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NPEANCIIOBUE

Hacrosinee nocobue npenHasHadveso, B IePBYI0 OYepelb, AJd CTYOeH-
TOB MHXKEHEPHO-TEXHUIECKUX CIEMAJILHOCTEN; MOXKeT OBIThH [TOJIE3HBIM J151
BCEX KaTeropuil CTyIeHToB, M3y4YalomuX B TOM UJIM HHOM 0ObeMe BBICIIYIO
maremaruky. OHO npencraBisieT coboli KOHCIIEKT JIEKIUH U agpPECOBAHO, B
OCHOBHOM, CTYZIEHTaM NePBOro U BTOporo Kypcos. Habop ocsemaeMbIx Bo-
[IPOCOB XOPOLIO BUAEH U3 OLJIABJICHMSI.

JaHHbIf KOHCIEKT CONEep:KUT HeoOXOnMMbIH Marepuasl 1o BCEM pas-
JejaM Kypca BhICHIEH MareMaTuKu U JONOJIHUTEJIbHBIM TJaBaM, HeOOXOo-
JHMBIM TIPM M3Yy4YEHHH CHEHHAJIBHBIX KypCcOB. U3JI0KEHNEe TEOpPeTHYECKO-
rO MaTepuaJia Mo BCEM TeMaM COIIPOBOXKIAETCs PACCMOTPEHKEM BOJIBIIOro
KOJIMYECTBA [PUMEPOB U 3a4a4, BEOETCHA Ha JOCTYITHOM, N0 BO3MOXKHOCTU
CTpOI‘OM A3bIKE.

Tlocobre moxer H6bITH UCMIOJIB3ORAHO CTYIEHTAMY TAKKE [JIS CAMOCTO-
SITEJIBHOTO U3Y4YeHUsA COOTBETCTBYIOMIErO MaTepHaJia, siBJseTcs 6asol ajsa
MOArOTOBKYM K CEMECTPOBBIM 334€TaM U 9K3aMEHAM IO BbICIHIEH MareMaTuke.

Kpowme Toro, Kkaura qoJxKHa MOMOYb CTYIEHTY U B TeX Cjiydasix, Korjia
OH YTO-TO HE YCHEeJs 3AMUCATh HA JIEKIINH, KAaKUe-TO JIEKIUU ObLIN NPOIy-
IIEHBI, B YeM-TO TPYIHO (MJIM HET BPEMEHH) pa306paTbCs N0 ApyruM y4ded-
HUKaM, KOTJa HEKOTODPbIe BONPOCHI CJIMLIKOM AJIMHHBEI® B €10 KOHCIIEKTAX
WA MHOTO (PAKTHIECKOr0 MaTepruasia, KOTOpbiit cjieqyeT u3y4uTh 3a orpa-
HUYEHHOE KOJIMYECTBO HENE b, THEeH.

ABTOp HAJIEETCs1, YTO NAHHBIH KypC Jekiuui 6yaer nmojeseH U npenoga-
BaTesIAM, 3 UCHOJIb30BaHKE JAHHOTO nocobus Gyder cnocoberBoBaTh Golee
r1y60KOMY M3y9EeHMIO CTYAEHTAMU KyPCa BBICIIEH MATEMATUKY U CMEXKHBIX
JUCIUUIJINH.

Cnucok obosHauennia:

Q @® — HaYaIO W KOHEl PelIeHUsT MPUMePa UM 3a0a41;
(d M — nHavasIo M KOHEl JOKA3aTe/IbCTBA;
@ — BayKHbIE ONpeneJIeHus;

— «obparute ocoboe BHUMaHTE!»

B pamky 3akiiodensl GoOpMysibl, KOTOPbIE BAXKHO IOMHUTb.



Masa |. 9JIEMEHTbI MTUHENHOW ANTEGPLI
Nexyun 1-3

§1. MATPULUDLI
1.1. OcHosHbie noHaTuA

Mampuyefi na3bBaeTCA NPAMOYTOJIbHAS TADIRIA THCEST, CONEPKATAL
M CTPOK OIMHAKOBOH J/MHBI (MM n CTONOHOB OmEHAKOBOH mymubnt). Ma-
TPUIA 3AIHACHIBACTCS B BUIE

apy 412 ... Qin
o Q PN a2
A — 1 22 n
Amy1 Qm2 ... Amn
w1, cokpamento, A = (ay,), raer = 1,m (r.e.2 =1,2,3,...,m) — HOomep
cTpoky, j = 1,n (r.e. j =1,2,3,...,n) — HoMep cTOonbMA.

Marpuuy A sasbisator Marpunell pasmepe m X n v numyT A, xn. du-
CTIa @y, COCTABIAKIIME MATPULY, HA3BLIBAIOTCH €€ 3AeMEHMaMU. DIeMeH-
THI, CTOALIME HA JUATOHAJIM, WIYILIEH U3 BEPXHEro JIEBOTO yria, 06pasyior
2406HY10 Juazonad.

Marpuupl pagnte mexncdy coboti, ecnu paBHEI BCEe COOTBETCTBYIOUINE

BJIEMEHTHI TUX MATPHL, T. €.

A=B, ecmay,=b,, tmei=1m,j=1n.

Marpuia, y KOTOPO# IHC/IO CTPOK PABHO YHUCJTY CTOJIOHOB, HA3BIBAETCA
xeadpammnoii. KBapaTHyo MaTpUILy pasMepa 1 X . Ha3plBAIOT MaTpHIeH
n-20 nopadxa.

Ksanparnas MATpuiia, y KOTOPOH BCE 3JIEMEHThI, KPOME SJIEMEHTOB
IJIABHON MUATOHAJIN, PABHBI HYJIO, HASKIBACTCA Jua2oMaAbHOT.

HuaroHaibHas MATPULA, Y KOTOPOH KaXAbI# 3JIEMCHT INIABHOH AUAro-
HAJTH PaBeH eIUHUIE, HaszbBaeTca edununnot. O6o3HauaeTcs Oyksoil E.

