠʤʚʦʣʦʤ 
nG . 

ɿ ʘʜʘʥʠʝ.  ʇʨʦʚʝʨʴʪʝ, ʯʪʦ ʦʜʥʦʤʝʨʥʳʡ ʧʘʨʘʣʣʝʣʝʧʠʧʝʜ ï ʵʪʦ ʦʪʨʝʟʦʢ [ ]1,0 g , 

ʩʦʝʜʠʥʷʶʱʠʡ ʪʦʯʢʠ 0  ʠ 
1g , ʜʚʫʭʤʝʨʥʳʡ ï ʧʘʨʘʣʣʝʣʦʛʨʘʤʤ ʩʦ ʩʪʦʨʦʥʘʤʠ [ ]1,0 g  ʠ [ ]2,0 g , ʘ 

ʪʨʝʭʤʝʨʥʳʡ ï ʧʘʨʘʣʣʝʣʝʧʠʧʝʜ ʩ ʨʝʙʨʘʤʠ [ ]1,0 g ,[ ]2,0 g  ʠ [ ]3,0 g . ʅʘ ʨʠʩ. 1 ʜʣʷ ʧʨʠʤʝʨʘ 

ʠʟʦʙʨʘʞʝʥ ʜʚʫʭʤʝʨʥʳʡ ʧʘʨʘʣʣʝʣʝʧʠʧʝʜ. 

 
ʈʠʩ. 1 

ɿʘʤʝʪʠʤ, ʯʪʦ ʧʦʢʘ ʦʧʨʝʜʝʣʝʥʳ ʪʦʣʴʢʦ ʧʘʨʘʣʣʝʣʝʧʠʧʝʜʳ, ʠʤʝʶʱʠʝ ʪʦʯʢʫ 0  ʦʜʥʦʡ ʠʟ ʩʚʦʠʭ 

ʚʝʨʰʠʥ. ʏʪʦʙʳ ʧʦʣʫʯʠʪʴ ʧʘʨʘʣʣʝʣʝʧʠʧʝʜ ʦʙʱʝʛʦ ʚʠʜʘ, ʙʫʜʝʤ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʪʘʢʞʝ 

ʧʘʨʘʣʣʝʣʝʧʠʧʝʜʳ, ʩʤʝʱʝʥʥʳʝ ʥʘ ʧʨʦʠʟʚʦʣʴʥʳʡ ʚʝʢʪʦʨ 
0x  (ʩʤ. ʨʠʩ. 2). ʕʪʦ ʦʟʥʘʯʘʝʪ, ʯʪʦ 

ʪʘʢʦʡ ʧʘʨʘʣʣʝʣʝʧʠʧʝʜ ʧʦʣʫʯʘʝʪʩʷ ʜʦʙʘʚʣʝʥʠʝʤ ʚʝʢʪʦʨʘ 
0x  ʢ ʢʘʞʜʦʤʫ ʚʝʢʪʦʨʫ ʠʩʭʦʜʥʦʛʦ 

ʧʘʨʘʣʣʝʣʝʧʠʧʝʜʘ ʠʣʠ (ʩʤ. ʦʧʨʝʜʝʣʝʥʠʝ 8 Ä1) ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʚʝʢʪʦʨʥʫʶ ʩʫʤʤʫ ʤʥʦʞʝʩʪʚ 

nG  ʠ { }0x . 

ɽʩʣʠ ʧʘʨʘʣʣʝʣʝʧʠʧʝʜ ʧʦʩʪʨʦʝʥ ʩ ʧʦʤʦʱʴʶ ʦʨʪʦʛʦʥʘʣʴʥʦʛʦ ʙʘʟʠʩʘ, ʪʦ ʝʛʦ ʝʩʪʝʩʪʚʝʥʥʦ 

ʥʘʟʚʘʪʴ ʧʨʷʤʦʫʛʦʣʴʥʳʤ. ɽʩʣʠ ʜʣʠʥʳ ʚʩʝʭ ʚʝʢʪʦʨʦʚ ʵʪʦʛʦ ʙʘʟʠʩʘ ʨʘʥʳ ʦʜʥʦʤʫ ʠ ʪʦʤʫ ʞʝ 

ʯʠʩʣʫ a, ʪʦ ʵʪʦ ï n -ʤʝʨʥʳʡ ʢʫʙ ʩ ʨʝʙʨʦʤ ʜʣʠʥʳ a. ʀ, ʥʘʢʦʥʝʮ, ʧʨʠ 1a=, ʪʦ ʝʩʪʴ ʝʩʣʠ ʙʘʟʠʩ 

ʦʨʪʦʥʦʨʤʠʨʦʚʘʥ,ï ʵʪʦ ʝʜʠʥʠʯʥʳʡ n -ʤʝʨʥʳʡ ʢʫʙ. 