Hpumep 1.1.
pumep 100
E3wz3=1 0 1 0
0 0 1
— NUHWYHAA MATPHUIA 3-I0 HOPsIKA.
1
Enxn =

0 1

— €IUHUYHAA MATPHUIA 7-TO NOpADKA.
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v

\ KBajipaTHaa MATpuia HA3LIBAETCA MPEY204bHOT, €CIIM BCe 3IeMEH-
\sm, PACIIOJIOKEHHBIE (10 OJHY CTOPOHY OT [VIABHOH AMAIOHAJIH, PABHBI
HyJTi0.
E ‘MartpHuiia, BCe 3JIEMEHThI KOTOPOi PaBHBI HYJII0, HA3LIBAETCHA HYAEEOTL.
O6osnagaerca 6yksoit O. Umeer Bug,

00 ... 0
0= 00 ... 0
00 0

B marpuynom ucuucsienuu marpuipl O v E urpatot poss yncen 0 u 1
B apucdmMeTHKe.

Marpuua, conepxamas ogun CTobelr; Wi OJIHY CTPOKY, Ha3hiBaeTCA

6eXMOPOM (WK Bek rop-cTonben, uird BeKTOP-CTPOKA OO IBETCTBCH-

Ho). Ux Bum:
a

a2
A= . 9 B:(blbzbn)

Qm
Marprua pasmepa 1 X 1, cocTosmas u3 ofHOro YMCJIa, OTOXKAECTBIs1-
ercs ¢ 3TUM YKUCIIOM, T. €. {5)1x1 ecTh 5.
Marpuna, NoJAyYCHHAA U3 AaHHO 3ameHol Kaxaoh ce ¢1POKY CToJIb-
[OM C TeM € HOMEPOM, Ha3biBACTCA MATpULEH MPaNCNOHUPOSaH-
#oti x nanuot. Obosuauaerca AT,

(1 2 r_ (1 3 (1 T_
TaK,ecnnA—(3 4),TOA —(2 4),ecm1A—(0),ToA =(10).

TpancnonupoBasHasgs Marpulia obJIagaerT CJICOYIOMEM CBOHCTBOM:

(AT)T = A.

1.2. [feiictBuna Hap, marpulamu

Cnoxenne

Oneparius CIOXeEHHs MATPUL, BBOTMTCS TOJILKO JI/IsS MATPHLL OJIMHAKO-
BEIX Pa3MepOB.

Cymmoti deyx mampuy Amxn = (ayy) 1 Bmxn = (by,) Ha3bIBaETCH
marpuna Cpxn = (€;) Takas, 9to ¢, = a, + b, (0 = Im, j = 1,n).
Samucesator C = A + B.

IIpumep 1.2.

2 -3 0 i 3 3 -1y (5 0 -1

4 5 6 -2 -5 4] \2 0 10 /)°
AHAJIOTHYHO ONPENESIAETCA PAIHOCMYG MAMPUL.
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YMHOXEHne Ha 4ucno

Ilpoussedenuem mampunnt Apmyn = (a,;) Ha 4ucao k HA3BIBACTCA Ma-
Tpuiid Brxn = (by,) Takas, 9ro b, = k-a,, (+ = 1,m, ) = 1,n) Banncw-
paior B =k - A.

IIpumep 1.3.
0 -1 2 0 -2 4
(02 henae (02 1),
Matrpnia —A = (—1) - A nassiBaeTcs npomusonoioxcrott mampuye A.

Pasnocrs marpun, A — B Moxk#HO onpegenuts tak: A — B = A + (- B).
Ouepaliuy cI0XeHUs MATPUIL ¥ yMHOKEHUS MATPHULBLL Ha 9uC/I0 0618~
IAIOT CJAENYIOMUMU C80TUCMeamuy:

1. A+ B=B+4; 5.1-A=A;

22 A+ (B+C)=(A+B)+C; 6 a-(A+ B)=aA+aB,
3. A+ 0 = 4; 7. (a+ ) - A=aA+ b4;
4. A-A=0; 8. a-(8A) = (af) - A,

e A, B, C — MaTpuunt, & 1 § — 49UCHA.
dnemenTapHbie npeobpa3sosaHua maTpuy,

Inemenmaprumu NPeobpa3oeEHUAMY MAMPUY FABIAIOTCA:
® TEePEeCTAHOBKA MECTAMH ABYX [aPAJIJIEIbHBIX PANOB MATPUIILI;

® YMHOXKEHNE BCEX DJIEMEHTOB PsANA MATPUILI HA YHCJIO, OTJIMYHOE OT
HYJIs;

L HpHGaBJ’IEHI/IE KO BCEM 3JIEMEHTAM DAL MATPUIBI COOTBETCTBY IOINX
3JIEMEHTOB NMapaJlJIeJIbHOTO PANa, YyMHOKEHHBIX Ha OAHO ¥ TO XK€ 9u-
CJI0.

e marpunpl A 1 B HASBIBAIOTCS IKEUSAAECHIMMNBIMU, €CJIH OIHA U3

HUX MOJIy9a€TCHA U3 IPYyrof ¢ NOMOUIBIO SJIEMEHTAPHBIX Mpeobpas3oBa-
mnii. 3anuceiBaercsa A ~ B.

Ipu noMoiny s/1eMeHTapHbIX TPpeobpasoBanuil THOYI0 MATPHILY MOXKHO
NPUBECTH K MATPUIE, Y KOTOPOH B HadaJIe TVIABHOH AMArOHAJIM CTOAT NOM-
PN HECKOJILKO €IMHHI, & BCe OCTAJbHBIE 2JIEMEHTHI paBubl HyJuo. Takyio
MaTPHUILY HA3BIBAIOT KGHORUYECKOT, HATIpUMED

1000
0100
00 1 0
0 0 00
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IIpumep 1.4. IlpuBecTu K KAHOHWYECKOMY BHOY MATPHILY

2 3 1 2
A=1|0 2 -1 1
4 0 5 1

Q Pemenne: Bomosnas »jeMeHTapHbBIE Hpeo6pasé)BaHm{, osIy 4aeM

TS _5 I—3 1 i ]
2 3 1 2 1 3 2 2 1 3 2 2
0 2 -1 1 ~E -1 2 0 1|~10 5 2 3]~
4 0 5 1 5 0 4 1 0 —-15 -6 -9
N
1 0 0 0 1 0 0 0
~{0 5 2 3|~ 0 1 1 1|~
0 -15 -6 -9 E 0 -3 -3 -3
5 2 3
1 0 00 1000
~140 1 1 1)~10 1 0 O ®
00 0 O 0 00O
Mpoussegerue marpuy, L= ¥

Onepanusi yMHOKEHHsT OBYX MATPHL[ BBOOKICS TOJIBKO JJIS CJIydas,

KOTIA “ucao cmoabyos nepeott Mampuybt Pa6HO YUCAY (MPOK 8Mopoil
MAMPUY,DL.

Ipoussedenuem mampuyve Amxn = (ay;) Ha mampuyy Bpxpy = (byr)
HazbBaeTCa MATPULA Cnyxp = (Ci) Taxad, 9o

Gk = Gy " big + @ - bar + -+ + Qubng, rTmEe 1= m: k= ma

T. €. 9JIeMEHT i-it cTpoxu 1 k-ro crosbna MaTpuisl npoussenenus C paseH
CyMMe TIPOM3BENEHHU 9JIEMEHTOB -} cTpOKM MaTpunsl A H3 COOTBETCIBY-
I0IIME BJIEMEHTH k-ro cToaba Marpuinl B.

ITosrydenne s7eMeHTa ¢, CXeMATUIHO n300pakKaeTCa Tak:

@ [ J L]
== !
po= \
| , @ [ ] [ ]
________
1
1
. @ [ ] [ ]

k
Ecam marpuipl A u B kBagpaTHbIE OIHOTO pa3Mepa, TO IIPOU3BENeHHA

AB u BA scerna cymectByoT Jlerko noxasarh, uto A-E=F A= A, rae

A — xBanparHas mMarpuiia, E — equHuYHAA MATPHIA TOrO e Pa3Mepa.

bi1 b2
a a a
Ipumep 1.5. 1+ ™2 M3 X | bar  boo =
31 G22 0423/, 4

b1 b32/ 4.,
_ (aubn + a12bo1 + aisbsr  @11bi2 + ar2ba + (113b32>
2x2

a21b11 + a22bo1 + a23bs1  az1bi2 + azzbas + azzbss
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1 2 1 1 3
IIpumep 1.6. A = (3 1 0), B = (1 2). Torna npou3Benenue

A - B ue onpenesieno, tTak Kak 9ucio croibuos marpunsb A (3) se cosnana-
er ¢ 9ucyioM CTpok Mmarpuist B (2). Ilpu sroM onpenesiero npousBeneHue
B x A, KOTOpOe CUMTAIOT CAEAYIOIM 0GPa3OM:

Boac(t 3. (1 2 Ly_ (149 243 140} _(10 5 1
T\ 2/7\3 1 0/ T \1+6 242 1+0) T\ 7 4 1)

Marpuupbl A ¥ B Ha3bIBAIOTCA nepecmanosounbmu, ecou AB = BA.
YMHOXKeHue MATprI 06J1a03eT CASIY UMM CBORCTBAMHA:

1. A-(B-C)=(4-B)-C; 3. (A+B)-C = AC + BC;
2. A-(B+C) = AB + AC; 4. a(AB) = (aA)B,

€CJIM, KOHEeYHO, HAIIMCaHHble CYMMbI H IPOM3BCOCHUA MaTPHUL HWMEIOT

CMBICJT.
Jnsa onepanuu TpaHCIIOHUPOBAHUSA BEPHBI CBOHCTBA:

1. (A+B)T = AT 4+ BT, 2. (AB)T =BT . AT,
§2. ONPEQENNTEMN
2.1. OcHoBHble NnOHATUA

KsanparHoii maTpunie A nopsimka 1 MOXHO CONOCTaBHTH 9ucjo det A
(nmm |A|, mm A), HaspBaeMoe ee onpedeaumenem, CIEAYIOMIM 06PA3OM:

1. n=1. A=(a1); det A = q,.

apy a2 11 Q12
2. n=2.A= ;detA: = aji -Qg2 —A12 - A2].-
az1 Qa2 azy a22
a1 a2 Q13 ailz aiz2 ais
3. n=3, A=1ay az as 5 detA=|axn a» a3 |=
asz1 a3z 0433 asy azz dass

= 11022033 + A12023a31 + 21032013 — 031022013 — A21G12G33 — (32023011 -

Onpenenuresib Marpunbl A TakXke HASLIBAIOT €€ JemepMunaHInoM.
IIpaBnsi0 BBITUCIIEHUST OETEPMUHAHTA IJIA MATPULLI nopsanka N sBJIseT-
CA IOBOJTHHO CJIOXKHBIM JIJIA BOCHPUATHSA ¥ TpuMenerus. OHaKO W3BECTHDI
METOHAbI, MO3BOJIAIONNE PEATU30BATH BHIYUCIICHUE ONpeiesTuTe el BHICOKUX
MOPSIAKOB HA OCHOBE ompenejutesnelt Husmux nopsaxos. OQuH U3 METOO0B
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OCHOBaH HA CBOWCTBE pa3JIoKeHUs ONpele/IuTesd 10 3JICMeHTaM HEKOTO-
poro psama (c. 23, ceoitcteo 7). Ilpu sTOM 33METHM, YTO ONpEIEUTENIH

HeBbicOKHX nopankos (1, 2, 3) kenaresabHO yMeTb BBIYHCJATL COTJIACHO
onpeneseHnIo.