 
ʈʠʩ. 2 



52 Ä 4. ʆʙʲʝʤʳ ʠ ʦʨʠʝʥʪʘʮʠʷ 

 

ɿʘʜʘʥʠʝ. ʇʨʦʚʝʨʴʪʝ, ʯʪʦ ʦʜʥʦʤʝʨʥʳʡ ʝʜʠʥʠʯʥʳʡ ʢʫʙ ï ʵʪʦ ʦʪʨʝʟʦʢ ʜʣʠʥʳ 1, 

ʜʚʫʭʤʝʨʥʳʡ ï ʢʚʘʜʨʘʪ ʩʦ ʩʪʦʨʦʥʦʡ ʜʣʠʥʳ 1, ʪʨʝʭʤʝʨʥʳʡ ï ʢʫʙ ʩ ʨʝʙʨʦʤ ʜʣʠʥʳ 1. 

ɹʫʜʝʤ ʠʩʭʦʜʠʪʴ ʠʟ ʩʣʝʜʫʶʱʠʭ ʩʚʦʡʩʪʚ ʦʙʲʝʤʘ, ʧʨʠʥʠʤʘʝʤʳʭ ʚ ʢʘʯʝʩʪʚʝ ʘʢʩʠʦʤ: 

1. ʆʙʲʝʤ ï ʥʝʦʪʨʠʮʘʪʝʣʴʥʦʝ ʯʠʩʣʦ. 

2. ʆʙʲʝʤ ʝʜʠʥʠʯʥʦʛʦ ʢʫʙʘ ʨʘʚʝʥ 1 ʚʥʝ ʟʘʚʠʩʠʤʦʩʪʠ ʦʪ ʚʳʙʦʨʘ ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʦʛʦ 

ʙʘʟʠʩʘ, ʩ ʧʦʤʦʱʴʶ ʢʦʪʦʨʦʛʦ ʧʦʩʪʨʦʝʥ ʢʫʙ. 

3. ʇʨʠ ʩʤʝʱʝʥʠʠ ʥʝʢʦʪʦʨʦʛʦ ʪʝʣʘ ʥʘ ʚʝʢʪʦʨ 
0x  ʝʛʦ ʦʙʲʝʤ ʥʝ ʤʝʥʷʝʪʩʷ. 

4. ɽʩʣʠ ʪʝʣʦ ʨʘʟʙʠʪʦ ʥʘ ʥʝʩʢʦʣʴʢʦ ʯʘʩʪʝʡ, ʪʦ ʝʛʦ ʦʙʲʝʤ ʨʘʚʝʥ ʩʫʤʤʝ ʦʙʲʝʤʦʚ ʢʘʞʜʦʡ ʠʟ 

ʵʪʠʭ ʯʘʩʪʝʡ. 

ɿʘʤʝʯʘʥʠʝ. ʕʪʠ ʘʢʩʠʦʤʳ ʥʘʩʪʦʣʴʢʦ ʧʨʠʚʳʯʥʳ, ʯʪʦ ʚ ʜʘʣʴʥʝʡʰʝʤ ʤʳ ʥʝ ʙʫʜʝʤ ʢʘʞʜʳʡ 

ʨʘʟ ʩʩʳʣʘʪʴʩʷ ʥʘ ʥʠʭ. ʅʦ ʦʯʝʥʴ ʧʦʣʝʟʥʦ ʩʘʤʦʩʪʦʷʪʝʣʴʥʦ ʥʘʡʪʠ ʚ ʜʘʣʴʥʝʡʰʠʭ ʨʘʩʩʫʞʜʝʥʠʷʭ 

ʪʝ ʤʝʩʪʘ, ʛʜʝ ʵʪʠ ʘʢʩʠʦʤʳ ʠʩʧʦʣʴʟʫʶʪʩʷ. 

ɿʘʜʘʥʠʝ. ʅʘʡʜʠʪʝ ʦʙʲʝʤ n -ʤʝʨʥʦʛʦ ʢʫʙʘ ʩ ʨʝʙʨʦʤ 1
2
. (ʇʦʜʩʢʘʟʢʘ: ʨʘʟʙʝʡʪʝ 

ʝʜʠʥʠʯʥʳʡ ʢʫʙ ʥʘ ʪʘʢʠʝ ʢʫʙʳ. ʆʪʚʝʪ: 1
2n .) 

ʅʘʡʜʝʤ ʪʝʧʝʨʴ ʦʙʲʝʤ ʣʶʙʦʛʦ n -

ʤʝʨʥʦʛʦ ʪʝʣʘ. (ʆʪʥʝʩʠʪʝʩʴ 

ʚʥʠʤʘʪʝʣʴʥʦ ʢ ʧʨʦʚʦʜʠʤʦʤʫ 

ʨʘʩʩʫʞʜʝʥʠʶ, ʪʘʢ ʢʘʢ ʚ ʥʝʤ 

ʟʘʢʣʶʯʘʝʪʩʷ ʦʩʥʦʚʥʘʷ ʠʜʝʷ 

ʠʥʪʝʛʨʘʣʴʥʦʛʦ ʠʩʯʠʩʣʝʥʠʷ.) 