Boranciienue onpeaeMTesisa 2-ro nopaaKa HILTIOCTPHPYETCA CXeMOH:
L ] L]
ANEI
IIpumep 2.1. Haiiru onpenenuTesnu MaTpuil

2 -3 cosa  Sina
5 6 " —sina cosa )’

2 3 _ _m L (_a) — _{_1R) — .
5 Gl_26 5-(=3) =12 - (—15) = 2T;

Q Pemenuc:

cosa Sina
—sina  cosa

=cos’a+sinfa=1. o

IIpu BHIYUCTIEHAN ONPENESTUTENS 3-TO NOPSIKA yI00HO NMOJIb30BATLCA

npasusom mpeyzoavruros {miin Capproca), KOTOpoe CUMBOJINYECKH MOMXKHO
3aMHCATH TAK:

(ocHoBanusA (ocHoBaHus
PaBHOGEAPEHHBIX  TPEYrOJbHUKOB
TPEeyroJIbHUKOB napanJiesibHbl
napaJijie/IbHbl nobounoit

ryiaBHOM AMACOHAJIH)
AMATOHAJIN)

IIpumep 2.2. Bpruucaurs onpeneuTesb MATPUHLDBI

5 -2 1
A=|3 1 -4
6 0 -3

(Q Pemennue:

det A =
=5-1-(-3)+(-2)-(-4)-6+3-0-1-6-1-1-3-(-2)-(-3)-0-(—4)-5=
=~-154+48-6—-18=48-39=09. o
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2.2. CeoiictBa onpepienureneii

Cdopmysiupyem OCHOBHbBIE CBORCTBa ONPEHe/InTEIEH, IPHCYIINE OIIpe-
JIeJTUTENAM BCEX NOPAIKOB. HekoTopble 3 3TUX CBOUCTB NOACHUM Ha Onpe-
OeJIUTeNIAX 3-T0 HOpsAOKa. .

Csoticmeo 1 {(«PaBHONIPABHOCTH CTPOK m CTONONOB»). Onpenemuress
HE U3MEHUTCH, €CJIH €r0 CTPOKY 3aMEHUTh CTOJI0uaMU, U HA0DOPOT.

Wubivu cioBami,

a1 aiz @13 ajx a1 asy
11 12 a1;  a21 _
= Q21 Q22 a3 | = (a2 Q23 Q32
a1  a22 G12 Q22
a3z1 Qg2 (33 a1z Q23 a33

B naspaefimem cTpokn u cTosibus 6yaeM mpocTo Ha3kIBATh padamu onpe-
deaumend.

Ceoticmeo 2. Ilpu nepecTaHoBKe IBYX NapAJJICALHLIX PAJIOB OIpere-
JITEJIb MEHSACT 3HAK.

Csoticmeo 3. Onpenesmuresib, UMEIOIMUHA ABA OAUHAKOBBIX PAIa, PaBeH
HyJTIO.

Csoticmeo 4. O6mmit MHOKUTEIIb 3JIEMEH 10B KAKOTro-JIubo pana onpe-
JIeJINTE/Isi MOKHO BBIHECTU 33, 3HAK ONPEIeSINTeIs.

W3 cpoficts 3 u 4 citenyer, 410 ecau 6ce IAeMEHMbL HeKOMOPozo pada
NPONOPYUOHAABHEL COOMBEMCMEYOUUM IACMENTNAM NAPAAAEALHO20 PAJA,
mo maxold onpedesumens paser HYMo.

[ HeiictBurensno,

aii a2 a3 a1 a2 @13
k~a11 k~a12 k"a13 =k- a1 a2 Qi3 =k-0=0. |
a3 as2 ass a3 Qazz2 az3

Cesoticmeo 5. Ecoin ssieMenThl Kakoro-jmbo pama ONpeneuTe s Ipe-
CTaBJIAIOT cO0OM CYMMBL IBYX CJIATAEMBIX, TO OMPENEJTMTEb MOKET ObITh
Pa3JIoKeH Ha CyMMY JIBYX COOTBETCTBYIOUIAX OMpenesIuTesiei.

Hanpwuwmep, .
an G2 s+ b a1 Qi1 013 a1 a2 b
Q21 Gpz Qa3+cC|=|az a2 a3 |+|621 G2 C
az; azz azz+d az G632 as3 a3 azy d

Cesoticmeo 6 («DutemeHTapHBle NPEOOPA3OBAHUS OUPEHEITUTETTS).
Omnpenesuresis He UBMEHUTCS, €CJIM K BJIEMEHTAM OIHOTO PAJa IPUOABHTH
COOTBETCTBYIOUINE 3JIEMEHTHI TAPAJJIETILHOTO PANA, YMHOKEHHBIE HA JIHO-
60e gucIo.

ITpumep 2.3. [lokazarb, 4To

ail a2 M3 a1 aiz aiz+k-an
A=|ax "axp a3|=|an a»m a3tk ax
a3y G32 as3 a31 a3z asz+k-as
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Q Pemenmne: [eficTRUTENBHO, UCHOIB3Ye CBOicTBa 5, 4 1 3, noydum

a1 o1z a3z tk-an
21 Q22 a3+ k-ax |=
as1 a3z asz+k-as

ain aiz a3 a;p a2 a2
=|aso1 a2 Gz |+ k-lan aon ax|= A+k-0=A. @
a31 az2 Qasg aszy azz 0432

Hansaeiimue cBoficTsa onpenesiuTesiell CBsA3aHbl ¢ HOHATHAMEA MUHOPA
1 anrebpanvecKoro NOnOJIHEHNS.

Muropom HEKOTOPOro 3JIeMeHTa @,, ONPele/IMTeIA N-I0 NOPAJIKa, Ha-

3BIBAETCH ONPENesINTe b 1 — 1-Tr0 NopAIKa, MOJIy9eHHbIH U3 UCXOIHOTO
MyTeM BhIYCPKUBAHUSL CTPOKN U CroJidia, Ha MepeceueHun KOTOPbIX Haxo-
nurcst BiOpasHblil sstement. Obo3HaAdACTCA MM,y .

Taxk, ecau
a1y a2z g
_ | @22 Qa3 _ @ a3
A=laxn axp as|, TO mpy= , Tza =
aszz ass a2 Qag

31 azz asg

Anzebpauneckum JoNoOAHEHUEM 3JICMEHTA G,, ONUDPEICIUTEIsL Ha-

3bIBAETCSA €ro MUHOP, B3ATHIA CO 3HAKOM «ILTIOC», €CJIU CYMMA, i + j —
YETHOE YHCJIO, U CO 3HAKOM «MHUHYC», €Cau 5Ta cymMmMa HederHas. O6o3Ha-
qaerca A,y Ay = (=1)"7 - my;.

Taxk, AL = +maqq, Azo = —m3q.

Ceoticmeo 7 («Passioxkenne onpenesinTe;is mo 3JIEMEHTAM HEKOTOPOTO
pana»). OnpenennTesib paBeH CyMMe TPOU3BEIEHNH 5/IeMEHTOB HEKOTOPOL'o
PAOa Ha COOTBETCTBYIOUINE MM ajrebpandeckue IOMOTHEHNS.

NpouIIoCcTpUpyeM ¥ OHOBPEMEHHO TOKAKEM CBOHCTBO 7 Ha nmpumepe
onpenenuTesia 3-ero nopsanka. B arom csydae cBoiicTBO 7 03HAYaET, 9YTO

A={a azg a3 |=an - A + a2 Az + a3 Ais.

[ B camom mese, nmeem

a1 - A +arp - Ag Fag - Az =

+a12~(— >+a13-

= a11((122a33 - a23a32) - 012((121@33 - a23a31) + (113(G21¢132 - a22a31) =

a1  Qa23
31 ass

22 Q23
a32 a33

21 Aa22
asy  asz

= a1

= 11022033 — A11023032 — (12031033 + G12823031+

+ a13a21 032 — Q13022031 = A. |
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CaoitcTBo 7 copepxuT B cefe crnocod BLIMUCIICHUS onpenemresiei soi-
COKHMX HOPAIKOB.

IT'pumep 2.4. Borauciaure onpenesuresib MATPHIIBE

3 5 78
-1 7 01
0 65 3 2
1 -1 7 4

Q Pemenwe: [nsa pasnoxeHus onpenesuresis oObIMHO BHIOUPAIOT TOT PAL,
rae €CTh HyJIeBbIe 9JIEMEHTHI, T. K. COOTBETCTBYIOUIHME UM CJIATAEMbIE B Pa3-
JIOKEHUM OYYT PABHBI HYJIIO.

131 5 78
-1 7 0 1] _
101 5 3 2
V1 -1 7 4
7 01 5 7 8 5 7 8 57 8
=3-|5 3 2({+1:]5 3 2[+0-|7 0 1|-1-|7 0 1]|=
-1 7 4 -1 7 4 -1 7 4 53 2
=3-(7-3-44(-1)-0-2+5-7-1-(=1)-3-1-7-7-2-5-0-4)+

+(5-3-4+(-1)-7-2+5-7-8-(-1)-3-8-5-7-4-5-7-2)—
-(%5-0-24+7-1-5+7-3-8-5-0-8-3-1-5-7-7-2) =122 [ ]
Cesoticmeo 8. Cymma npomsBenednit sjieMeHTOB Kakoro-aubo psaa on-
penesmTesis Ha ajiredpavyeckue NONOJIHEHWs COOTBETCTBYIOMIUX SJ1€MEH-

TOB HAPAJLJIEJIBHOIO PAIa PABHA HYJIO.
Tak, nanpumep, aj1 A2 + aiz A +ai13das = 0.

§ 3. HEBbIPOXKOAEHHbLIE MATPULILI
3.1. OcuosHbie nouATUA

Ilyers A — xBazipatTHas MATPULA N-T0 TOPATKA

aj; a12 -.. Qin
A= azy 4G22 ... G2pn
Apl  An2 N ann

Keasiparnas marpusa A nasuisaerca Hesbiponcdennot, ecim onpe-
gesmrens A = det A He pasen nymo: A = det A # 0. B nporuBaOoM
cny4ae (A = 0) marpuna A Ha3LIBACTCA BWUPOHCIEHHOT.
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§| Martpune#l, corwosnoti ¥ mMampuye A, Ha3BIBACTCI MATPULA

All .A21 . e Anl
A* = Ap A ... Ap ’
Aln A2n P Ann

roe A,; — ajreGpamyecKkoe NONONHEHNE SJIEMEHTa a,, HAaHHOH Marpuusl A
(oHO onpemesniAeTCA 1aK XK€, KAK U aNrebpanmdecKoc JONOJIHEHNE 3JIeMEeHTa
OIpene/uTe s ).

Marpuna A~! nasviBaercsa obpammnoti marpuie A, eCy BLITIOJ/IHAE ICS

yCIAOBHE _ _

A-A'=A""1A=E, (3.1)
roe £ — eppHudHaa MaTpulla TOrO XKe MOPsiiKa, 410 u marpuua A. Ma-
tpuma A™! uMeer 1e 3xke pa3Mepsl, 9TO U Ma1puiia A.

3.2. Obparnas maTpuua

Teopema 3.1. Bcskan HeBbipoxaeHHas MaTpuua nmeeTr obpaTHyIO.

[} TIposesiem I0Ka3aTC/ILC 1BO AJIA CIY4as MaTpULbl 3-ro nopsuika. yctn
a;p a2 013
A= Q91 22 a23 5 npu4ycMm det A ;é 0.
as1 asz ass
CocTaBuM COKBHYK MaTpPUILy

Ay As Ag
A" = | Ay Axn A
Az Az Ass
u Haiizem npousBenenue marpuir A u A*:
aj;  aiz a3 A1 A As
A-A"=lan an as|-|Ap An Ap| =
a31  asz ass Az Az Asg
a1 + a2 +ai3dyz ... an g+ a2z +ai3As;
= | a21411 + 22412 +assAys ... 021 Az +agAsze +aAzz | =
az1 A1 +as2Ai2 +agzAis ... a31Asz +asaAszs 4+ azzAszs
det A 0 0 1 0 0
= 0 det A 0 =detA- |0 1 0) =detd-E,
0 0 det A 0 0 1
T. €.
A A" = detA-E. (3.2)

3necb MBI UCITOJTB30BaJM CBOHCTBa 7 1 8 onpenenmrestedt (cm. m. 2.2).
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AnaJjioruunHo ybexmaeMcs, 9To

A*-A=detA-E. (3.3)
Pagenctsa (3.2} u (3.3) nepenumenm B Bume
A* A*

A- - .
ded - F " ga?
CpaBHuBas TOJTyYeHHbIE Pe3yJIbTATHI C onpenesiennem (3.1), momyaaem
) A* . 1 All A21 A31
A7 = -, T. €. A7 = —— - A12 A22 A32 . .
det A det A Ay Aps  Asg

=E.