ʇʦʩʪʘʚʣʝʥʥʫʶ ʟʘʜʘʯʫ ʤʦʞʥʦ 

ʨʘʟʜʝʣʠʪʴ ʥʘ ʜʚʝ ʯʘʩʪʠ: ʥʘʠʙʦʣʝʝ 

ʚʘʞʥʘʷ ï ʥʘʭʦʞʜʝʥʠʝ ʦʙʲʝʤʘ ʚ 

ʧʨʦʩʪʳʭ ʦʜʥʦ-, ʜʚʫʭ- ʠʣʠ 

ʪʨʝʭʤʝʨʥʦʤ ʩʣʫʯʘʷʭ, ʠ ʚʪʦʨʘʷ ʯʘʩʪʴ, 

ʥʦʩʷʱʘʷ ʪʝʭʥʠʯʝʩʢʠʡ ʭʘʨʘʢʪʝʨ, ï 

ʧʝʨʝʭʦʜ ʢ n -ʤʝʨʥʦʤʫ ʩʣʫʯʘʶ. 

ʅʘʯʥʝʤ ʩ ʧʝʨʚʦʡ ʯʘʩʪʠ, ʚʳʙʨʘʚ 

ʜʣʷ ʧʨʦʩʪʦʪʳ ʠʣʣʶʩʪʨʘʮʠʡ 

ʜʚʫʭʤʝʨʥʳʡ ʩʣʫʯʘʡ. ʇʫʩʪʴ ʚ ʧʣʦʩʢʦʩʪʠ XY (ʩʤ. ʨʠʩ. 3) ʟʘʜʘʥʘ ʬʠʛʫʨʘ (ʜʚʫʤʝʨʥʦʝ ʪʝʣʦ) B . 

ʈʘʟʦʙʴʝʤ ʚʩʶ ʧʣʦʩʢʦʩʪʴ ʥʘ ʢʚʘʜʨʘʪʳ ʩʦ ʩʪʦʨʦʥʦʡ, ʨʘʚʥʦʡ 1. ɼʣʷ ʵʪʦʛʦ ʧʨʦʚʝʜʝʤ ʜʚʘ 

ʩʝʤʝʡʩʪʚʘ ʧʨʷʤʳʭ: ʧʝʨʚʦʝ ʦʨʪʦʛʦʥʘʣʴʥʦ ʝʜʠʥʠʯʥʦʤʫ ʚʝʢʪʦʨʫ 
1e, ʥʘʧʨʘʚʣʝʥʥʦʤʫ ʧʦ ʦʩʠ X, ʘ 

ʚʪʦʨʦʝ ï ʦʨʪʦʛʦʥʘʣʴʥʦ ʝʜʠʥʠʯʥʦʤʫ ʚʝʢʪʦʨʫ 
2e , ʥʘʧʨʘʚʣʝʥʥʦʤʫ ʚʜʦʣʴ ʦʩʠ Y. ʈʘʩʩʪʦʷʥʠʝ 

ʤʝʞʜʫ ʧʨʷʤʳʤʠ ʨʘʚʥʦ 1. ʀʥʘʯʝ ʛʦʚʦʨʷ, ʦʩʴ X, ʷʚʣʷʶʱʫʶʩʷ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦʤ, 

ʦʨʪʦʛʦʥʘʣʴʥʳʤ ʚʝʢʪʦʨʫ 
2e , çʨʘʟʤʥʦʞʠʤè, ʩʤʝʩʪʠʚ ʝʝ ʥʘ ʚʝʢʪʦʨʳ 2ke , ʛʜʝ 0, 1,...k= ° . 

ɸʥʘʣʦʛʠʯʥʦ, ʦʩʴ Y, ʷʚʣʷʶʱʫʶʩʷ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦʤ, ʦʨʪʦʛʦʥʘʣʴʥʳʤ ʚʝʢʪʦʨʫ 
1e , 

çʨʘʟʤʥʦʞʠʤè ʩ ʧʦʤʦʱʴʶ ʚʝʢʪʦʨʘ 
1e . 

ʇʦʜʩʯʠʪʘʝʤ ʪʝʧʝʨʴ ʢʦʣʠʯʝʩʪʚʦ 
1k  ʢʚʘʜʨʘʪʦʚ, ʮʝʣʠʢʦʤ ʧʦʤʝʩʪʠʚʰʠʭʩʷ ʚ ʬʠʛʫʨʝ B, ʠ 

ʥʘʡʜʝʤ ʠʭ ʦʙʱʫʶ ʧʣʦʱʘʜʴ: 
1 1 1S k= Ö. ʕʪʦ ʧʨʠʙʣʠʞʝʥʥʘʷ ʦʮʝʥʢʘ ʜʣʷ ʧʣʦʱʘʜʠ ʪʝʣʘ B . 

ʈʠʩ. 3 






























































































































































































