OrmeTnm ceoficmeén 06paTHON MATPHUIIH:

1. det(AHl) = d—et_z’

2. (A-B)"1=B"l.41
3. (AT = (A7)~ L,

Hpumep 3.1. Hajitu A}, ecoiu A = (_? ?)

Q Pemenwe: 1) Haxomam det A: det A = _% i’ =2+3=5#£0.

2) Haxome A*Z A11 = 1, A21 = —3, A12 = —(—1) = 1, AQQ = 2,
5 A% = 1 -3
IO3TOMY = 1 9/

1 -3
3) Haxomum A~ A=l = % (1 2). - (

[Tposepxka:
1 6
2 3 5 ts
A-ATl = |3 - N=(1 Nk e
-11 1 _ +2 01
5 5

IIpumep 3.2. OupenesnThb, IpH KAKUX SHAYCHUAX A CYIIECTBYET Ma-

TpHlia, OOpaTHAS JAHHOIN:
1 -2 2
A={Ax 3 0}.
2 1 1
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Q Pemenne: Beaxas HeBBHIPOXKIECHHAA MaTpula uMeeT obpartuyio. Halinem
onpefe/uTe b MaTpuibl A:

1 -2 2
AA=1X 3 0}|=3-0422-12-04+2A=4A~9.
2 1 1

Ecnud4r—9#£0,1.e. A # %, 10 AA # 0, 1. e. maTpua A HEBBLIPOXK IEHHAT,
uMeer oOpaTHYIO. o

ITpumep 3.3. llokasarb, uro Marpuiia A asiasaeica obpatno#t nna B,
ecau

111 3 -3 1
A=11 2 3}, B=|-3 5 -2
1 3 6 1 -2 1

11 1 3 -3 1
A-B=11 2 3 -3 5 -2} =
1 3 6 1 -2 1
3-3+1 -34+5-2 1-24+1 1 00
=]3-6+3 -34+10-6 1-4+3)=1]0 1 0)=E.
3-9+6 -3+15-12 1-646 0 0 1

Ananornunoc B - A = E. Cnenoparensno, marpuua A apjisieTcs obparHoit
i B )

3.3. Paur marpuib

Paccmorpum marpuuy A pasmepa m X n.

lair  aiz, o013 Q1n

]
131 Ga2) Q23 Q27
A=]an a3 as3 a3n
Am1  Am2 Am3 Amn

Bergenum B net k crpox u k crontuoe (k < min(m;n)). I3 sanemen-
TOB, CTOSAIIAX HA TIEPECEYEHNN BLIASICHHBIX CTPOK W CTOJIBIIOB, COCTABUM
oIpene/inTes b k-ro nopsiaka. Bee Takue OMpefesMTesTn HASBIBATCA MU-
Hopamu 3mot mampuyb. B Marpune A nyHKTHDOM BBITENEH MUHOD 2-TO
nopsaaxa. (3aMeTuM, YT0 TaKMX MAHOPOB MOXHO coctasuth CF - CF mryxk,

!
rae CF = " — 4pcso coderaHuit U3 N BJIEMEHTOB 110 k.)
7kl (n — k)!
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HauGonbmuil u3 1opsiikoB MUHOPOB JAHHOM MATPHIbI, OTJHYHLIX OT
HyJi, Ha3BIBACTCA PaH20oM Mmampuyb.. O6osnavaerca r, r(A) am
rang A.
Ouesnnno, 9410 0 < 7 < min(m;n), rae min(m; n) -— MeHbINEE U3 IRCETT
mun. -
MuHOp, HOPAOOK KOTOPOIQ ONPEIEJIsieT PAHI MATPHIbI, HASHLIBACTCA
b6a3ucHvM. Y MaTPHUIBI MOXKET ObITh HECKOJIBKO GA3UCHBIX MHHODOB.

ITpumep 3.4. Haiitu panr marpuis:

2 0 4 0

A=13 0 6 0

10 -390
Q Pemenne: Bee munopsl 3-ro nopaaxa paBHBI Hys10. EcTb MunOp 2-ro
NOpAAKA, OTJMYHBIA OT HyJIA ,:{) ‘g = —15 # 0. Buaunt, r(4) = 2.
Basucubiit MuHOp crout Ha uepeceyennu 2 U 3 cTpok#t ¢ 1 u 3 cronbuamu.

OtrMeTnM ceoticmea parza Mampuybe:
1. Ilpu TpaHCHIOHWPOBAHUYM MATPHULUBL €€ PAHD HE MEHAETCA.

2. Ecnu BbIYEPKHYTb M3 MATPHIlbI HYJICBOH Dsifl, TO PAHI MATPHIBL HE
U3MEHUTCA.

3. Panr Matpuipl He H3MEHSETCH TIPH 3JIEMEHTAPHBIX PeoOpa30BaHUAX
Marpuns (cM. c. 18).

Panr kanonndeckoi MaTPHUIbBI paBeH 4YUCJTY €IWHHUI] Ha TyIaBHOM Oua-
roHasin. Ha 3ToM ocnosaH OOWH U3 CITOCOO0OB BHIYUCJICHASA PaHra MaTpHUBbI.

IIpumep 3.5. Haiitu panr MaTpulbl

2 3 1 2
A=1{0 2 -1 1],
4 0 5 1

UCHOJIB3YA Pe3yJsibTars! npumepa 1.4.

(Q Pemenue: B mpumepe 1.4 mokasano, 9410

1 0 0 0
A~|0 1 0 0]},
00 00
TO €CThb
1000
A~ (0 10 0) '
Taxum obpasom, paur Marpuibl A pased r(A4) = 2. L
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§4. CUCTEMDLI NMUHEWHbLIX YPABHEHUW
4.1. OcHoBHbIe NOHATUNA

Cucmemoli aunelinmz aszebpaurneckur ypaenenud, comepxamei m
YPaBHEHUH U N HEM3BECTHBIX, HA3BIBAETCA CUCTEMA BUIA

1171 + @122 + -+ - + B1nZn = by,
a21%1 + a22%2 + -+ - + Q2T = by,

Om1T1 + 02T + -+ GpnTn = by,

rie 9ucia Gy, ¢ = 1,m, j = 1,n Ha3bBAOTCHA Ko3PPHuyuenmamy CUCTEMBI,
qncia b, — ceobodnbimu waenamu. ITopexar HAXOXKTEHUAIO YUCTIA, Ty, .
Takyio cucremy ymoBHO 3ANUCHIBATHL B KOMNAKTHOH Mmampuunoti

dopme

3mecr A Mmarpunia K03hGUIUEHTOB CUCTEMbBI, HA3ZBIBACMAT 0CHOEHOT
mampuyet:

ai] 12 e QAin
a1 G2 ... @
A= 22 2n ,
Am1  Am2 - Qmn
Ty
T2
X =] . | — BexrTop-cro/16€L N3 HEU3IBECTHBIX I,
Tn
)
by
B = . — BEKTOP-CTOJI0EI U3 CBOOOIHBIX YJIEHOB b, .
b,

IIpoussenenue marpun 4- X onpenesieHo, Tak Kak B marpune A crost-
IIOB CTOJIBKO Xe€, CKOJIBKO CTPOK B marpuue X (n mrykK).

Pacuupennoti MaTputielt cucTeMbl HA3bIBAETCA MaTpula A cucremsi,
JIOTIOJTHEHHAST CTOJIONOM CBOOOMHBIX YJICHOB

ayl a1 ... Q1n b1
— a1 Qa29 ... (47 bz
A — 2n

aml1 Qma ... Amn bm

Pewernuem cucteMbl HA3BIBAETCS N 3HAYEHNI HEM3BECTHBIX T1 =C), T3 =Ca,
.., Tp=_Cp, OIPA NOJACTAHOBKE KOTOPBIX BCE yPABHEHUsI CUCTEMbI Obpama-
I0TCA B BepHBIE DaBeHCTBA. BCAKOe peleHne CUCTeMbl MOXKHO 3alUCATh B
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BUE ManI/IIH:I-CTOJ'I6Ha
€1

C =

Cn
= CucremMa ypaBHEHUI HABBLIBACTCA COBMECTMHOT, €CIIN OHA NMEET XOTs

OBl OIHO pEIeHUe, H HECOBMECTHOU, €CITN OHA HE UMEET HU OIHOrO
pelienus.

CoBMecTHas cucreMa Ha3biBaercs onpedeacnnoti, €Cjlu OHA HMeeT
eIMHCTBEHHOE pelreHue, U neonpedesennoti, ecau ona nMeer 60jee OIHOTO
pelllennsa. B nocienneM ciiyuae KaxXIoe ee PErreHne Ha3bIBAETCH YaACTHbLM
peuwteruem crucreMmbl. COBOKYNHOCTH BCEX YACTHBIX DENICHHH HA3LIBAETCS
00U UM DEULEHUEM.

Pewumos cucmemy — 9TO 3HAYAT BBIICHATH, COBMECTHA OHA WJIM He-
coBMecTHa. Ecsu cucrema coBmecTHa, HaliTu ee obmiee pemenne.

JlBe cucreMbl HA3BIBAIOTCA IKEUBAAEHMMHbIMY (PABHOCHIBHBIME ), €CIIU
OHU UMEIOT OHHO U TO e obmee pemenue. JpyruMu CJoBaMu, CUCTEMbI
SKBUBAJIEHTHBI, €CJIM KAXKOe PenieHrue ONHON M3 HUX SIBJSAETCA PEIeHUeM
apyroti, u HaobopOoT.

DKBUBANIEHTHBIE CUCTEMbI NOJIYYAIOTCHA, B YACTHOCTH, IPU 3AEMEHMAP-

HUE NPeobpPa3osanuas CUCTEMBl TIPU YCJIOBUM, 9TO NpeobpasoBanns
BBIIOJIHAIOTCA JIMMIb HAJ, CTPOKAMY MATPHIIbI.

Cucrema JIMHEHHBIX ypABHEHUH HA3BIBACTCA 00HOPOJHO(, €CJI BCE CBO-
HO/HbIE YJIeHBI PABHBI HYJIIO:

anzy + apxe + -+ apzn =0,
Am1Z1 + Am2Z2 + - + Ay = 0.

OpHopoAHas CHCTEMa BCETNA COBMECTHA, TAK KK L1 = Ty = -+ = T, = 0
SIBJIAETCA DEIIEHHEM CHCTEMBI. DTO DPEieHNe HAZBIBACTCA HYAEL6bLM UK
MPUBUAALHDIM.

4.2. PeweHune cuctem nuHerHbIX ypasHEHWA.
Teopema KpoHekepa—Kanennn

Ilycth mana IPOM3BOLHASA CHCTEMS, 711 JIMHEHHBIX YpaBHeHUi ¢ n He-
U3BECTHBIMU

a1121 + @222 + - - + Q1pTpn = by,
Q2171 + Q22%2 + - - + Qo Ty = by,

Om1T1 + AmaZ2 + -+ + AmpTy = by
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WcuepnsiBaomuii oTBeT Ha BONPOC O COBMECTHOCTH 9TOW CHCTEMBI JAET
meopema Kponexepa—Kaneanu.

Teopema 4.1. Cucrema nuneiiHbix anrebpanyecknx ypasHeHnii COBMECTHA
TOTAa 1 TOJILKO TOTAA, KOTAA PaHT PaCLUMPEHHOR MATPULbl CUCTEMbI PaBeH
paHry OCHOBHOIN MaTpuLbl

IIpumem ee Be3 HOKA3ATEBCTBA.
IIpaBusiia mpakTUIECKOTO PA3bICKAHKS BCEX pelleHuil cOBMECTHOR cu-
CTEMbI JINHEHHbIX YPABHEHUH BBHITEKAIOT U3 CJIEAYIOIINX TEOPEM.

Teopema 4.2, Ecnun paHr COBMECTHO CUCTEMBI paBeH YUC/Y HEN3BeCT-
HbIX, TO CUCTEMA UMEET ELNHCTBEHHOE PEeLleHe

Teopema 4.3. Ecnun paHr cOBMECTHOI CUCTEMbI MEHBLUIE YNC/IA HENSBECT-
HbIX, TO CUCTEMA UMeET BECHNCNEHHOE MHOXKECTBO peLIeHni

MpaBuno pelwieHus NPOU3BONLHOW CUCTEMDbI
NUHENHbIX ypaBHEHWA

1. Hafitu panrm ocHOBHOU u paciunpeHHo# marpun cucremsl. Ecin
r(A) #r(A), T0 cucrema HeCOBMECTHA.

2. Ecm r(A) = 7(A) = r, cucrema cosmectna. Hatiru xaxoit-siun60o 6a-
SHCHBIR MUHOD NOPsiIKa © (HAIIOMMHAIKE: MUHOD, NOPSAAOK KOTOPOTO ONpe-
IesiseT PaHr MATPHUIbLI, HasbiBaerca OasucHbiM). B3sth r ypasHenuit, us
k03 DUIHEHTOB KOTOPBIX COCTABJIEH Ga3ucHbIE MUHOD (OCTaJIbHBIE ypaB-
Henust orbpocurs). Heussecruble, KoahdhumenTsl KOTOPHIX BXOOAT B 6a-
3UCHBI MMWHOD, HA3BIBAIOT 24G6HbLMU U OCTABJIAIOT CJIEBA, & OCTAJILHBIE
N — 7 HEU3BECTHBIX HA3bIBAIOT C80000HBIMU W NEPEHOCAT B MPABLIE YACTU
YPaBHEHHUIL.

3. HaliTu BpIpaxkeHud IJIaBHBIX HEU3BECTHBIX Yepes cBoGoaHbIe. [Tosty-
qeHo obIee perneHne CUCTEMBI.

4. ITpunaBasi CBOOGOMHBIM HEH3BECTHBIM NMPOU3BOJLHLIC 3HAYCHHUS, TO-
JIYYHM COOTBETCTBYIONIHE 3HAYEHUsI [JIABHBIX HEW3BeCTHbIX. Taxmm obpa-
30M MOXKHO HafiTH 4acTHBIE DELIeHU UCXOOHONH CUCTEMBI yDaBHEHUH.

IIpumep 4.1. Uccrenosarb HA COBMECTHOCTH CUCTEMY
z+ y=1,
3z + 3y = -2.
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Q Pemenue:

A:(; :1,’) r(4) = 1,

— 1 1 1 —
A_<3 3 _g)s r(@)=2 (A_

- ;éo).

Taxum o6pasom, r{A) # r( A), cnenoBaresbHo, CUCTEMa HecoBMeCTHa. @

ITpumep 4.2. Pemnth cucremy
] — 2z +x3+ x4 =1,
Ty — 229+ 23 — x4 =—1,
T — 2x5 + x3 + 3324 = 3.

Q Pemenue: 7(A) = r(A) = 2. Bepem nBa NepBbIX ypaBHEHHs:

Ty — 2T +izs =1 1 1
S S B . = —2#0,
1 — 2¢2 +i2g -2 = -1 1 -1
r3+ 24 = 1— 121+ 229, _
3 4 T To A = 1—21+ 22> 1 — 91y — Ay,
T3 — T4 = —1— 29 + 225. —1 -z 4+ 2z, -1
1 11—z +2z2 |
Q27 1og o |
CrenoBaresibho, T3 = —x1 + 2T9, £4 = 1 — obuiee pemenne. [lonoxus,
Hanpumep, £; = 0, z2 = 0, mosiyyaeMm OJHO U3 YAaCTHBIX pemieHuit: x; = 0,
.’122:0,.'123:0,.’174:1. L J

4.3. PeweHune HEeBbIPOXAEHHbIX NUHEAHbLIX CUCTEM.
®opmynbl Kpamepa

[ycTh nana cucrema n JTUHEHHBIX YPABHEHMH C N HOM3BECTHBHIMU
G117 + a12T2 + -+ + A1 Tn = by,
@211 + 22T + -+ + GonTp = ba,
Ap1T1 + Ap2Z2 + - + AppTpn = b,

niu B MarpudHoi ¢popme A- X = B.
OcuoBHasi marpuna A Takoii cucrembr xBanparHas. Onpenenuresb

3TOH MaTPHUIIBLI
ail e ain

A=

anl  .-- Qpn
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HA3BIBAETCA onpedeaumenem cucmemsl. Ecam onpenenTess CACTEMBI OT-
JIMYEH OT HYJISA, TO CUCTEMA HA3BIBAETCS HEBuPOHCIeHHOM.
Haiinem pemenne nanHo#t cucTeMbl ypaBHeHu# B ciaydae A # 0.
Ymuoxus obe yacty ypasaenus A - X = B csepa Ha marpuumy AL,
nostyauM A71-A- X = A7 !-B. llockomvky A -A=EuE-X =X, 10

(4.1)

Otbickanue pemeHus: cucTeMsr o Gopmydie (4.1) HA3LIBAIOT Mampu-
HBEM CNOCOOOM DEIIEHUS CUCTEMBI.
Marpuunoe paserctso (4.1) sanuwem B Bujie

1 All A2] s Anl bl
Tl 1A Awm o Aw | [®
TOA ] e -
In Aln A2n Ann b"
TO €CTh /1111)] +A21b2+"'+A”1bn
I A
Ty Agpby + Agpby + - + Appby
= A
Tn Apnby + Agpby 4 -+ Appby
A

Orciona ciemyer, 9T0O

gy = Aubr+ Agiby + -+ Apyby
1 — A 9

Tn

Ho A11by + Ag1bs + - - + Ap1 by, eCcTh pasnoxenue onpeaesimTesis

b1 a2 PN Ain

b2 9292 PN as
Ay = "

bn an2 ... Upn

o aJieMeHTaM nepporo crosidbna. Onpenenuresis A; noaydaercs us onpe-
genuTens A myTeM 3aMeHbl [epBOro cTosbna Koa@pEPUIIMeHTOB CTOAOLOM
U3 CBOOOIIHBIX YJICHOB.

Urak, xy = %

Anayioruuno: s = —AZZ, roe As TOJy4YeH U3 A IMyTeM 3aMeHbI BTOPOro

cToJib1a K03 DUIUEHTOB CTONONOM M3 CBOOOIHBIX YJIEHOB; T3 = —AX’L, .

s Ty = H2.

A

2 KoHcreKT nexuuii no sbicuieit MateMarnke. Ionubii xype
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